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MEPEMEHHBIX 3HAUYUTENFHO BO3POC — JTO OOBACHAETCS TEM, YTO OHA MMEET BaKHBIC
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U3ydYeHHUe dTOH TeopuH OOBIYHO JOBOJBHO 3aTpyAHHUTENbHO. [IpuHATOE B KHUTE €MHOE
U3JI0XKEHNE 3HAYUTENBHO 00lIerdaeT 3HaKOMCTBO € HEH.
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ronomopdHoctu 372

IIukapa Teopema 219, 220, 554

— — Gonbmas 220

IInockocts ananuruaeckas 260

ITnropurapmonndeckas GpyHkius 278

IImopucy6rapmonmndeckas QyHkus
387

IImopucyneprapmonndeckas QyHKIIUS
407

IToBepxHOCTH aHanuTH4YecKas 377

— moxayns 29, 321

IloarororurensHas Teopema
Beiiepmrpacca 289, 514, 516

IToamy4ok 456

ITone mepomopdubIX PyHKIIHI 428

— oTHOmEeHuH konbIa 450

TMomukpyr (momunununap) 264, 287,
419, 550, 556

— — — — MakCUMaIbHbIH1 409

— CXOJMUMOCTH CTEIICHHOTO psja 296

IlonnaOMUanEHas BEITYKIOCTH 366,
481

Hommap 325

— anajgutudeckui 350, 367, 373

— HOJIMHOMUANEHEIHN 356

IMomusapuyeckas obmacts 350

ITonmusgpugeckoe MHOMXKECTBO 350

ITonyrenpepeBHOCTS 249, 278, 387



IHomoc 119, 425

— MepomopdHoi kpuBoit 530

ITonspnas ocobennocts 499

— — mepBoro nopsaka 493

Tonspuoe MHOXECTBO MepoMopdHOIt
bynknuu 425

ITopsox JI-rouku 106, 519

— BeTBIeHUA 167

— HyJIeBOTO MHOXecTBa 468, 509

— nynsa 105, 530

—— — B Geckoneuynoctu 106

— obmero nyns 506

— moioca 123, 530

— noJsipHOTO MHOXeCTBa 468, 509

— neno# ¢pynkiuu 234

ITocnenoBarenbHOCTH TOMOMOP(PU3MOB
324

— — tounas 324, 331

— KOMIIJIEKCHBIX uncen 19

IoTennman koMIiIeKCHBIN 41

Totennuansaas ¢pynkius nons 40

IIpenen dpynxuu 29, 30

IIpenensHas Touka
MOCIIEOBATEIRHOCTH 19

IIpenmydok 448

— MepomopdHbIX GyHKIM 450

IIpeoGpazoBanue nmuneitHoe 544

— — MOJIOXKUTENBHO ONpEIeTICHHOS
545

— — yHuUTapHoe 545

— Peiinxapra 267, 302

IIpuHaaIeXHOCTh KOMIIAKTHA» 25

IIpo6nema Kysena Bropas
(MynerunnukatuBHas) 441, 460,
466

— — nepBas (agutuBHas) 429, 460,
463, 464

— Jlesu 382

IIpomomxenue ananutHaeckoe 137,
143, 145, 410

— Mepomopdnoe 523

IIpousBoauas 34

— aHanmuTHIecKkod QyHkimu 155

— MO HampaBJeHUIO 33

IIpocTpaHCTBO KOMITIIEKCHOE 71-MEPHOE
259

— — npoekTtuBHOE 262, 307

— TeopuH QyHKITHI 262

— tononorugeckoe 174

— —xaycnopdoso 175

— C" 259

IIceBaoBrimykiocts 377—395

IIyankxape — Bonbteppa Teopema 154

ITyaccona dopmyna 244

IIytn romoronssie 81, 149

— ¢ o0muMH KoHIamMu 81

— DKBUBAICHTHEIE 21

IIyTs 20

— rnaakui 22, 320

—, TOMOTOIIHBII HyTI0 82

— xopaaHoB 21

— 3aMKHyTBIH 21

— KyCOYHO TTIaJKui 22

— HenpepsIBHO AuddepeHupyeMsbIit
22

— CIPSIMIISICMBI 22

IIyqok 446

— rpynn 451

— korer 450

— nonei 450

— MOCTOAHHBIHN 451

— POCTKOB roJoMOpGHBIX QyHKITUH
181, 450

— — nmuddepennuansHbx hopm 450

— — mepoMopdHBIX GpyHKIHH 450

— — ¢yukuuii knacca C 451

— ToHKUM 481

PasenctBo IlapceBans 553

Paguyc mepomopdroctu dynxmu 526

— CXOIHUMOCTH 98

— Xaprorca 298, 395, 397

Pauycel cxo0nMMOCTH COTIPSIKEHHBIC
296

Pazbuenue equnmier 318, 432

Pa3sMepHOCTh aHATTUTHYECKOTO
MHOXecTBa 512

— xomekca 325

Paccrosnue 16, 20



— rpaHMYHOE Ha MHOT000pa3uu
HanoxeHus 409

PammonansHas BRITyKJIOCTE 366, 531

Pe6po muoxectBa Beiina 350

Pesynerant 511, 516

Petinxapra obnacts 266, 267, 300, 405

Pennved dynximm 29

Pumana nosepxuocts 171, 178, 308,
411

—ctepa 16

— teopema 204

Pumana — I'puna popmyna 85, 333

Pumana — IIIBapra npuHIMn
cummerpuu 213

PumanoBo mHOTOO0Gpa3ue 176, 411

Poccu nmokanbHbBIN NpUHITUAT
MaKCcHMyMa Motyns 423

— teopema 481

PocTok aHamuTHYECKOT'0 MHOXKECTBa
513

— aHanmuTHdeckod QpyHkiyu 151, 410

— nuBHU30pa 469

— MepomopdHoit pynkiuu 450

Pynre obnacts 355

— teopeMa 109, 193

Pyme teopema 186, 506

Panx bypmana — Jlarpamxa 191

— Jlopana 114

— — KpaTHsbI# 299

— cremeHHoi 94, 293

— Teitnopa 95

— @ypoe 117, 549

— Xaprorca 298

— Xaprorca — Jlopana 301, 524

p-MeTpuka 261

Cas3aocTh 24, 26, 308

— nuHeiHadg 24

CeBepu Teopema 344, 348

CemeiictBo pyHknuit komnaktHoe 200

— — paBHOMEPHO OTpaHHUYECHHOE
BHyTpH ob6nactu 199

— — PaBHOCTENCHHO HEIPEPHIBHOE
BHyTpH o6nactu 200

— — cnabo orpanudeHHoe 534

— — (cunbHO) orpanudeHHoe 535

Ceppa Teopema 466, 482

Ceuenue nyuka 181, 447

CunbHoe ¢-BroxeHre MHOroo0pa3uii
412

Cumnnexc 314

— KpHUBOJIHMHEHHBIHN 325

Cunyc 61

— ITUNTAIeCKuid 216. 222

Cnabas cxogumocts 475

Cnaboe ¢-BroxeHHEe MHOTOOOpa3uit
412

CrnoxHb1i knacc-Bbraet 500

CootsercrBue rpanut 206—208

Cootaomenus coceactea 177, 305

ConpspxeHHBIE paJiyChl CXOAUMOCTH
296

Coxomkoro Teopema 123, 544

— ¢opmyna 135

Coxpanenue yrioB 39

Crebenb myuxa 447

Crenennas ¢pyHkims 54

Crenennsie psaas! 94, 293

Crenens quddepeHnuansHon GopMel
312

Crepeorpadudaeckas npoexims 16, 302

Crupnunra ¢popmyna 221

Crokca ¢opmymna 331, 333

Crporo mropucyrapMondeckas
bynxmus 389

Cyb6rapmonuueckas pynkius 249, 390

Cynieprapmonndeckas pyaknus 254

CymectBeHHo ocobas Touka 120, 523

Cdepa xkoMIUIeKCHBIX gucen 16

— Pumamna 15

Coepuueckas metpuka 16

CX0IMMOCTh NOCIIEA0BATEIEHOCTH
MHOXeCTB 377

— paaa 93

— — mepoMopHBIX dpyHKUIMH 224

— — paBHOMepHas 93

Tetinopa psax 95

Tun nenoit pynxnuu 235, 254

Tonkxoe MHOXECTBO 358
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Touka BeTBiacHUs 166

— — BeckoneuHoro nopsaka 167

— — KOHEYHOTo nopsaka 167

— — norapudmuueckas 167

— — puUMaHOBO} noBepxHocTH 171

— kputndeckas 171, 510, 513

— HeonpeAeneHHOCTH 424

— obwsikHoBeHHas 171, 509, 512

Touxu B 00mIEM TTOTTIOXKEHUH 322

— CHMMeTpH4HBIC 48

To4uHag nocaea0BaTENbHOCTD ITYIKOB
457

Tpancnenaentras nenas gyuaxmus 126

YrinoBoe rpannaHoe 3HaueHue 207

VYron B 6eckoHewHOCTH 44

VYuuraproe npeobpasoBanue 545

VYpasrenus Komu — Pumana 33

— — — KacarenbHbIe 356

— — — "HeoaHopoaHkIe 434, 470

Vcnosue Jlnmmmura 108, 398

VYcnous Jlanambepa — ODiinepa 33

— JTOKaNLHOH oxHOIUCTHOCTH 190, 515

Yepennsiomee axpo 472

®axTopnydok 456

®ary npumep 541—544

®opma-BeraeT 495

®opma muddepennuansuas 79, 278,
310—314, 330, 384, 433, 471,
561

®ynkmonan 202, 417

(-BIIOXXCHUE CUIIbHOE 412

— cnaboe 412

¢ -pacmupenue pynxmuu 413

¢ -cyxenue pynxmu 413

F-Brinmyknocts 366

Xapakrepuctuieckas GyHkius 332,
472

XapHaka Teopema 242

Xaprorca nemMma 283

— obnacts 268, 302, 407

— — nonHag 268

— pax 298

— TeopeMa OCHOBHas 284

— teopeMsl 252, 357, 520, 523

Xaprorca — Jlopana psan 301, 524

Xedepa Teopema 351, 441

Xépmannepa TeopeMsl 478, 567

Ilems 322

ITuxna 324

—, TOMOJIOTHYHBIN Hymio 324

— 0co0br1it 489

IIuxnel romonoruydneie 324

IIlap 264, 287, 546, 557

[IIBapua memma 194, 281, 539, 550

— teopema 215

IITunora rpannma 287, 303, 570

IIImera — Kaprana teopema 531

Oiinepa popmyna 59

OxcrpeMansHas Gyukius 553, 558

OneMeHT aHaTUTUIeCKON QyHKIIUU
143,410

— — — Ka"HoHWYecKui 144

Onmnmunrtuaeckuii uaTerpan 209

— cunyc 216, 222

g-okpectHOCTB 17, 175

Snapo romomopdusma 324, 331



Moeny yuurearo —
MHXAHJAY AJJEKCEEBHYY

JIABPEHTBEBY

[TPEJUCJIOBUE

OG6crosiTenbHEL!l aHa/dH3 CBOMCTB (YHKIMH HeMBICAHM 6e3 BbI-
X0la B KOMILIEKCHyI0 of6smacts. Bor npocroii npuMep: OYHKIHA
f(x) =1—_ﬁy OlHHaKOBO Xopolla (6GeckomeuHo AnddepeHunpyema)
BO BCeX TOYKax YHCJIOBOH ocH, a ee psaja Telsopa

1

W=I—XQ+X4_ v

nepecraer cxoautbest npu |x|2>1. TlpuuuHy 3TOrO HeNb3sl MOHSATH,
ocraBasich B JAeHCTBUTENbHON 06sacTH: BeJAb TOUKH X= 1, pasfge-
JAIOIe MHOXEeCTBa CXOJAMMOCTH H pPacXOJHMOCTH pAla, HHYeM He
npruMeyaTeabHBl [AJg Halled gyHkuuu. Ho BEIXOA B KOMIJIEKCHYIO
o6sacTh Cpasy pasbsCHsET ABJCHHE: Ha OKPYMKHOCTH |X|=1 sexar
TOYKH X= =i, B KOTOPHX (pyHKuHA [ obpamiaercs B GeCKOHEUHOCTD,
H3-3a HHUX PSAJ U [epecTaer CXOLHThCA.

[Tepexon K paccMOTpeHHI0O GYHKUUH KOMIJIEKCHOTO INepeMeH-
HOrO HeoOXOAMM B uenoM psaje BonpocoB. OH CTOMb Ke ecTeCTBeH,
Kax [epexoj OT NOAA AEHCTBHTEJNbHLIX 4YHcead K ajrebpanyecku
3aMKHYTOMY MOJNIO KOMIJIEKCHBIX umceqd. KM yAHBHTENbHO — 1719
GYHKUUA OT KOMIVIEKCHBIX YHCe/, TeX CaMbIX, KOTOpPhle [0 3HaMe-
Hutoii TeopeMe ®PpobenHmyca AT €NHHCTBEHHO BO3MOXKHOE pac-
IWIHpeHHe NOJs NeHCTBUTENbHBIX YHCeJ ¢ cOXpaHeHHeM anrebpaude-
CKHUX CBOHCTB, Y/MaeTcsl NOCTPOHTL M aHAJH3, CTOMb Ke MOJHBIT H
CTPOHHBIA, KaK aHa/u3 QYHKUUE 1eHCTBUTENBHOTO apryMeHTa.

TTepexol K KOMIUVIEKCHOMY aHaJIu3y JaeT BO3MOXKHOCTb Tiy6iKe
H3YYHTb 3/ieMeHTapHble QYHKUMH H YCTAHOBHUTH HHTepecHHie CBS3H
MexIy HuMH. Tak TPHrOHOMeTpHUecKHe (YHKUHH OKa3bIBaIOTCH
NPOCTHIMU KOMOHMHALMSIMH NOKAa3aTeJbHLIX, HATIPHMED,

cos X = % .(e"Vrl— +e” "Vj) .



8 NPEANCIIOBUE

BCKpI:IBaIOTCﬂ TaKye HEOXKHIAHHbLIE W 3aMedaTenbHble COOTHOIlIe-
HHA MeEXIy JeACTBUTENBHBIMH ¥ <«MHHMBIMUY BE&IHWYHHAMH, Kak
CKaxXeM :

+ -z
Y=T) T = T (k=0,%1,...)

B nefictButenbHOM aHalu3e CTpofiHas Teopus pPa3BHBaercs
JuIIb A5 OJHO3HAUHBIX (YHKUMHA, a MHOTO3HauHble YyacTo JOCTa-
BJAIOT MHOro HenpuaTHocTeH. B KOMIJIEKCHOM aHaause ypaercs
BLISICHUTh IIPHPOAY MHOTO3HQUHOCTH H NOCTPOMTh Oe3ymnpeuHyio
TEOPHIO MHOTO3HAUHLIX QYHKUHUH.

Komnnexkcupii aHanus paer >¢Q@dekTHBHBIE METONbl BBIUHMCAEHHS
HUHTErpajioB MU TONYYEHHUS ACHMITOTHUYECKHX OLEHOK, Crnocobbl Hc-
creloBaHuA pellesuil nuddQepeHuuasbHbIX YpaBHEHWH B T. 1. —
nepevYeHs 3afla4, KOTOPBiE PeELAIOTCH CPEACTBAMH KOMIIEKCHOIO
aHaiH3a, MOXHO TIPOAOJKATh JOBOJLHO A0Aro. K 3TOMy Hajgo Xo-
6aBHTh, 4T0 PYHKUHH KOMIJIEKCHOTO NepeMeHHOro OMUCHIBAIOT 170~
CKHE BEKTOpHblE TOJfA, NpUdeM B KOMIUIEKCHOM aHajusze ocob0 Bbl-
Jensiiorca QYHKUMH, KOTODHIM COOTBETCTBYIOT moasi, Haubosdee uH-
TepecHble s MPHJIOKEHUHA — OJHOBPEMEHHO NOTEHIIHaabHble W
cosienouaabtble. 1103TOMY KOMIVIEKCHMI aHaJIH3 HAXOAMT MHOLO-
yMc/IeHHBIe IPUMEHeH sl B CaMblX pa3HbIX 06acTix.

OnHolt H3 OTJIWYHTENBHBIX H TIPHBJIEKATEIbHBIX UEPT KOMIIEKC-
HOro aHa/ju3a ABJSAETCH €ro NOAJMHHHAA KOMIVIEKCHOCTB. B Hem co-
YETAIOTCS aHAJHMTHYECKHE H TeOMeTpPUUECKHe, BIOJHE KJIacCHUYeCKHe
M caMble HOBble MeToAb. Hapsapy ¢ oueHb KOHKPETHBLIMM H OpH-
KJAAJHBIMH B HEM pellamTcsa BecbMa ofiuMe ¥ aGCTPaKTHHIE 3a7auH.
B XoMnjekcHOM aHanu3e BCTPEYAOTC M pasHble pasfienbl Ma-
TeMaTHKH, B pasHbple IpuKJAalHbie Hayk#. Ero noustusa cayxar
OCHOBHOH MOJe/Ibl0, HCTOYHHKOM H OTIPABHLIM NYHKTOM MHOT'HX
nccaenoBannit B QYHKUHOHAJBHOM aHaJjH3e, anreGpe, TOMOJIOTHH,
aare6panueckoll H AuddepeHIHANbHOH TeOMETPHH, YPaBHEHHSX C
YaCTHBIMH APOHM3BOJAHBIMH H APYTHX pasjenax MaTeMAaTHKH.

HavanbHble Hien KOMIIEKCHOrO aHaln3a BO3HHKJIH BO BTOPOH
noJsioBuHe 18-ro Beka, u CBA3aHbLI OHH NpeXje Bcero ¢ uMesnem Jleo-
Hapaa Jiepa. OcHOBHOM MaccuB Teopud OBlT cosfaH B 19-m Beke,
riaBubiM o6pasom tpymamu Oriocrena Kowwu, Bepnappa Pumana
u Kapaa Beitlepmrpacca. B namy anun Gonee KJAacCHY€CKas YacTh
KOMILJIEKCHOTO aHa/ausda — Teopuss QYHKUMH OJLHOTO KOMIUIEKC-
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HOTO INepeMeHHOro — npuobpesia yKe BIOJHE COBEPIICHHBIA BHA.
OnHako u 34echb MOCTOSIHHO BO3HUKAIOT HepelleHHble npobaeMbl Kak
B CBfA3H C HOBBLIMH ITOCTAHOBKAMH MaTeMaTHYeCKHX 3aflay, TaKk H
B CBfi3W C NMpuiokKeHusiMu. B Gosee Mos0100 yacTH — Teopud GyHK-
U HEeCKOJbKHX KOMIJIEKCHBIX NepEeMeHHBIX — MMeeTcsl elle
R0BOABHO MHOro Gesibix nsited. Ho 3Ta oGaacrts, ocobenno Gorarad
CBA3SMH €O MHOTHMH pasjelaMH COBPEMEHHOH MaTeMaTHKH, BCe
6oJblile u 6oJblile NPUBJIEKaeT K cebe BHHMaHUe.

[lo-BupuMOMy, HACTYIHJIO BpeMsi, KOrla H3y4alolllHe KOMILIEKC-
HBll aHa/nu3 JO/MKHBI 3HAKOMHTBLCS C OCHOBAMH TeOopHH (YHKUUH
He TOJBbKO OJIHOTO, HO H HECKOJbKHX KOMIIEKCHBIX [epeMeHHbIX.
OTH JBe 4acTH, OJHAKO, Hapsaay ¢ oOWHMH (CPaBHHTEJIbHO 3JeMeH-
TapHBIMH) CBOHCTBAMH HMEIOT DX CBOHCTB, INPHHIHNHAJIBHO OTJH-
YalImux uX Apyr or apyra. [loaromy, mo kpafineii Mepe Ha Ceroi-
HSIIIHEM YDOBHE Pa3BHTHs HAYKH, UX Jyullle H3yuaTb IOCJAELOBa-
TeJbHO, a He NapajjenbHo. B MoCKOBCKOM YHHBepCHTETe 3Ta 1esb
JOoCTHTaeTcsl BBeleHHeM Hapsaly ¢ o0s3aTejbHBIM KypCOM Tak Ha-
3bIBAEMOro OCHOBHOTO CHEHKYPCa, KOTOPBIH [AOJXKHbl MPOCAYLIATh
CTYAEHTH, cIenuasusupymoupecs B o6nacTd TeOpud (PyHKUMH.

- B nnreparype uMeeTcs MHOrO INPEBOCXOAHBIX KYPCOB TeOPHH
(YHKIUI OLHOTO KOMILIEKCHOTO N€pEeMeHHOTO, B IOCJAEAHNe NeCATH-
JIETHA MOSABWICH H PsAL PYKOBOACTB MO TeopHH (YHKUHH HECKOJb-
KUX KOMIVIEKCHBIX nepeMeHHbIX. OQHAKO €MHOrO U3JOXKEHHS IBYX
yacrefi KOMIWIEKCHOTO aHa/lu3a emfe HeT, W 3Ta KHHIa ABJAeTCH
NepBHIM ONBITOM TAKOro wu3Jjoxenusi, OHa BO3HMKJIA H3 JIEKLHH
YHTaHHBIX aBTOPOM B MOCKOBCKOM YyHHBEpPCHTETE, NpHYeM MNepBas
4aCcTb OTHOCHTCS K 00f13aTeIbHOMY KYpPCY, a BTopas — K OCHOBHOMY
cneukypey. KHnra 3sagyMaHa TAK, YTO MHOTHE BeLyulHe HJEH BTO-
polr 4acTH CHauya/jia HOSBJASIIOTCS B NEPBOH 4YacTH, IJe OHH HJJIO-
CTPUPYIOTCA Ha OoJee IPOCTOM MaTrepuane QyHKUHH OZHOro mepe-
MeHHoro ). ‘

Kaxknasi rnaBa CONpOBOXKIaeTcsi HEKOTOPBHIM KOJIHUYECTBOM 3a-
nad. Cpein HUX HeT ynpakHEHu#, NPHU3BAHHBIX 3aKPENHUTh HaBLIKH

') Heckonbko c¢A0B N0 UOBCAY Ha3saHusA KHUTH. ABTop oraaer cebe oTder
B TOM, 4TO TePMHH <KOMILJIEKCHBIH auajus» y Hac He upudsit. OfHAKOG B NPHHA-
TOH TepMHHOJOTHY KHUT3 JOJXKHA Obwia Obl HOCHTH AJUHHOE H He(GJaro3ByuHoe
HaspaHue «BBejacHue B Teopuio YHKUMHE ONHOTO U HECKOJBKHX KOMILIEKCHBIX
nepeMeHHbIX»,



10 TIPEJIUCJIOBUE

HCIOIb30BaHHS METOJOB KOMILIEKCHOTO aHaju3a, MO3TOMY HX Ha-
Gop HHCKOJBKO He 3aMeHser 3ajgauHuka. VMMelorcs samaum ABYX
BHJI0B — CPAaBHUTEJAbHO HETPYAHBIE, HTIOCTPUPYIOUIHE H3/0KEHHBIH
B KHHre MaTepHal, H 3aJauH, B KOTOPHIX (QOPMYyJHPYIOTCH He BO-
Uleliue B KHHTY TEOPEMBbl; NOCAeJHHEe HHOrAa CHalXKaloTcs JuTe-
paTypHbIMH yKasaHUAMH. Pe3koro pasrpaHH4YeHHS MeXAY STHMH
[ABYMs BHIaMH 3aJay yMBIUIJIEHHO HE Jesaercs.

Hpeto uanucarsk 51y KHUry MHe mogan A. O. Ieabdonn, Koro-
poMmy, OJIHaKO, He A0BeJ0Ch YBHIEThb ee rotoBofl. A. A, 'onuap npo-
CMOTpEJ] PYKONHCh H CHeqaa/] MHOTO KOHKDeTHbIX 3aMedaHuit. Pajg
nosiesHplx cosetoB faau MHe B. C. Brapumupos, B. $. JleBun u
A. H. Mapkymesud, B. A, 3opuy nomor B noa6ope sanau. DTHM
MOUM KOJJeraM si BecbMa npusHarened. Oco6eHHO MHOTHM 5i 06si-
3aH pefakropy kuuru E. M. Unpge, KoTopbiil BHHMATEJIBHO TNPOYH-
TaJ PYKONHCh H IOMOT YCTPAHHTb PsJ HeAoueroB. EMy npunanse-
KUT TakKe usjoxkenue 1. 39 BTopoil yacTd ¥ noa6op GOJMbLINHCTBA

3ajnay.
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GYHKLIHNHA
OJIHOT'O TMEPEMEHHOI'O






rmABA I

rFroJIOMOP®HbDBIE ®YHKLUHH

HauneM ¢ onMCaHM KOMIIEKCHBIX YHMCeJ W JeHCTBUE Haa HUMH.
Mbpbl npennosaraeM, YyTo YWTaTeNb 3HAET UX, H NOITOMY Halle OIH-
caHue OyAeT KpaTKUM, C YNOpOM Ha OCOOEHHOCTH, HYXKHble /143
LagabHeHIlero U3JoXeHus.

§ 1. KoMnaexkcHas njaocKocTh

1. Komnaekcuoie uvcaa, Pacemorpum muoxectso € ymopsijgo-
YeHHBIX nap AeflCTBUTEJABHBIX YHCe]d Z= (X, Yy) WJIM, UTO TO XKe ca-
MOe, TO4eK JeKapToBoii miaockoctTw XxOy wuan (cBOGOAHHIX) mJO-
CKHX BeKTOPOB. JlBa BexkTOpa &y= (X1, Y1) H 2a= (Xs, Y2) CUHTAIOTCA
pasroimu {21=29) B TOM H TOJBKO TOM CJy4ae, eCld X;=X» U
Y1=Ys; BEKTOPH &= (X, y) ¥ Z= (X, —y), KOTOpHE H300paxkaioTcs
TOUKAMH, CHMMETPUYHBIMM OTHOCHTEIbHO OCH X, Ha3OBEeM COnpsi-
scernoimu. Bextop (x, 0) oTOXKAECTBMM C AeHCTBUTEIBHBIM YHC-
JIOM X; COBOKYIIHOCTb BCeX AeHCTBHTENbHbIX 4Hcen (ocb x) 0003Ha-
uyuM uepes R. as neficTBHTENbHBIX YHCEA M TONBKO IJs HUX Z=2.

Ha muoxecrBe C BBefeM COBOKYIIHOCTL ajireGpauuyecKHX oOle-
panu#i, npeppamalpomux C B noae. CroxkeHue H YMHOXEHHE Ha
JeHCTBUTe/IbHOE 4Uuca0 (CcKaqasip) A BBeleM Tak Ke, Kak B BEKTOp-
HOM HcyHcsaeHuH. Ilocse 3TOrG Mbl CMOXKEM NPEACTaBHTb KaXKJblH
siement z& C B Tak HasbiBaeMol dexkaprosoii popme:

2=x14y-i=x+iy, 1)
rae yepes = (1, 0) u i=(0, 1) o6o3HaueHB €IHHUYHbIE BEKTOpPHL
(OpThl) COOTBETCTBEHHO oceit X¥ W y (0603HaueHUe HEPBOro OpTa
ONyCKaeTcs).

YMHOJKEHHE B BEKTODHOM HCUHCJEHHH BBOJAAT ABYMS CIIOCO-
faMu: 1ape BEKTOPOB 21=Xi1+iYy; U Zpy=xy-+iys CTaBAT B COOTBET-
CTBME CKaJfApPHOeEe NpousBeleHHe mo GopmyJe

(21, 22) =xX1Xo+Y1Ye, (2)
a TakKXe BEKTOpHOE INpOH3BeieHHEe N0 opmyse
[21, 2a]=Xsy2s — Xoy 1). (3)

') B ofuiem cyiyuae BeKTOPHOE NPOU3BEeHHE ABYX BEKTOPOB ABJSETCS BEKTOPOM,
NepNenuKYMSPHEIM K IJIOCKOCTH ITepeMHoXKaeMbix BekTopos. OnHako B cayuae
IUIOCKOTO BEKTOPA N0Asl, KOTOPHLIH TOJbKO M PAacCMaTPHBAETCS] 3Jechb, BCE BEKTOP-
Hble MPOH3BeJeHHs KOJNJUHEADHE H TO3TOMY BIOJHE ONHCHIBaloOTcA ckaasgpoMm (3).
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Ho, kak X0pollo H3BECTHO, HH OJAHO H3 STHX YMHOXCHHMIH He yIOBJe-
TBOpsAeT akcuomam nods. ITostomy mbl BeefiemM B C mnHOE yMHOXKe-
uue. MMeHHo, NONOKHUM [0 onpefeteHHto [+i=i?=—] ¥ HasoBeM
npoussedenuem 21z, BEKTOP, KOTOPHII MOJdYydYaercs, eclHM NepeMHO-
HKHATb Xi-+6Yy; U Xp+iy, KakK JIByUTeHB 1O OGEIYHEIM 3aKoHaM aj-

re6pel u NoJM0XKHTh 2=-1. VHBIMH cJ0BaMH, MO ONpejeeHHIo Mo-
JIOKHM

2122 =X1Xp — Y12+ (X1Y2+X2Y1) (4)
(coorHomenue 2=—1 monyuyaercs OTCIOJa KaK UYaCTHBIA caydadh).

OueBHIHO, YTO 3TO NMPOH3BEJEHUe BBIpaXKaeTcs uepes CKalsipHOe H
BeKTOpHOe no popmyne

2129= (21, 22) +ilz1, 2], \ (5)

rje z;=x; — iy — BEKTOpP, CONPAXKEHHBIH 2.

Mbl npennonaraeM H3BeCTHBIM, YTO BBeJeHHE OIHCAaHHBIX Ofle-
paumii CJ0OXKeHHS W YMHOXKeHHS NpeBpamaer muoxectso C B moge,
KOTOPOE HasplBaeTcsl HoAeM KOMHAEKCHbLX HUCen; ero 3JeMeHThl —
BEKTODPBl =X iy — HA3bIBAIOTCA KOMAACKCHbIMU wucaamu. TakuM
06pa3oM, KOMIJIeKCHOe UYHCI0 2= (X, y) npeacraBaser coboit ymo-
PALOYEHHYIO Tapy, KOMILIEKC, COCTaBJeHHBIH H3 JAeHCTBHTEIbHBIX
CUHCEeN X H Y, KOTOpble (B JaHb HCTOPHYECKOH TPaJHUHH) COOTBET-
CTBEHHO Ha3bIBaIOTCHA 0eldCTBUTEAbHOU W MHUMOL 4acTbio YHCIA 2 H
00603HayaTCA CUMBOJAMH

x=Rez, y=Imz. (6)

Uncia 2= (0,y), neficTBHTeNbHAs YacTh KOTOpHIX paBHa 0 (B paHb
TOH Ke TpaJUlHHN), Ha3bIBAIOTCH MHUMbIMU.

BBenennas Beiie gexkaproBa ¢opMa (1) 3amHcH KOMIJNEKCHOTro
yucaa yAoGHa 1/ BLIUIOJHEHHS OllepalMH CAOXKeHHA (H o6paTHORN
K Heil onepauuu BelYntaHus). OfHako, Kak BHAHO k3 (4), yMHOXe-
Hue (i JejeHHE) BBINONHAETCA B 3TOH (POpPMe TOBONBHO T'POMO3IAKO.
Jas mocieanux omepanufi (a Taxxke s BO3BEIEHHA B CTENEHb H
H3BJEUEHHA KOpHA) YyAobGHee noaapxaa (opma KOMIEKCHOTO
yncaa:

z2=r(cos ¢+isin ¢), (7)

KOoTopasi mosaydaercs M3 (2) NMepexoJoM K MOJAAPHBIM KOOpPAMHATAM
(B Tako#i dopme MONKHO HpEACTAaBHTL JOOOE KOMIIEKCHOE YHCTO
2 == 0). ITonspuple KOOPAMHATHI KOMIWIEKCHOrO 4YuCNa Z2=X--[y —
noasipubiit paguye r ="V x2+ y* u noaspublil yroa ¢, T. €. Yyroa Me-
¥KAY TOJIOXKHTEJIbHBIM HalpaBJeHHEM OCH X H BEKTOPOM Z, COOT-
BETCTBEHHO HA3BLIBAIOTCH €ro Modysem W apeymeHTom u oOo3Ha-
HalTCa CHMBOJAMH

r=\z|, ¢=Arggz ’ (8)
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MOIYJ/b ONpepessieTcs OJHO3HAYHO, 4 apPryMEHT — ¢ TOYHOCThIO J10
claraeMoro, npeacrapasioiiero coboi nenoe kpartuoe 2m. g npo-
CTOTHl MHChMAa BBEJEM COKpalleHHOe 0GO3HaueHye:

cos @+ sin g=¢® (9)

(MBI TONIB3YyEMCSI 3[eCh TeM, 4YTO JeHCTBHE BO3BeAEHHsS 4YuCIa B
MHUMYIO CTENEeHb HE ONpeieneHo !) H IMOITOMY NPHHSTHIH CHMBOJ
BaKaHTeH), Torja mnojasipHas ¢opma (7) nNpUMEr KOMNAKTHBHI BHA:

z=reio, (10)

IToneaysch saeMeHTapHBIMH GOPMYJTaMH TDHUTOHOMETPHM M ONpeje-
JICHHEM YMHOXKeHHUs1 (4), MBI IOJTYYHM COOTHOIUEHHE

rlei‘P1r2ei‘P2 = rlrzei (@+) (1

KOTOpOe TIOKa3biBaeT €CTEeCTBEHHOCTh TPHHITOTO COKpalleHHOro
obosunauenus (9). CoorHomende (11) rsacur, uTo NpH YMHOKEHHH
KOMIIJIEKCHBIX UYHCEJ X MOAYJIH NEPEeMHOKAIOTCHA, a apryMeHTH
ckaajapiBaloresi. Tak e npocTo Bhlpa)kaercsl B modsipHolt gopme u
oflepauyg JleJeHUS KOMIWIEKCHBIX Yucen:
ne™ PGS (12)
ree!® oy
(ecm, KOHEUHO, rg =~ 0).

B HeKoropblx Bomnpocax yA06HO KOMNAaKTHGULUPOBATH
MHOXKECTBO KOMIUIeKCHBIX uncesn C. Ito menaercs gobapiaenueM
K HeMYy HJeaJbHOTO 3JE€MEHTa, KOTOPbIl Ha3blBaeTcsi OecKoHeuHou
TO4KOU Z==00. B OT/IHYMe OT KOHEUHBIX TOUEK (2 =o0) BeckoHey-
Hasi TOYKa He ydacTByeT B ajre6panyeckux pnefictBusx. Komnakru-
(GHUHPOBAHHYIO INIOCKOCTb KOMIJIEKCHBIX yuces (1. e. maockocth C,
nonoJHeHHYI0 GeckoHeYHoH TOUKOH) Mbl OyieM HashBaThb 3aAMKHY-

TOil naockocTero u o6osHauath cumbosioM (. Korma HYXKHO noj-
YepKHYTh pas/iunuue, Oygem HasbiBaTb C OTKPBITOL NAOCKOCTbIO.

OnucaHHyo KOMNAakTHGUKALMIO MOXKHO clejlaTh HarsIaHoH,
ec1y BMeCTO H300parKeHHs KOMIJIEKCHBIX YHCel TOYKAaMH TNJIOCKO-
CTH BOCNOJb30BaThbesl ux chepuyeckKHUM HzoOpaxkeHueM. [as
3T0oro BHIOEpEM B TPEXMEPHOM EBKJHAOBOM MpOCTPaHCTBE NPAMO-
YrofbHYIO JIeKapTOBY CHCTeMy KoopmuHar &, M, §, ocu € M 1| KoTO-
po#t COOTBETCTBEHHO COBHANAIOT C OCAMH X H Y, U PacCMOTPHUM
B 3TOM OPOCTPaHCTBe cdhepy

I (13)

1) B n. 12 M BBeaeM 3TO neHCTBMe H AOKaXeM, uTo ¢opmyna (9), B KoTo-
poli cmpaBa CTOHT MHHMasi CTelleHb 4ucjia e (OCHOBAHHSI HATypa/bHBIX JIOTapH®-
MOB), HeHCTBHTENbHO HMEET MecCTo.
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nuameTpa 1, Kacawoulylocs IJIOCKOCTH (X, Y) B Hadase KOOpAHHAT
(puc. 1). Kaxmo#i Touke z(x, y)e C mocTaBUM B COOTBETCTBHE
Touky Z(§, n, {) nepeceueHusi ¢ S ayua, COENUHSAIOUIErO «CEBEPHbBIH
nosioc» N (0, 0, 1) cdepbl c TOUKOH 2.

Takoe cooTBETCTBHE 2 ~—>Z Has3biBaercsi crepeoepagu4eckol
npoexyued. TlogcTapasas ypaBHeHne ayda Nz (E=ix, n=ly,
&=1—1) B (13), Mbl HalieM, UTO B TOUKE NEepeceueHHs Jayya €O
chepoi £(1+|z1?) =1, u monyuumM ypas-
HeHUs1 cTepeorpaduyeckol mpoeKLny

— x___ ——-————-——y
E’—H—lz!?’ 11__1+|z{2’
[z [?
S )

s mocnennero ypaBHeHUs HAXOAUM, 4TO
—I:TZ—IQ—=1~§, W TOrJa M3 TMepBbIX

ABYX 1oayuaeM popMyapl A o0pat-
HOTo 0TOODaXeHus:

=5 1

X = I’—g’ y—‘ l_g- (15)

Puc. L Us (14) u (15) Buano, 4T0 cTepeo-

rpajuyeckas npoekuus z-—Z ycra-

HABAMBAET B3aWMHO OJHO3HAYHOE COOTBETCTBHE MEXAY TOUKaMH

C u S\N (oueBuaHO, uTO TOUKE N HE COOTBETCTBYET HH OHOI

TOUKH Z). YcaoBHUMcS cuuTath, uYrto N COOTBETCTByeT OeCKOHEH-

HOH TOUKe 2= 00, H T€M CaMbiM YCTAHOBHM B3aHMHO ONHO3HauyHOE

cooteercTBue C 1 S; 006iuro moer Oydem oromdecrgante C co cehe-
poti S. Koropast Ha3bIBAETCA CPepoll KOMRACKCHOIX HUC2A WK ce-
poii Pumana. OTKpBITYIO TI0CKocTh & MOWHO OTOXAECTBJAATD
¢ S \N — cdepoit ¢ BHKOAOTON TOUKOH N (CeBEPHBIM NOJMIOCOM).

B coorBerctBuM ¢ ABYMS ONMMCAHHBIMH croco0amii reoMerpude-
CKOro H300paiKeHUsT KOMIJIEKCHBIX YuCen Mbl BReJeM Ha MHOMXKe-
ctee C gBe merpuxu. TlepBasi u3 Hux —— o0bluHas esx.iudosa Me-
TPHKa, B KOTOPOHA MOJ DaccTOSHHEM MeEXKAY ABYMS TOUKAMH 2;==
=Xy+iys 4 Zy=x+1ys u3 C nouumaercs

12— 2 1=V (% — %"+ (g, — v (16)
Bo Bropoit — cepuueckol MeTpUKE — NOJ PACCTOAHUEM MEXKIY 2y
W 2 MOHUMaAercs eBKJHAOBO paccTodiue (B HpOCTpaHCTBe E, n, &)
MeXay ux chepudeckumu uzobparkenuamu. [locse Hec/0KHBIX BBI-
KAaJ0K ¢ ucnoab3oBanueM dopmya (14) Mbl HaliZeM cpepuueckoe
paccTosiHie MeXAY JIBYMf TOUKaMHU 2y, Zo= C:

. |zo— 21|
olzn Z2)~V1+|zl EVI+izal?’ un
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A1y hopMyny MOXKHO pacupoCTpaHHUTb H Ha MHoxkectBo C, 1o-
JoxKuB 1)

1
o (2, °°)=V1—'—“:l——z—-7- (18)

OueBuano, aas JOORIX 21, 2o = C uMeeM p (2, 23) < 1. Jlerko npose-
pUTh, UTO BB€JEHHME KaxKIoHl M3 3THX [ABYX METPHK npeBpalaer
mHoxkecTBO C B MeTpuueckoe NpPOCTPAHCTEO, T. €. UTO TPH 3TOM
YIOBJIETBOPAIOTCS OGBIUHBIE aKCUOMbI paccTosiHusi ). B wactHOCTH,
axKcuoMa TpeyroJbHuKa 1151 MeTpUKH (16) paBHOCH/bHA H3BECTHOMY
HEePABEHCTBY

|21tz <2t + |22 (19)

B 3akJ/IioueHHe OTMETHM, 4YTO Ha OrPAHHYEHHBIX MHOMXKECTBaX
McC, npunanaexamux ¢uxcupoBannomy kpyry {|z| < R}, R < oo,
eBKJINA0Ba U chepuueckas METPHKH IK8uBaLeHTHbl. B camom neie,
ecau M < {|z| <R}, 10, xak Buano us (17), MJsi JOGHX TOueK 2,
2o &= M crnpaBelJvBO JBOHHOE HEPABEHCTBO

Lmal <oe,2) <z -2 (20)
(moppobuee o6 3ToM cM. B clelywolleM nyHKTe). IToatomy chepu-
yeckass MeTpHKa OObIUHO NPHMEHSETCH IIPU PACCMOTPEHHM Heorpa-
HUYEHHBIX MHOXKecTB. Kak mpaBmjo, Mbl GyaeM paciMaTpHBaTh Ha
muoxkectBe C eBruupoBy merpuky, a na C — cepuueckyro.

2. TonoJorda KOMMJIEKCHOW TMJIOCKOCTH. Muf BBesin Ha MHOXKe-
crBax C u C MeTpuku, npespaiaiouige 5TH MHOXKECTBa B MeTPH-
yeckHe MpocTpaHcTBa. Temepb Mbl BBedeM Ha PacCMaTPHBAEMbIX
MHOMXKECTBaxX TOMOJOIHH, COOTBETCTBYIOIME MeTpPHKaM. 1o je-
JlaeTcsl YKa3aHHeM CHCTEMBI OKPEeCTHOCTEH.

[Tycre  &>0 — npousBo/ibHOe  UHC/I0; MOL  &-OKPeCTHOCTHbI0
U,=U(zy, &) T0uku 2o = C (B eBKIUIOBOH MeTpuke OymgeM MOHH-
MaTh KPyr pajuyca e ¢ LEHTPOM B 3TOH TOUKE, T. €. COBOKYIIHOCTH
Touek z& C, yAOBJETBOPAIONX HEPABEHCTBY

[z — 29| <e. (1)

[Moa e-okpecTHOCTBIO TOUKH 2o= C OyleM NMOHMUMATh COBOKYIHOCTD
Touek 2z & C, IJs KOTOPbBIX

0(2, 20) <e. (2)

1) dopmyna (18) nosyuaercs w3 (17), ecan nojoxute B Hell 21=2, pas-
JeJHTh YHC/IRTEJIb W 3HAMeHaTelb Ha 22 U YCTPEMHTDb 23 K CO.

2y Cm [. E. lusnos, Maremarudeckuit anaaua, Pusmarrus, M. 1961,
cTp. 25.

2 B. B. llladar
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®opmyna (18) u3 n. 1 noxasbiBaer, UTO HepaBeHCTBO p(2, oo) <e

1
PaBHOCH/IbHO HepaBeHCTBY | 2 | > ]/—52— 1; cieloBaTeNnkLHO, £-OKPECT-

HOCTH OeCKOHEYHOH TOUKH HA INVIOCKOCTH COOTBETCTBYET BHEIIHOCTb
Kpyra ¢ UeHTPOM B HauaJe KOOpPAWHaT (NOIOJHEHHAsl TOYKOH
2= 00),

Mpr HasoBem muoxkectBO  u3 C (unu C) orkpeiroim, ecin nns
JM000l1 ero TOYKH 2y Halilercss OKPeCTHOCTh Uzo, npHHajaexaas
35TOMY MHOXKeCTBY.

Jlerko mnpoOBepHUTb, YTO TakKoe BBejeHHE IOHSATHA OTKPBITOCTH
npespawaer C u C B TOnoA02unecKkue npocTparcréa, T. e. 4TO NpH
3TOM BBINONHAOTCS OOBIUHbIE aKCHOMBI 1),

B HekoToprIXx Bompocax yaoGHO MO/b30BATBCS TaK HasblBae-

MbIMH RPOKOAOTHIMU OKPeCTHOCTAMU, N0 KOTOPLIMH Ha C u C co-
OTBETCTBEHHO MOHHMAKTCA MHOXe€CTBa TOYEK 2, YAOBJETBOPAIOIHX
HepaBeHCTBaM

0<|z — 20| <e, 0<p(z, 2)<e. (3)

B 3TOM IyHKTe Mbl PACCMOTPUM OCHOBHbIE TOMOJOTHUYECKHE IO-
HATHSI, KOTOPBIMH OyJ/leM TNOCTOAHHO NOJAB30BaThCsi B AaJbHefleM.

Onpepnenenue 1. Touka 2o = C (coorBerctBenHo ) Haswl-

Baetcs npedeavroli Toukoii muomecrsa Mc=C (cootB. C), ecnu B
71060 TPOKOJOTON OKPecTHOCTH Zo B cMbicsie Tonodoruu O (co-
orB. ) Halimerca nmo kpalHell Mepe omHa Touka u3 M. Muoxe-
cTBO M Ha3BIBAETCH BQMKHYTbIM, €CJAU OHO COAEPIKHT BCE CBOH
npefesbHble TOukH. MHOMXKeCTBO, nosyuvaioleecs NpUCOeHHEHHEM
K M Bcex ero mpejenbHbIX TOUeK, HadblBaeTcsl 3ambikanuem M u
0603HavaeTcsi CHMBOJIOM M.

ITpumep. Muoxkectso M Becex meabix uncen {0, =1, =2, ...} B C ne umeer
NpeaebHEIX TOUeK (H, cJef0BaTeNbHO, 3aMKHYTO). B € OHO MMeeT OHY mpefedb-
HYI0 TOUKY 2= oo, He mpuHazgjexauyio M (M ue asasercs samxuyTthiM B C).

B C arboe Geckoneyroe MHOMECT80 umeeT no Kpaineld mepe
00HYy npedenvHyro Touky (MIPUHLHUND KOMIOAKTHOCTH).

DTOT NPUHIHI, BbIpaKaIOUIUA TOJHOTY Chepbl KOMIJIEKCHBIX YH-
ceJsl, MOXKHO BHIBECTH M3 aKCHOMBI IOJIHOTHI J€HCTBUTEJNBHBIX UHCEN;
MBI OMycKaeM 3TO JAoKadatelbctBOo. B C mpHHIMI KOMNAKTHOCTH
He UMeeT Mecra (3TO BMAHO M3 NPUBELEHHOro Bhile npumepa). OH
BepeH, OJHAKO, /s OeCKOHEUHBIX OTrpaHHYeHHBI X MHOXKECTB,
T. e. MHOXECTB, JeXaluX B KakoM-1u6o kpyre {|z| <R}, R< oo.
Takue MHOMXKecTBa Mbl OyneM HasblBaTb KOMNAKTHLIMU.

1) Cm. mmxke m 32, a moapobuee I1. C. AnekcanjgpoBb, KomGunatopuas
ronoJsorusi, [ocrexuanat, M., 1947.
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Us Hepasencts (20) m. 1 ciaenyer, OYeBHAHO, YTO TOYKA ZpF 00
fABJIsieTCsl NpefenbHoll Touko#t MHoxkecTBa M B Tomosioruu C rtoraa
H TOJILKO TOT/a, KOr[a OHa siBJsieTcs MpejenbHolt Toukoir M B TO-

nosaoruy C. UubiMy c/oBaMu, mpu ONpe/Ne/JeHUH KOHEeUH B X npe-
JeJbHBIX TOYEK MBI MOXEM C PaBHBIM YCIIEXOM I0/1b30BaThCA KakK
€BRJIHJ0BOM, Tak 4 cdepuueckon MeTpukoit. MiMeHHO B 5TOM cMbiCie
HaJ0 TNOHMMAaTb YTBEpXKAeHHe 00 3SKBUBAJEHTHOCTH 3THX METPHK
B KOHue 1. 1.

Onpeneneunune 2. Ilocaedosaresvrocroro {a,} GyneM Hasbl-

Bath oToGpaxenue B C (miun C) MHOXKecTBa Le/bIX HeOTPULATE/b-
HEIX YHCeJ (MHBIMH CJI0BaMH — (YHKUMIO LesIoTO HeOTPHLATENbHOrO
apryMeHTa, NPHHUMAIOULYI0 KOMILIEKCHble 3HaueHus). Touky a=C
(n1u C) Gynem HasblBaTh npedesbHol TOUKOL nocAed06aTeAbHOCTU

{as}, ecin B m0Goit okpectHocTd a B Tomonorun C (wau C) Hafi-
nercs 6eCKOHEUHO MHOFO 3JeMeHTOB 3TOH nocjenosaTesnbHocTd. [1o-

CJ1el0BaTeJNbHOCTD {a,}, UMelomyo B C eIUHCTBEHHYIO NpelebHYIO
TOYKY a, 6yneM HaselBaTh cxodaujelica K a; 370 GyleM 3alHUCBIBATH
TaxK:
lim a, = a. (4)
n->oo

3amedaHnue. Mexmy NOHATHAMHU l'lpEI.Le./'IbHOﬁ TOUKH IMOCJ/IEf0BATEJbHOCTH
{a.} u muo)kecTBa 3Havennit {a,} umeercs pasnuuue. Hanmpumep, mociegoBaTesb-
HOCTb an=1 (n=0, 1, 2, ...) UMeeT mpenesbHYI0 TOUKY a==1, a MHOMKecTBO {@,},
COCTOsIIILEE H3 OMHOH TOUKH Qn=1, OpegebHHIX TOUEK He HMeeT.

Mgl npejliiaraeM YyuTaTeNl0 0Ka3aTh CJAEAVIOLIHE YTBEPKIACHUA:

1) mocienoBaTesnpHOCTh {a,} CXOLHTCS K a TOTJAa H TOJNBKO
Torfa, Korga AJas awboro ¢>0 HaligeTcs HaTypasibHoe uuciao N
Takoe, YTO JJIf BCeX N 2> N BLINOJHSETCS HepaBeHCTBO |a, — a|<e
(ecau a== oo) uau p(a,, a)<e (ecaum a= oo);

2) TOYka @ TOTJa H TOJbKO TOrJa SABJAETcs MpefesbHOlN LIS
HOC/e10BATRNBHOCTH {@,), KOrja CyLIeCcTBYET IMOANOC/HeL0BAaTeb-
HOCTh {ank}, CXOAAILAsACH K 4.

KomnnexcHoe pasenctBo (4), BooOuie roBopsi, PaBHOCHJIbHO
IBYM JeHCTBUTe/bHbIM paBeHcTBaM. Ilyctk as oo, TOrma, He orpa-
HuuyBas OOUIHOCTH, MOXKHO CUMTAaTh, Y4TO M QpF o0, U MNONOKHUTH
An=0n+iPn, a=a+if (A1 GeCKOHEUHO! TOYKU NOHSATUS HeHCTBH-
TeJbHOH U MHUMOH yacTel He UMEIOT CMBIC/IA); JE€TrKO J0Ka3aTh, YTo
(4) paBHOCUJBHO paBeHCTBAM

. lima,=a, limp,=p"). (5)
n->o n->o

1) Jlns noKa3aTeNbCTBa AOCTATOYHO BOCIOJB30BATHCA COOTHOUIEHHEM
max (|op—al [o—Pl)<|lap—al= .
=V (-0 +Ba—BY <lop~a|+|Bn—Bl

2*
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B cayuae a0, ¢ oo MOKHO CUMTATh, UTO U A, 0, % oo, U TO-

JOXKHTb a, =rpe''m, a=re'%; Torna (4) umeer mecro, eciu
limr,=r, limg,=0q, (6)
n-> oo n->o0

u obpaTHO, ecnu (4) HUMEeT MeCTO, TO HMEIOT MeCTO M COOTHOLle-
Husg (6), npHYeM BTOpOe — NPH HajJdexallleM BhIOOpe 3Haue-
HHH @n!}. Ecan a=0 uan oo, 10 (4) paBHOCUILHO OAHOMY COOTHO-

meHuto limr,=0 uan limr,= co (moBeaeHuE ¢, NPH 3TOM HeCy-
n->oo n->oo

LW ECTRBEHHO).

Msl GyneM 1o/71b30BaThCs MHOTAA NOHATHEM PACCTOAHUS MexaAY
muooxcecreamu M u N, moHUMAas MOA 3TUM HHXKHIOI T'paHb paccTos-
HUI MexKAy JIOObIMU HapaMM TOYEK, OJAHA H3 KOTOPBIX MpuHaJje-
KUT M, a npyras N:

p(M, N)=inf o(2/, 27); (7)
zZeM
"EN
BMecTO cepHUECKOH METPHKH 3Jech MOXKHO, KOHEYHO, paccMaTpH-
BaTh H €BKJHAOBY.

Teopema 1. Ecau samkryroie mroscecrea M, Nz C ne nepe-
cekarworeas (MON =), 10 paccrosrue memoy Humu nOLONUTEALHO.

<« Ilycrb, or mpotusHoro, p (M, N)=0. Ilo onpepesenuio HiK-
Hedl IpaHH CYWeCTBYIOT MOCAEN0BATENbHOCTH TOueKk 2, EM U 2, &
N Takux, uTo limp(z;, z;’)=0. o npHHIMIY KOMIIAKTHOCTH 110~

n->o
C/IENOBATENbHOCTH 2, M Z) MMEIOT MpejellbHble TOYKH 2’ H cOOT-
BEeTCTBEHHO 2/, mpHuYeM B CHJIY 3aMKHYTOCTH MHOMKeCTB 2'&M,
z’eN. Tlepexoas B cayyae HamoOHOCTH K IOANOC/EL0BATENLHO-
CTAM, MOXHO CUHTaTh, YTO 2, —>2’, 27 —>2". Ilo akcuome Tpeyrojb-

HUKa 1Jid cepuyeckod MeTPUKH HMeeM
P 2)Se (@ Z) ez Z)HeE 2.

Ho npaBasi uacre cTpemurcsi K O npu 1 — oo; c/Ael0BaTeNbHO, Ne-
pexoast X npeneay, nodydaem, 4to p(z’, 2”)=0. [To akcuome TO-
WKJECTBA [t TOH Ke METPUKM OTCIoJa Caedyer, uto 2’=2", a Tak
Kak 2’eM, z"=N, T0 5T0 NPOTUBOPEUHAT YCAOBUIO TEOPEMBEI, 110 KO-
Topomy MON=»

3. Nyru u kpussle. Onpeneaenune 1. Hyrem y Mot 6ynem
Ha3bIBATb HENpPepbiBHOE OTOOpaxeHHe oTpe3Ka [o, P] AeficTBUTEND-
Hoit ocu B C (uau C). VMupimMu cioBamu, myTh — 3TO KOMIJIEKCHO-
3HauHad (QyHKUMS 2=2z(f) AeHCTBHUTeNbHOrO apryMmeHra f, Hempe-

) Ecau snaveHus @ BblGHPATh NPOU3BOJBHO, TO {(,} MOXKET U HE CXOAUTHCH
OPH CXOAUMOCTH {@n).
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pbiBHAas B KaXIol Touke fe[m, B] B cieAyolieM cMbciae: 151
awoboro e>0 cyumectsyer okpectHocts {f<[a, Bl [ — fh| <6},
IJ1s1 BCeX Touek ! KOoTopofl |z(f)—z(t) | <e (unu p[z(f), z(f)]<e,
ecan 2(f) = oo). Touku a=z(a) u b=2z(P) Ha3bIBAIOTCA KOHYAMU
nytu (ecau a<f, ToO @ — HavajJoM, a b — KOHIIOM); HYyTh Ha3bl-
Baercs 3amxHyToim, ecan Z{(a)=z(p). Bynem rosoputp, uTO MyThH
v: z2=z2(t), a <t<p, sexur na mnoxecrse M, eciu z(t)EM
a5 Beex ¢ < [a, Bl

B HekoTOpHBIX Bompocax yAOOHO pasiuyaTh NOHSATHS NYTH U KPH-
BoH. Uro6nl BBecTH MocjejHee, YCA0BUMCH HasbiBaTbh ABa MYTH

vii 2=2z1(1), t=lo, Bi], U vy 2=22(7), T =[ay, Bal,

IKBUBAAEHTHOLIMU (V1 ~y2), €CAU CYLlecTBYeT HenpepblBHAs BO3-
pactamwwas dyHKuus

v=t(t): [, Bil— low, Bl (1)

rakasl, 4to 2((f) =2, [v(¢)] nna Bcex t < [ay, Pu]. Herpyano npose-
PUTh, YTO 3TO OTHOIIEHHE YAOBJETBOPSAET OOLIYHLIM aKCHOMAaM 3KBH-
BaJleHTHOCTH: PePAeKCUBHOCTH (y~Y), CHMMETPHYH O-
cTu (€CAH yi~4e, TO Ye~Yi) H TPaH3UTHBHOCTH (eciau

Yi~ Y2 H y2~¥3, TO y1~vys). Mol 6yi1eM roso- ) o/
pUTb, 4TO NYThb Y2 NMOJYYAETCHA M3 y; 3aMeHOM VoY
napamerpa (1). Y ;

[Tpumep. Pacemorpum nytu yi: z=f, t = [0, 1]; Y4

T b4
. C o= , , - =
2],y3z costtE[O 2], Vi }/4 H

Ve 2=sint, 1[0, n].
Puc. 2.

Vo 2=sint, t = [0,

MuoxecTBO 3HaueHHH 2Z(f) BO Bcex cjayyasx OJHHAKO-
Bo — 310 oTpe3ok [0, 1]. OxHako aulib vy~ vy, NUYTH
Ys M yi HE S5KBHBAJIEHTHbl STHM ABYM H HE SKBHBAJEHTHBl ADYT APYTY — B HAX OT-
pe3ox [0, 1] o6xonurcs wHaue, yeM B nepBuix ABYX (puc. 2). MoKHO cKasartb, 4TO

Yi ¥ Y2 SKBHBAJEHTHL MyTH Y3, KOTOPHI MO/IyYaeTcst M3 Y3 M3MEHEHHEM OpHEHTa-
niu (06 9TOM CM. HuXKe B . 14).

Onpenenenue 2. Kpusoti HasbBaeTcsl KjacC nyTel, sKBH-
BaJIEHTHBIX B HPUBEJEHHOM Bbillle cMmuicie. MHorma, ecaw sto He
BbI30BeT HefopasyMeHHH, Mbl OydeM MNOHHMAaTh MOA KPHBOH MHO-
KecTBo Touek Yy C, KOTOpoe MOMKHO NpENCTaBHTb Kak 06pa3 oT-
peska [a, P] mpu KakoM-auGO HempepbIBHOM OTOOpaKeHuu 2=z (f).

B paJsbHelilleM HaM MOpUIeTCsd BBOIUTb Ha paccMaTpuBaeMble
NYyTH ¥ KpHUBBHE AONOJHHUTENbHBE OrpaHuueHusi. DyieM HasblBaTh
nytb 2=2(t), t[a, Bl, mopdanosvim, ecin orobpaxeHune z(f):
[, p]—C HenpepniBHO W B3aWMMHO OJAHO3HauHO. Ompe-
ZeneHue 3aMKHYTOTO JKODJAaHOBa NYTH MPENOCTABJSETCS YHTaTeIo,
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Myte 2(¢): [, B]— C HasweiBaerca xenpepoierno Ougpeperyu-
pyemoim, eci B Kaxaoh Touke ¢ & [a, B] cymecTByer HempepriBHasA
npousBojgHas 2’(f) (mom mpousBoaHO# GyHKuuu 2(f) =x(¢) +iy(f)
B TOuke fye= (o, PB) monumaercst x'(f) +iy’ (%), a B KoHLAX OT-
peska —— Takasl Ke KOMOHHAUHSI COOTBETCTBYIOILUX OJHOCTOPOHHHX
npou3BoAHbIX). HenpepsiBHo auddepeHuupyeMbiii NyTh Ha3bIBaeTCA
eaadkum, ecnu 2’ (t)#+0 npu Bcex & |a, B], —23T0 ycaosue BBO-
AUTCs A5 u3bexaHusi 0coObIX ToYek. I1yTh HashIBAETCH KYCOYHO
2aadkum, ecay dynkuusi z(¢) HenpepblBHa Ha [a, B} u [a, B] MOXKHO
pasburh Ha KOHeUHOEe YHCTO (3aMKHYTBHIX) OTPE3KOB TaKHX, 4YTO CY-
KeHue 2(f) Ha KaxABH
U3 5THX OTPE3KOB Onpeje-
Jser rJaaikuid nytb. ITyTe
HasHBaeTCsi chpamase-
Moim '), ecH TOYTH BCIOLY
Ha [a, B] cymecrByer
2'(t), abcoJI0THO MHTErpH-
2) 4) pyemas mno JlebGery (1. e.

CYIIEeCTBYET

B
[ 12 0t =

B
= [VIVOP+1y OF at
¢ @)
— dauna uytu). Besikuh
KyCOYHO  TJaiku#h myThb
CIIpAMJIAEM.
Puc. 3. B panpuefiieM Mbl 6y-
JeM TakKxkKe I0/1b30BaThC
OOIENPHHSITBIME TE€PMUHAMU [Jisi ONMCAHMs IAAKOCTH OQyHKIHHA
(B uacTHOCTH, myTefi): HempepblBHYIO ¢GYHKnHIO 6yJeM Ha3BBaTh
¢yuknuei kaacca C° HenpeprelBHO AH{pdepeHInpyeMyo — GYyHKIHU-
eit ka1acca C! u BooOGuie (YHKIOHIO, HMEOHYI0 B o6JjacTu ee pac-
CMOTPEHUS HellpepblBHbIE NPOU3BOJAHLEIE A0 M-TO NOPSAAKA BKJIOUH-
TeJbHO, OyaeM HaswlBaTh Qyukyuel Kracca Cr.

ITpumep. Ilytu yi, y2 U Y3 U3 npeablayulero mpHMepa MKODAAHOBE, Yj-——
HeT. OkpyxkHOcTh 2z=e¢t, (=[0, 2n), — 3amkHyTHI XKOPAAHOB NYyTh (TNanKH);
YeThipeXJeNecTkOBas po3a z=cos 2fe'!, {=[0, 2n] (puc. 3, @), — 3aMKHYTHHl He-
XKopHauoB (ryaakuil); moaykyGHueckas mnapabosa 2=£(t+10), =[—I1, 1]
(pHc. 3,6), —kopnaHoB (HenpephiBHO aHGbGepeHIHPYEMbIi KYCOYHO TIVIaAKHH).

) Bewoay B ganbHeilllleM, ToBOps O CUpAMAAeMbIX TYTIX, MBL 6yAeM mped-
posiaraTh, YTO YHTaTeJb 3HAKOM C COOTBETCTBYIOWMMH HOHATHAMH Teophu QyHK-
Ui ZeACTBUTENBHOTO NepeMenHoro, Unrareau, ue suamllue aTHX NMOHATHH, BHOO/HE
MOryT 0GONTHCH KTaccOM KYCOYHO IAIagKuX nyTed.
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| 1 1
[lyts z2=1 (1 4 i sin —t—) , e [~ . };—] (puc. 3, 8) — KOPLAHOB HecHpsM.isie-
MBIt (M, CI€10BaTeNbHO, He KYCOUHO INIaaKuii).

Takye e orpaHHuYeHHsi MOXKHO BBeCTH M Ha KpuBbie. Kopda-
HOBQ Kpugas — 3TO KJAacC NyTeHd, 3SKBHUBAJEHTHBIX HEKOTOPOMY
JKOpIaHOBY NMyTH (TaK Kak 3aMeHbl mapamerpoB (1) B3aumHO Of-
HO3HAUHbBI, TO U3 MKOPAAHOBOCTH NYTH CJAEIYET MKOPAaHOBOCTh BceX
9KBHBAaJIEHTHBIX eMYy NyTeil).

Onpegenedne raankolt kKpuBo#l TpeOyeT HEKOTOPHIX YTOUHEHHI:
Mbl JOJIXKHBl BBECTH 3TO NOHSITHe Tak, uTOOBl OHO He Hapylwasoch
NpH 3aMeHe IYTH, NPEACTABJSIONIEr0 3Ty KPUBYIO, JAOOBIM APYTUM
5KBHBA/JIEHTHHIM eMy nyteM. Tak Kaxk HenpepsiBHasi ¥ BO3pacralo-
masi 3ameda napaMerpa (1) Moxer nepeBeCTH IiiafKHH NyTh B He-
rJafkui, TO MOHsITHE IJ1AAKOCTH He WHBAPHAHTHO 1O OTHOIUEHHIO
K TakuM 3aMeHaM. ITostomMy Mbl HOJXKHLI HaJOXKUTB Ha Opeobpa-
3oBaHue (1) 1OMOMHHTE/bHBIE YCAOBHS.

HUwmenno, eaadkoii kpusod Mbl OyaeM HasbiBaTh KJacC MyTef,
[OJYYaOIUXCS W3 HEKOTOPOro TIJajKOro MNYTH BCEBO3MOMKHBIMU
saMenamu napametpa (1), rae v(f) — HenpepniBHO nuddepenii-
pyeMasi (pYHKI{HSI C [TOJIOXKUTEIbHOH MPOU3BOAHOH. AHAJIOTHYHO MBI
6yneM MOCTYNmaTb HPH ONpPEAENEHUH KYCOUHO 2Aa0KOl N cnpamase-
Mot kpusoil. B nepBoM ciyyae Mbl notpebyem, uToObl HONMYCTHMbIE
3aMeHbl MapaMeTpoB ObliM HeNpepLIBHBIMU H BCIOLY, KpoMe, ObITh
MOKeT, KOHEYHOro 4YHc/aa TOYeK, HMeJIH HENPEPHIBHYIO U TOJOKHU-
TENbHYIO NPOU3BOJAHYIO (a2 B HCK/IIOYHTEAbHBIX TOUKAX HMENH OJHO-
CTOpOHHHE TNpou3BojHble). Bo BTOpOM ciyuae morpebyeMm, 4TOGH
3aMeHBl MapaMeTPOB OCYLIECTBASIUCh BO3PaCTAIOIIUMHU a6comoTHo
HenmpepbiBHBIMH O YHKIMsIME 1),

Huorma mbl OyneM MNOJAb30BaTbCd U APYroi, TIeoMeTpHYECKON
TPaKTOBKOJl NOHSATUS KPUBOH U TOrZa MOHMMATb MOJ XKOPIAaHOBOI,
r1aiKolM, KYCOUHO TJIAAKON MAW cnpsiMaseMol KPHBOH MHOMXKeCTBa
touek y < C, KOTOpHE MOXKHO NpEACTaBHTb KaK 00pas oTpe3xa
[, B] npu oroOpaxeHusx z==z(%), onpefensiOIIUX COOTBETCTBEHHO.
XKOPAAHOB, IMIaAKU# U T. A. IYTh.

4. O6nactn. Onpenenenune 1. Obaacrero D wuaswpiBaeTcs
MHOx)ecTBO Touek C (mim C), obnanaioniee ciaelyOWUMH ABYMsl
cBOHCTBaMU:

a) aas Jg060i Toukd a & D cyuecTByeT OKpecTHOCTh 3TOH TOY-
KM, npuHamiexkamaa D (OTKpBITOCTb);

') Mu cynTaeM H3BECTHHIM, YTO AJS CHPSIMJISEMOCTH NYTH HEOGXOZUMO W JO-
craTouto, urobut ¢yHkuus z2(f)==x(f)-+iy(f) wuMena orpaHudeHHOe u3MeHeHHe
(1. e x(t) v y(f) Oblmu c' OrpaHHYeHHHIM H3MeHEHHEM), a TaKikKe uTO CYNepIo-
sumus 2[f(t)], rae 2(f) — dyuKuus c orpaHMYeHHEIM H3MeHeHueM, a f(T) — abco-
JIIOTHO HENpEpHIBHAA (QYHKUUS, TakkKe fBASETCA (QYHKIUEN ¢ OorpaHHUeHHBIM H3-
MmenenneM. [To stoMy nosomy cM. I'. E. Illunos, unt. nHa crp. 17,
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6) nns MoObIX ABYX TOouek @, beD cymiectsyer nexamuit B D
nyTh C KOHaMH A U b (CBA3HOCTD).

Touku C, He npuHamdexampe D, HO siBASiIOLIMECS Npeeb-
HBIMH [AJf ee TOueK (T.e. Takue, 4TO B JI0G0H HX OKPECTHOCTH
CYIIECTBYIOT TOUYKM, mpuUHaAtexamue D, u xota 6b OfHa TOYKA,
He npuHamlekawas D), naswsiBatorces epanuynsimu rouxamu D. Co-
BOKYNHOCTb BceX FPAaHHYHBIX TOuek [J) HaswlBaeTcs epanuyerl 3Tok
obsacty U obos3Havaercs cuMmBosiom O0D. O6bvepunenne obaactu D
u ee rpaHdubl 0D cosnagaer ¢ 3amovikanuem D. Touxu C, He npu-
Haqlexaline D u He ABIAOIIHECT ee IPAaHUYHBIMM TOUKAMH (T.e.
touku muokectBa ( \D — fonosHenuss K D), Ha3bIBAIOTCH @HeUL-
HUMU TO4KaMU; IJS KaXAOH M3 HHX CYIIECTBYET OKPECTHOCTh, He
cozepkauias todex D,

Teopema 1. I'panuya 0D awboii obaractu D asaseTcsa 3am-
KHYTOLM MHONCECTBOM,

< Ilycrs p — q06asi mpefenbHasi TOUKa MHOXKectBa 40 HanLo
no0Ka3aTth, 4T0 {o e dD. Bosbmem npou3BOSbHYIO oOKpecTHOCTh U
ToukK . B U cymecrsyer touka { e 0D, u, creposarensio, Ha-
nercst okpecrnocts V touku §, Vo U. B V, a snauur u B U, Hait-
AyTcsl Kak Toukd u3 D, Tak u TOuKM, He mpuHamiexauue D. Dto
03Hadaer, UTo §o — rpaHuyHan touka D »

B nanbHelfiiieM Mbl OydeM HWHOrAAa BBOAMTb Ha TrpauHilbl pac-
CMATPUBAEMBIX 0O6JacTefi HEKOTOpbie AOIMOJHUTENbHble YCAOBHS.
Yrobsl ux cthopMyaupoBaTb, 0000ILUM BBEIEHHOe BLIlle MOHSITHE
CBSI3HOCTH.

Onpenenenue 2. byneM roBopurb, uto MHOXKecTBO M c843-
HO, eCJIM €ro Hesib3fl pa3OHThb Ha JBe Hemycthie wactu My u M, rtax,

yto o6a nepeceuenuss M;\My; u MMy nycret. B uactHocTy,
3aMKHYTOEe MHOJKECTBO Ha3bIBAEeTCS CBFA3HBIM, €CJIM €0 He/b3fl pas-
OuTh Ha [Ba HemepecekaloOM{HXcA 3aMKHYTHIX (M HEWYCTBIX) TMOJ-
MHOXKeCTBa. 3aMKHYTO€ CBf3HOE MHOMKECTBO HA3BIBAIOT KOHTU-
HYYMOM.

CBoiiCTBO MHOXKECTBa, BblpakaeMoe ycjoBHe 6) uH3 onpelee-
Hust | (BO3MOMKHOCTb COENHHHUTL JIOOble [Be TOYKH MHOKECTBA
nyTeM, J€KauiuM Ha 3TOM MHOMKECTBE), Ha3hBAIOT AUHEUHOU cB8A3-
HocTbro. MoXHO 10oKa3aTh, 4To J000e AUHEHHO CBA3HOE MHOXKECTBO
ABJseTCS CBA3HBIM, HO 00GpaTHOe, BoOOULle ToBOpst, HeBepHO. OnHa-
KO [JIfl CAyd4ast OTKPBITBIX MHOXKECTE 3TH IMOHATHS COBMAAaiorT ').

[Tycte MHOMKecTBO M HecBsisHO. MakcHMaJibHbie CBSI3HBIE TOJ-
MHOxKecTBa M (1.e. HE cojepKalipHecst CTPOr0 HH B KAKOM APYroM
CBI3HOM IIOAMHOXKecTBe M) Ha3LIBAIOTCA CBASHOLMU KOMROHEH-
ramu M. MOXHO J0Ka3aTh, 4TO Ji0G0e MHOXKECTBO sBAsieTc 00b-

1y Hoxasareabcteo ¢M. C. CTounnos, Teopns QyHKUHA KOMIVIEKCHOLO Me-
pemennoro, T. 1, M., 1962, crp. 31
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eIUHeHNeM CBSI3HBIX KOMHOHEHT (B KOHEYUHOM MM OGeCKOHeYHOM
ypcae) 1).

Mmn Gynem naseBaTh o6aacts D < C omHocBasHO#, ecau ee
rpaHuna 0D sBJsieTcsl CBA3HBIM MHOXKECTBOM; B NPOTHBHOM CJyyae
D naswiBaerc mHo20c883106 obnacTthio. Eciy 4HcI0 cBA3HBIX KOM-
noHeHT O KOHEYHO, TO 3TO YHCAO HA3HIBAETCA HOPAJKOM C6A3-
Hoctu obnactu D; ecnn
YHCJAO TaKHX KOMIIOHEHT
Geckoneyno, D wuasnBaer-
¢ OecKkOHewHO  CB8A3HOU
06J1acThIO.

IIpumep. MnoxecTso Ha
puc. 4, a — BHYTPEHHOCTb JieM-
HUCKATbl ~— He fABjadercss obua-
cThio, HOO 0HO HecBssHO (HO 3a-
MBbIKaHHe 3TOr0 MHOJKECTBa CBf3-
HO). MHOXKeCTBO TOYEK, Jexa-
IIHX MeXAY CONPHKACAWUINMHCH
OKpyxHnoctamu  (puc. 4,6), —
onHoces3nas o6nactb (ee rpa-
HHLA — CBsI3HOe MHOXecreo). Ha
puc. 4,8 usobpaxena yeThpex-
cBfigHana obaacth (ee rpanuua
COCTOMT M3 UeTBIPEX CBS3HBIX
KOMIIOHEHT: OKPYXXHOCTH, OKPYK-
HOCTH C OTPe3KOM M JBYX TOUEK).
O6nactb na puc. 4, e — KBajpar

1 1 2
{0<x<1, 0<y<1} ¢ BHIOPOILEHHBIMH OTPE3KaMH { =2 T <y —3},

n=1, 2, ..., — saBjasercs GeCKOHEYHO CBA3HOH.

N

HMuorga mbel 6yfeM BBOAWTH YCJIOBUA HMHOro popa. Mbl Oyiem
HasbiBaTh 061acThb D sicopdanosol, ecan ee rpasuua dD COCTOMT
13 3aMKHYTEIX XKOP/JaHOBBIX KPHUBHIX (B reomMeTpuieckoil TpakTOBKe
sroro mnousitus). Hasosem obgaacte D komnaxrtwoi, ecau cylle-
creyer kpyr {|z| <R, R<oo}, comepxkamuii D. Bymem roBopuTb,
4TOo MHOXKecTBO M KomnaxTHO npunadiexcur obaactu D, ecau ero
sambikaune M (B tomoJorun C, T. e. ¢ yueTOM He TONBKO KOHEU-
HBIX, HO M GeckoHeuHOH npefedbHoN TOYKH M, eciid oHa ecTb) IpH-
Hagnexur D.

[MTpuwmep. Ipavoyroabunx Gy ={ lxl< Lyl < —%—} KOMMaKTHO npiHail-

1
aexur nonoce D={|y|<1}, a BaBoe Gosee yakasg noJoca Gg={l yi < ?} npu-

najJexur D, HO He KOMNIaKTHO.

) Cum. @ Xaycpopd, Teopus muoxecrs, OHTH, M.—JL, 1937, cTp. 120,
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KoMnakTHyi0 NpHHANJEKHOCTb Mbl GygeM 3amHCBIBATH CHMBO-
Jom € (rak uto M €D, ecan M — D). Komnakraoers o6aactu D
osnauaer, uto D & C.

Janee Oyler HEOJHOKPATHO MCHOJB30BATECSH ClEAYIOILas

Teopema 2. [Tycte M < C — caasnoe mnoxecréo u N — ezo
Henycroe nodmuoscecrso. Ecau N asanercs 00HOBpEeMEHHO U 3aMK-
HYTOIM U OTKPBITHIM 8 OTHOcUuTeAbHol Tonoaoceuuly M, o M=N.

<« Ilyers, ot nporuBHOro, MuHoxecrso N’=M\N Henycto. 3a-

- MblkaHue N MHoxectBa N B tonosorun C, OUYEBHAHO, COCTOMUT HU3

ToueK ero 3ambikauusi (N)py B Tomosiorud M K HEKOTOPOro MHO-
XKectBa (OBITH MOXKET, MYCTOro), He mpuHaniexauero M. ITostomy
NON'=(N)uON’, a tax xak N 3amxuyro B Tomosioruu M, TO
(N)u=~N wu, caenoBarennto, N[IN'=NNN’ nycro.

Ho tak kak N u OTKpbITO B TOmOJOTHH M, TO ero momoJHeHHe
N’ 3aMKHYTO B TOH Ke TOHOJIOTHH (npefesibHble TOUKH N’ He MOTyT
nmpuHaagexarb N B CH1Y OTKPBITOCTH IMOCJAEIHEro, ClAeJ0BaTelbHO,
oun mnpunamiexar N’). Ilostomy k mepeceueHuio N'[IN MoxKHO
NPUMEHUTh TO Ke paccyxkjeHue, uto u K N(IN’, cilenoBaTenbHo,
N’(\N nycro. D10 NPOTHBOPEYHT ONpeAeseHHIO cBsi3HOCTH M »

§ 2. ®PyHKIMH KOMILIEKCHOTO MepeMeHHOTo

5. MoustHe pyukunn. Onpepnenedue 1. I'oBopsr, uTo Ha

muoxectBe McC samana ¢yrkyus f, eciu 3ajaH 3aKOH, M0 KOTO-
POMY KaxI0H TouKe 2e=M CTaBUTCS B COOTBETCTBHE KOMIJIEKCHOE
ucga0 @ (KoueuHoe Han GecKOHeUHOe); ofo3HaueHus

f: M->C wm w=f(z). (1)

CornacHo 3TOMYy ONpeleseHuo BcsKasi (GYHKnHST OLHO3HAUY-
Ha (NMOHSATHE MHOrO3HAUHON GYHKIMH Mbl BBeleM B ru, III).
Huorpa mbt 6ygeM eudie HakJajblBaTh YC/IOBHE B3aHMHOH OJIHO-
sunaydoctd, PyHkuus f: M — C HasbiBaercs 63aUMHO OJHO3HAH-
HOU WAH OOHOAUCTHOL, ecyii OHa mpeobpasyer pPasiMyHBIE TOUYKH
2), 2=M B pasnuuHble, WHBIMM CJAOBAMH, €CIH U3 pAaBEHCTBa
f(z1) =f(22) cnenyer paBeHCTBO z1=2, (mi1s 25, zyesM).

- 3apaude [ paBHOCHJbHO 3aJaHHI0 ABYX A€HCTBHTEJbHBX
b yHRUMHA

u=u(z), v=0v(), )
rie u: M— R u v: M— R (mbl nonaraeM z=x+iy u f(2)=
=u+iv). Ecmu eme f=0, so002), 10, nosarasi f(z)=pet¥, wmu

Y) OrHocutenbHol Tomosordeii Muoxectsa M < C HasblBaeTca TOMOMOTHS,
B KOTOPOH OKDECTHOCTSIMH TOYeK SBAAIOTCA TNepeceueHHs ¢ M oxpecrtHocrelt
Tex e Touek B ronosoruu C.

2) Tak Mbl 6ygeM mucaTh, ecau [(2) =0, # <o aja Beex 2 = M,
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MOKeM 3amucath 3Ty QYHKUHIO B BHJAE ABYX COOTHOLICHHI:
p=p(2), Y=v(2)+2kn (k=0, x1,...) (3)

(B Toukax, rae [=0, =oo, ¢yukuus p=0 HIH =00, a Y He onpe-
leneHa).

Mpbl nocrosiHHO 6yjJeM MNOJb30BAThC TEOMETPHYECKOH HJJIIO-
cTpalluedl moHATHs GYHKUMM. 3anaHue (2) HABOAHT HA MBICAb HJ-
JIOCTPHPOBATh [ B BHie ABYX TMOBepXHoCTeH u=u(x, y) n v=0v(x,y)
B TPexXMepHOM IIPOCTPAHCTBe; OAHAKO 3TOT crnocod HeyuoleH, uée
OH He WJIIOCTPHPYeT mapy (4, ¥) Kak KoMmmjiekchoe uucio. [lo-
3TOMY OrpaHWuMMcs NpeacTasienueM o ¢pyuxkuuu f: M —C kak o6
otro6paxenun muoxecrBa M B chepy C.

Yrobel cuenaTth 5TO NpeAcTaBlienne 0Oojdee HardsgHbIM, OyaeM
pHCOBaTh MHOXKeCTBa, COOTBETCTBYIOIUHE APYr JApYry npu paccMma-
TpuBaeMoM oTobpaxkeHuu. Hauje Bcero Ml OyneM pHCOBaTb KOOp-
NUHATHBIE NHHUH (A€KapTOBOH WJIM NOJSIPHOH CHCTeMBI KOOPAMHAT)
u HX ob6passl Ha maockocTaX 2 u w. CHaGAMB 3TH MHOMXKECTBA YHC-
JIOBBIMH OTMETKAMH, Mbl B HPOCTBIX C/AYydYafX NMOJAYYUM AOCTATOYHO
XOpolllee reoMeTpUUYeCKOe NpEACTaBIeHHe O (PYHKIHH.

ITpuwmep. dyuxunio
w=2z2 (4)

B BepxHefi noaymaockoctd {Imz>0} ynoGHo nOpeactaBuTb B MOJASAPHBIX

Puc. 5.

Koopaunartax. [lomaras z=rel® 0<p<n) n w=pe‘“’, MBI MOXEM fepemucaTh
- papencTBo (4) B BHJAE CIEAYIOIHX JABYX:

p=r, =20 (5)

(cM. nNpaBWIO YMHOXKEHHS KOMILIEKCHBIX YHCEI B NOJAAPHLIX KOOpAMHaTax, m. l),
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Ha (5) BuaHO, YTO NMOAYOKPYKHOCTb {r=ro, 0<C@<m} mpu paccMaTpuBaeMoM
OTOOpAXKeHHH MePEXOAUT B OKPYXKHOCTb € BHLIKOJAOTOH TOUKOH {p=r%, 0< P <
< 2n}, a nyu {0<r< oo, o=@} —n ayu {0<p< oo, P=2¢¢} (puc. 5). Bepxuasn
HOJIYIIOCKOCTh Re 2>0 nepexogUT B IJIOCKOCTh @ ¢ BLIGPOLICHHOH [OMOMKUTENb-
f0fi 110/yOCh0. Y106HO NpeAcTABUThL NOJYNJIOCKOCTb B Bifle 3JaCTHUHOfl IJIEHKH,
HATAHYTON Ha JBe NOJYOcH (MOJOXHUTENbHYIO U OTPHUATENbHYIO, KOTOpble ap-
HUPHO COEIMHEHH B Haua/J e KOOPAMHAT) TaK, UTO MJIEHKA MOMKeT CBOGOLHO CKOJb-
3uThb 1O 3TuM noayocaM. Torxa npeoGpaszoBande (4)° MOXKHO HHTEpNpPeTHPOBATh
KaK ne@OpMalHIo MJIeHKH, NPOHCXOAALLYI0 OTTOTO, YTO NOJYOCH CKJaJbiBaloTCsA
IPYT C APYTOM.

Orobpakenue (4) MOXHO HPEACTAaBUTb H B JIEKApTOBBIX KOODAHHATaX B BHAe
IBYX DaBeHCTB!

u=x2—y?  v=2xy (6)

(monaraem z=yx-+iy u w=1u-iv U B COOTHOmMEHNH =22 pasgendeM peil-
CTBUTENbHLIE 1 MHuMble  uactu). [lomoxus B (6) y=ys, UTOJYUHM KDPHUBYIO

14

Puc. 6.

u= xQ—yg, v =2xy, (xez R), COOTBETCTBYIOUYIO TPAMOi y = y,, — 310 mnapaGona
0?
u= -4—2— — yg. Jlyuay {x = Xg» I<y< 00} COOTBETCTBYET Ayra mapaboJib
Y
u= xg —_ =2xqy (yE[RJ I)
(puc. 6).

3ameuanne. Mp paccMarpusann oOroGpaxende (4) B BepxHeft nosy-
IUIOCKOCTH (XOTsA OHO ompeaeqeHo Bcioay B () moToMy, uro OHO OIHOJUCTHO B
_3TOM oGsacTu. Bo Bced naockocTH way B aoGoit oGaactu D, KOTOpas COMEPIKUT
X0Ts Gb OAHY Napy TOUEK Zp ¥ —2Zp (7= 0), Nepexojsiiux B OJHY TOUKY
w0=zg, oToGpaxenne (4) HEOZHONHCTHO M ONHCAHHBlE TreoMeTpHYECKHE MNpe-
CTaB/JeHUS He CTOJb HarIAJHBL. -

1) Yepes R, oGozHauaeTcst COBOKYNHOCTh MOJONKHTENBHBX HHCEIL.
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Muorga no/b3yioTcs APYTHM CHOCOO0OM TeOMeTPHUYECKOro Npe-
craBjeHHuss QYHKUHM: B MPOCTPAHCTBE (X, Y, ) PUCYIOT MOBEPXHOCTD
p=1f(2) |, KoTOpas Ha3blBAETCH NOBEPXHOCTLIO MOJYAS WIH pelbe-
gom dyukumu f. Ha 3Tofi nosepXsocTH nHOrga u3o0paxamT MHO-
skecTBa yposHsa Arg f=const. B mpocThIx caydasx 3tu MHOXKECTBA
NpeacTaBadAlnT coO0# JIHHHY, H, UMesd NOCTATOYHO IYCTYIO HX CeTKY,
MOXKHO COCTaBHTb NpEeACTaBJeHHe O pacHpeleneHHH 3HadyeHud

Y

Puc, 7.

byukiun f B noaspublx KoopauHartax. Ha puc. 7 usobpaxkena no-
BEPXHOCTb MOAYJS 415 QYHKIHH @ = i

HepeﬁneM TE€HEPDH K OCHOBHOMY /a1 aHa/MH3a INOHATHIO Hpeleda

OyHKIMH.
Onpenenenne 2. Ilycrb ¢yuxuus [ onpejenena B MPOKOJIO-

Tol okpecTtHocTH ToukH a< C; rosopsar, uto unc1o A< C asasercs
ee npedesom NIPHU 2, CTPEMAILEMCS K 4,
limf(z) = A, )
z>a
ecstn jnist Ji0Gofi okpecTHoeTH U, TOuKkM A Hafizercs Takas npo-
KoioTas OKpeCTHOCTb Uj uto mus Bcex z&U! sHavenns [(2)
npunaanexat U,s. Mnaue, gaa so6oro e>0 Haligeres §>0 raxoe,

YTO U3 HepaBeHCTBa
0<p(z,a)<d (8)

0((2), 4) <. )

Eciu a, A 5 0o, T0 (8) u (9) MOKHO 3aMEHHTb HepaBeHCTBAMH
0<|z—a|<du |f(2) —A|<e. Eciu a=00, As=00, TO HX MOXKHO

cjaenyer HepaBEHCTBO
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nepenucaTb B Bule 8<|2{ <oo, |f(2) — A|<e; unrarenn 6es tpy-
Jla pacmuller 3TH HepaBeHCTBA M B OCTABLIMXCS CAyYasx a#oo
A=oc0 Hu a=A=o0o0.

Hna Asoo Mb nojoxum [=u+iv, A=A(+iA; u nerko y6e-
JAUMCsT B TOM, YTO pPaBeHCTBO (7) PaBHOCHABHO ABYM AEHCTBUTE/b-
HEIM paBeHCTBaM

limu(z)=4,, limv(z)=A4,. (10)
>a z>a

Ecou npeanosoxuth emie, yto A=<0, u BEGpaTh HamlexXaliuMm
o6pasom. 3Hauenuss arg f!), To (7) MOMXKHO HmEpeNHCATh B MOAAPHBIX
KOOpJMHAaTax:

lim|f(z)|=|A|, limargf(z)=argA. (10”)
z>a 2>a

Tak Kak NpUHATOE ompeje/eHune INpefena (GYHKIHM YUTAeTCS
B TOYHOCTH TaK, KaK TakKoe XKe ONpejeneHHe B AeACTBUTENbHOM
aHaJuse, U anre6pandyeckue [eHCTBHA Haj KOMIUIEKCHBIMH (YHK-
LHSAMY NPOBOASITCH IO TeM XK€ 3aKOHaM, KaK Haj AeACTBUTE/bHBIMH,
TO B KOMILIEKCHBI aHaJ/U3 aBTOMaTHUECKH IePeHOCATCs 3JeMeH-
TapHble TeopeMbl O npefesnax (yHKIHM B TOYKe (O mnpenene cyM-
MBI H JAp.) — Mbl He oCTaHaB/JWBaeMcsi Ha HX (POPMYyJHpPOBKax H
J0Ka3aTe/bCTBaX.

B HekoTopwix cayuyasix Mpl OyJeM roBoputb O npejenax QyHk-
1yl no MHoxkectBaM. ITycTh naHO MuoxecTBO M, uMewiliee @ cBoe#
npefeabHOlN TOUkOH, W (YHKIHS [, MHOXKECTBO enpeje’eHuss KOTO-
poii comepxkut M. Mbl 6yleM roBoputh, uto f crpemurcs K A npu z,
cTpeMslleMcs K @ 0 MHOXKecTBY M, u mucathb

lim f(z) = A4, (11)

2>a
zeEM

ecan pag Jwboro &>0 wnamgercs 8>0, Takoe, uro [Jd Bcex
zeM, naa KOTOPBIX 0<p(z,a)<d, cnpaBeAUBO HepPaBEHCTBO
p(f(z), A) <e.

Onpe,zerIeHHe 3. Ilyere ¢GyHknusi [ onpefeneHa B HEKOTO-
poit okpectHocTdH Toukd a< C; 6ynem HasbBaTb ee HenpepblgHow
8 TO4Ke Q, eC/I| CyHlecTByeT

lim }(2) = f(a); (12)

ecan f(a)#oo, 6yleM roBOpUTb O HenpephiBHOCTH B cMbicne C;
-ecs f(a) =00 — o HenpepbiBHOCTH B cMbicie C (uwin 060611 e H-
HO N HenpepeiBHOCTH).

') 3pece W jasnee CHMBONOM arg w oG6O3HauaeTcsl OJAHO H3 MHOXeCTBa
Arg w 3HaueHHi KOMIIEKCHOrO UHMCJa W; TOT 2Ke CHMBOJ NpHMeHAercd H AJA
o6o3uavenus Gpyukuuu arg f(z), z = M.
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[To cooOpaxeHusiM, O KOTOPbIX Mbl TOJNbKO UTO TOBODHIH,
B KOMIIJIEKCHBI aHaJH3 AaBTOMAaTHYECKH IePeHOCATCs 3JeMeHTap-
HBle TeopeMbl O (YHKIHAX, HENpepuBHBIX B TOYke (HeHmpephiB-
HOCTb CYMMbI H Jp.), — HElPepPEIBHOCTL 3JeCh Halo MOHHMAaTb B
embicae C.

MoKHo roBOpUTh TakikKe O HEMPEPBIBHOCTH B TOYKE @ MO MHO-
XectBy M, eciy a fiBjsieTcs IpefesbHON TOUKOH M u mpenen B Je-
Bo#t yactu (12) moHuMaeTcst KaK npeped Mo MHOXKecTBY. PYHKUHA,
HenpepbiBHasi B KaxJ0H Touke MHOxectBa M (mo M), Hasmizaetcs
nenpepolgrol Ha M. B uactHocTH, eclu [ HelmpepbiBHA B KaxI0H
Touke oOsacty D, oOHa Ha3blBaeTCs HenpepulsHol @ 06aacTu
(B 31OM cCJyyae OHA HelpepeBHAa B KaxXaoh touke D B cMbIc/a€
onpeneneHuss 3, ubo KaxKaas TOYKa Z BXOAUT B [) BMecTe ¢ HEKO-
TOPON OKPECTHOCTBIO).

Ormerum cBoficTBa (GYHKLMI, HenpepblBHBIX (B cmbicie C) Ha

saMRuyTe X (B cMbiciie C) muoxectBax Kz C.

1. Awbas ynkuousi f, HenpepblBHAsA Ha MHOXKectBe K, orpaHu-
yeHa (T.e. cymecTByer nocrosinHas A takas, uto |f(2)| < A nas
Bcex ze= K).

2. Jlwbas ¢yukuusi f, HempepblBHasi Ha MHOMXKecTBe K, 1OCTH-
raer Ha K cBoell BepXHel W HuKHeHl rpaHu (T.e. CYWECTBYIOT TOY-
ki 21, 22K Taxue, uro |f(2)| < |f(z)], [[(2)]| 2 |[(z)]| nas
Bcex ze K. .

3. Jlio6ass dyHknus f, HenpepblBHas Ha MHOXKectBe K, paBHO-
MepHO HenpepblBHA (T.e. 1as Jioboro £>0 cymecrsyer §>0 Taxoe,
uto |f(21) — f(22) | <e, KOIb cKOpO 21, =K u p(2y, 23) <8).

DTu CBOMCTBA [OKAa3bIBAlOTCA TOYHO Tak K€, Kak B HeHCTBH-
TeNbHOM aHaJju3e, ¥ MO3TOMY Ha J0Ka3aTeJbCTBAX Mbli He OcTaua-
BJIHBaeMcH.

6. Iuddepenunpyemocts. [Iyctb ¢yHKNuUs [=u-+-iv onpenene-
Ha H KOHeYyHa B HEKOTOPOH OKPECTHOCTH TOUKH Zp=Xo+ [yo=C.

Onpenenenune 1. Bynem rosoputb, uto  dugppeperyupye-
Ma 8 TOuKe 2, 8 cmbicae OelicT8uTesbHO020 aHaiusa (Kopoue,
B cMpicie R?), ecnn dyskuuu 4 v v guddepeHunpyemMsl Kak GyHK-
uny (x, y) B TOUKe (Xq, Yo): Queppepernyuarom | B TOUKe 2, HA3bI-
BAETCs BHIpaXKeHHe .

df=du+idv. (1

Ecnu 3anucats du u dv yepes dacTHble MPOU3BOAHBE (mocsien-
HYMe CyLecTBYWOT B TOUKE 2p), TO (l) MOXKHO mepenucath B BHje

df =Ly I gy, @)

B3y
_Ou  .dv of _Ou  .0v
e z-=o-+ig-u 3 —5;-1— {5y — TPOHM3BOMHbIE OT KOMILIEKC-

HOH QyHKIMH no JaeHCTBUTENbHBIM MNepeMeHHbIM. Ham yno6Ho



32 TOJIOMOP®HDBIE ®YHKLIUH [T 1

nepenyucatb ¢opMyay aasa Auddepeniuana eue B oAHOM Buje. Pac-
CMOTPUM HepeMeHHble Z=X+iy U Z=x — iy, ux auddepeHuuasamu
6ynyr dz=dx+idy u dz=dx —idy. Orciona MHB HaXoOIHM

dx= (dz+d2), dy=-(dz—d2)

H, MOJcTaB/Asl 3TO B (2), mocje NEeperpynnupoBKH UJEHOB MOJY-
yaeMm

df =L gz + I gz, 3)

rje BBejeHbl 0003HaYeHus
LNRE FEARPX AT VE S A A )

9z 2 \ox ay ax " dy) T2\ 9x ~ dy s
LBNYE Y AP AT ST
vz = 2 \o0x oy ) 2 \odx dy 2(0)6 dy)‘

3ameuanue. [lpencraBienne anddepennuana df B suge (3)
efuHCcTBeHHO: ecaun df=Adz+Bdz, 1o A= —gfz— H B=—=. B ca-

MOM fesie, MoACTaBAsAsi d2z=dx-+idy u di=dx —idy, mb noay-
upM, uto df=(A+B)dx+i(A — B)dy. O1cioga, Kak ¥ B AeHCTBH-
TeJbHOM aHaju3e, Halinem A+ B =50 i(A-B)=§;—; peltas aTy

1/(90 . Of 1/0
CHCTeMY, NOJY4YHM Tpebyemoe: A= (a—i - l#;;;) , B== (3;];

. of
-+ l_é?) B

MbI BBOIMM OCHOBHOE /1Sl BCeH KHUTH

Onpenenenne 2. Pynkuus [ HasbiBaercs dugpgpeperyupye-
MOL 8 TOUKE Zp 8 CMbICAE KOMNAEKCHOoeo anaiusa (Kopodye, B CMHI-
cne C), ecin ona nuddepenuupyeMa B 2, B cMmbicsie RZ u ee nud-
¢epeHian OpONOpUHOHaNeH dz, T. e. B TOUKE 2

of _
57 =0 (5)
UuraTenio, He3HAKOMOMY C KOMILUIEKCHBIM aHaJu30M, TPYIHO
OLIEHUTh CPpa3y BaxKHOCTb 3TOTO ONpeaes]eHUusl — oHa BBISICHHTCS TO-
cTeneHHo, MO Mepe O3HakomseHuss ¢ npeameroM. Cefiyac Mbl yKa-
JeM TOJIBKO, UTO B OTJHUME OT BceX NpeAblIyluX NOHATHH, KOTO-
pble MpPeNCTaBJsiioT CO60H MPOCTOH MepPeHOC COOTBETCTBYIOUIMX MMO-
HATHH AefflcTBUTEIBHOTO aHanausa, AHGPepeHlHpyeMOCTh B CMbiCae
C ne cBoautcs K aupdepeduupyeMoctd B cMbicie R2 Hmen-
Ho, nuddepennupyemocts B cMpicie O TpeGyer He TOMBKO AH(-
depennupyemMocti B cMbicsie R2?, HO u BhIMOTHeHHs YycloBHs (5),
KOoTopoe Mbl GyneM Ha3blBaTb ycaosuem (KomnaexcHod) dugpe-

PeHULDYeMOCTU.
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@opmyasl (4) MO3BOJAIOT MepenHcaTh 3TO YC/I0BHE B BUAE ABYX

CKaJISIpHBIX PABEHCTB!
o _dv  ou__ 0v 6)
X by oy ox
B taxkom Buie ycioBue BnepBbie mnosBusoch B paborax JK. [l a-
namGepa u JI. Diinepa u nosguee (B Gojee yeTkofi op-
Me) —y O. Kowu ub.Pumatsa.

Bonpiias orpaHHUNTENBHOCTD YCJAOBUA KOMMNJeKCHOH Andpepen-
HMDYEMOCTH OUYE€BMJHA: B TO BpeMsi KakK NpHMepbl (QyHKUUH He-
IpepbIBHBIX, HO HUrAe He auddepeHNUPYeMBIX B CMEBIC/Ie AeHCTBH-
TeJbHOTO aHaJu3a, CTPOSTCS C HEKOTOPBIM TPYAOM (mpumepn! Beii-
epwitpacca uau Ileano), nurge He puddepeHIUPYEMbIME B CMBICIE
KOMILJIEKCHOTO aHaJ/yu3a OKa3blBalOTCA caMble <«IPOCThIe» (YHKIIHH.
Hanpumep, dyHKINA

f(2)=x+2iy (7)

B cMbicsie C Hurze He nuddepennupyema! B camom nene, s Hee

du v o
ke L, W=2’ ¥ NepBoe u3 YCaAOBHUI (6) HUT/e He BBIIONHAETCS.

Ilepeftnem Temeps K paccMOTPEHHIO TPOM3BOJNHON (DYHKIHK
KoMIUJIeKcHoro IepeMennoro. Ecnu [ nuddepenunpyemMa B TOUKE 2
B cumbicie R2, To ee mpupamenune Af=f(z) —f(2) B 3toii TOuKe
MOZKHO NPEACTaBUTh B BHlIe

A= az+ 2L az+0(a2), ‘ (8)

rae Az=2—2y, AZ2=2—2;, a 0(Az) 06o3HauaeT MaJ/yl0 BbICIIErQ
mopsiilka OTHOCHTeNbHO Az (T.e. BeJUYUHY, OTHOWIEHHE KOTOpOH
K Az CTpeMHTCH K O npu Az—0). ITonaras Az=|Az|e!®, noayuaem

z—lAz\e u u3 (8) nHaxomum
Af 0/‘ oF o2
v +55 %8 4+ n(A2), 9
rae n(Az) = Az LAC) cTpeMuTes K HYJMI0 npu Az —0.

Otciofa BHUAHO, YTO MAJsi CYHIECTBOBAHUS Mpefena OTHOLIEHUs
% npu Az — 0 HYXKHO mnorpe6oBaTb, YTOOBI NPH CTPeM/IEHHH AZ
K HYJII0 BeauunHa O=arg Az cTpeMH/Iach K HEKOTOPOMY mpeieny O
(puc. 8). Ilpenen —2—2— npu takoM ctpemyeHud Az x 0 Ha3sblBaercs

npouseodroli no Hanpagieruio & GyHKUM [ B TOUKe 2.
H3 dopmyasr (9) BHAHO, UTO 3Ta MPOU3BOAHAS MO HANPaBJEHHUIO

of _ af f ey
20 + 55 200, (109)

3 B. B. LlaGar
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3]
7{2—;&0, TO HPOU3-
BOJHble N0 HampaB/JeHHIO B 3TOl TOYKE 3aBHCAT OT HampaBJeHHS.
Hmenso, reomerpuueckiM MecToM (rogorpadom) NpOM3BOAHBIX [10

0 o
HamnpasJleHHUIo O_Zfﬂ B JaHHOH TOYKe fABJISIETCH OKPY2KHOCTb C LIEHT-
of

pOM% H pazuycoMm ———‘ (cMm. puc. 8).

Takum 06pasoM, €CJH B TOUKE 2y BEIHYHHA

|5

Ecau ke [ auddepennupyema B Touke 2z B cMbicie C, T.e.
J

=0, To 3Ta OKPYXKHOCTh BHIDOXKAAETCH B TOUKY % W TMPOHU3-

BOAHBIE IO BCeM HaNpaBJE€HUAM

9
oz

of
9Zy

COBNANAIOT (OHM paBHbl g—i)

Onpenenernue 3. Ipous-
600H0G GyHKIMH [ B TOuKe 2
Ha3blBaeTCs

L=fle) (1D

€C1H 3TOT npejesl CYUIECTBYET.

W3 ckaszauHOro Bblllle MOXK-

Puc. 8. HO BbIBecTH, 4TO AHdDepeHIu-

pyemocts B cmpicie T paBHo-

CHJIbHA CYIEeCTBOBAHHIO MPOM3BOAHON. MBI, onHaKo, npeanoynTaeM
npaMoe 10Ka3aTeabCTBO. )

Teopema. Haa 1020 41066t pynxyus [, onpederennasn

8 okpecTHoCTU TOouku 2o C, umera 6 3710l Touke npoussoonyo,

neobxoduma u docraroyna Ougdepenyupyemocre [ 8 TO4Ke 24
8 CMbICAE KOMNACKCHO20 AHAAU3A.

< Ilycre f nudpepenuupyemMa B Touke 2z, B cMbicsie C; toraa

of

2 or _ o
oHa auddepennupyema B cMbiciae R? u 55 =0 B 370# TOuKe. M3
dhopmyasl (9) umeeM

lim
Az>0

A 0
A—£=‘g£‘+ﬂ(AZ),

riae n— 0 npu Az — 0; oTcroAa BUAHO, 4TO cylecTBYyeT [/ (2,) = —%—.

ITycts [ uMeer B TOUKe 2y HPOHM3BOAHYIO [/(Z); Toraa masi Ao~
CTATOYHO MaJjblX Az uMeeM

AL (@) +n(82),

rie n—>0 npu Az— 0. Takum o6pasoMm, Af=f"(2)Az+0(Az2), or-
Kyfa BHAHO, 4TO [ puddepenurpyema B Touke 2y B cMmblcie R? u
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uto df=f"(2y) dz, a 310 u o3Hauaer AuddepeHNUPYEMOCTH B CMBI-
cie C B Touke 24 »

Tak xaxk npousBogHast ['(2), ecin OHa CYHIECTBYeT, He 3aBHCHT
OT HampaBJ/eHHs, TO ee MOXHO BbIYHC/ISATb, HANPUMEp, B Hampasie-
HHH OCH X; MBI TIOJTYYHM

, ) ) .0
Pl)=-aL =28 ;0 (12)

Onpeznenenne npou3BoAHOH (YHKUHH KOMIJIEKCHOTO NepeMeH-
HOTO COBNAJA4eT C TAKHM XKe ONpejlejeHHeM u3 AefCTBUTENBHOro
aHa/u3a, apudmeTuyeckue JEHCTBUS U TeOPEeMbl 0 Mpefejax B KOM-
IVIEKCHOM aHajiM3e Takde XKe, Kak U B JedcrBurensHoM. [Tostomy
B KOMIJIEKCHBEIH aHa/ju3 0e3 BCAKUX H3MEHEHHUI MepeHocATcH 3Jje-
MeHTapHble MnpaBuia AHPPepenuupoBaHus (auddepennuponanue
CYMMBI, MPOH3BENEHMS, UYACTHOro, CJOXHOH u o0paTHOH QYHK-
UUM); MBI He OCTaHaB/JMBAEeMCH Ha UX (OpMyIMpPOBKaX U JAoKa3a-
TeJAbCTBAX.

B 3akaoueHHe Mbl JOMKHBL YTOUHHTH CKa3aHHOE Bblille O MOHS-
THH KOMILTeKCHOH auddepenuyupyemoctu. Crporo rosops, audde-
peHuupyeMocTh B cMbice C B OZHOH TOuKe Zg ellle He BJIeUeT 3a
co60H Tex MOCJAeACTBHI, KOTODble MbI UMEIH B BAUAY, TOBOPS O Bax-
HOCTH 3TOr0 MHOHATHS, — AJS 3TOT0 HYXHO TpefosaTh Auddepen-
UHPYEeMOCTH B OKPECTHOCTH TOUKH 2o IlosroMy Mbl npuHu-
MaeM cieaympulee

Onpenenenue 4. Oyuxkuus [ HasbiBaercs 20A0MOPPHOL
(wnn anaautuueckol) 6 Touke z2o=C, eciu oHa auddepennupyema
B cMbiciie C B HEKOTOPOU OKPECTHOCTH 3TOH TOUKH.

IIpumep. Oyurnus
f(z) =lzlP=2zz, (13)

oueBnaHO, aHddepenunpyeMa B cmpicne R? Bo Beceit miockoctn €. Oamako

55 =% pasna 0 snwe npr z=0, nostomy B cupicie C ona anddepenunpyema

auub B Touke 2z=0. Taxkum oBpasom, ¢yuxkuns (13) nnddeperurpyema B cMmbicae
C B Touke 2=0, Ho He rosioMopdua B 3TOH TOUKe.

Mbl Gyzem HasbiBaTh QYHKUHIO [ 20A0MOPHHOL HA OTKPLITOM
nuoscecree Q= C, ecnu oHa ronoMopdHa B KaxKAOH TOUKe ITOTO
MHOXKecTBa (AJs1 TAKHX MHOMECTB, CJAeJ10BATENBHO, MOHATHSA TOJIO-
MOD{HOCTH U KOMILIEKCHON Au(depeHIHpyeMOCTH COBIAAAIT),

bynem roBoputh, 4T0 QYHKUUS [ 2020MOPPHA HA NPOUBBOILHOM
nmuoscecree McC, eciv ee MOXKHO NMPOJOJKHTD HAa HEKOTOPOE OT-
KpBITOe MHOXecTBO 92DOM 10 ronomopduoit Ha Q yHKuUH.
B uacrtrocTH, rosnoMopduoctk [ B 3aMKHYTOH obaactu G o3Hauvaer
BO3MOXXHOCTh €€ NPOJoJKeHUA A0 (YHKUHH, rojsoMopdHol B Gonee
Linpokoit obnactu D3 G.

3%
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Haxkoneu, nox eoaomopgrocrero pynxyun [ 8 Oeckonewnoil
1
TO4Ke NOHHMaeTcAd rosomopdHocTh PYyHKIMH (p(z)=f(?) B TOY-

ke z=0. JTo ompeje/ieHHe MNO3BOJIAET PaccMaTpuBaTh PYyHKIUH, rO-
JoMop(Hble HA MHOXecTBax 3aMKHyTo#l miockoctu C.

OueBugno, cymMa M mnpousBedeHne OYHKuMH, roJoMopHbIX
B obaactu D, takxe ronomopdusl B 310oft obnacru. IToatomy coso-
KyNHOCTL Bcex (yHKUUE, rosomopdHuix B obnactu D, obpasyer
KoAbyo, KOTOpoe Mbl Oyaem ofosHauaTh cumBoiom H (D).

7. T'eomerpuyeckas W ruApoOfHHAMHYecKas HHTEpHpeTauHs.
Haunem c BbIsICHEHHS TeOMETPHYECKOTrO CMBIC/Ia KOMIJIEKCHOH Aud-
tepenuupyemoctu. Ecaun dynkuus f mepq)epemmpyeMa B CMbICJe
R? B touke 2)=C, TO B OKPECTHOCTH 3TOH TOYKH OTOOparkeHue
w=f(z) MoOxHO npPuUbIU3NTL C TOYHOCTBIO A0 MaJjblX BBICIIETO MO-
psiKa OTHOCHUTENbHO z — 2o aduHHBIM oToOpameHHueM

a d
u‘“u():j;‘t‘ (x“xo)‘*"(%(y—!/o),

dv Jdu (1)
U= U=y (& = Xo) + 5= (4 = yo)s
KOTOPOE MOXXHO 3allUCaTh B KOMIJIEKCHOH q)opme y:
J .
w = wo = 2L (2~ 20) + oL (2 - 2) @

(npoussoznsle B (1) m (2) Oepyrcss B Touke 2;). 310 orobpaxenue
Mbl 6yeM HasblBaTh KACATeAbHbIM K OTOGpaXeHHO [ B TOUuKe 2.

fIkoGuaH oro6paxenus [ B paccMaTpuBaeMoll TOUKe BbIpa-
JKaeTest yepes KOMIJIEKCHble MPOH3BOAHBIE:

of |2

_ 0y, v) 1 9dF o
/= 0(x, y) |02 0z (3)
(st AoKasaTeJbCTBa Mpoule Bcero MOACTABUTh B IPaBYK 4YacThk
d
(3) BHIpaxenus —g% H a—g u3 dopmys (4) npeaslayllero myHkra).

Ecnu J+0, to KacatesbHoe otobpaxenue (2) He BBIPOXKAEHO. DT
otoGpaxeHnue mnpeofpasyeT napa/ljeslbHble MNpsiMble B [apaJiielb-
Hble, HO, BooGuie FOBOPSl, He COXpaHsieT YIJIbl, TaK YTO KBaJpaTbl
nepexoasT B MapasyelorpaMMbl; OKPYXKHOCTH OHO mpeoGpasyer
B 9JTHICHL.

Y} s nonyuenus (2) HOCTATOYHO C/IOKHTb mepsoe ypasHeHne (1) co Bro-

BIM, YMHOXKEHHBIM Ha §, H 3aTeM MNOJOXKHTb X — xo=— [(2— ) + (2 — Z,)],
pHIM, Y )

1 .
Y= to=5r [(z—20) — (2—2,)). 3amernbre, 4TO 3T0 NpeoGpasoBaiiie B TOYHOCTH

nOBTOpsieT npeoGpasoBaHHe auddepeHuHasa B NPEAbAYILEM NYHKTE,
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[Mpeanonoxum tenepb, uro GyHKuus [ B Touke 2o auddepeH-
nupyema B cmoicae C. Torna B 310l TOUKe —£=0, CYLIECTBYET

NpOU3BOJHASA f’(20)=§zf— H KacartejbHoe 0TOOpaxKeHue (2) mpuHHU-
MaeT BUI
w—ZQ)o=f’(Zo) (Z—Zo). (4)

Ecau f/(20) #+0, To 370 oTo6paxkeHHe CBOIHUTCS K PaCTAKEHHIO
BexTOpa 2 — 2 B |['(20) | pa3 u k moBopory ero Ha yroa arg f’(2o)
(cM. mpaBWJIO YMHOMXEeHHsi KOMILVIEKCHBIX 4ucesq B m. 1). Ono co-
Xpander opHeHTanuwo ') u obnajzaer ewe CICAYIOUMMH CBOACTBA-
mu: (o) coxpaHnsier yraiol, (B) KBaapaThl mpeofpasyer B KBajapaThl,
(y) okpyxHocTH mpeobpa3yerT B OKPYKHOCTH. Jlerko BHAeTb, UTO
Kaxjoe u3 csoficte (a), (B), (y) Baeuer 3a co6ofl ocrajbHbIE ABaA.

Onpenenenue. Hdubdeperunpyemoe B cmbicie R2?2 B touke
2y oroGpaxeHue [ Has3bIBACTCA KOHGOPMHOLIM B ITOH TOUKE, €CJH
KacarteJbHOe K [ B Touke 2y oroOpajkeHHe COXPaHfieT OPHUEHTALHIO
¥ obianaer oaHHM u3 cBoicTB (a) — (y). Orobpaxenne f: D —C
KoHpopmro 8 obaactu D, ecin 0OHO B3aUMHO OJHO3HAYHO M KOH-
tbopMHO B Kaxao0# Touke z = D.

Mul nokazany, uto ecin dyHkuus [ guddepeHuupyemMa B CMBI-
cie C B Touke 2y u ['(2)+0, To orobpaxenue | kOH(HOPMHO
B 3TOH TOUKe.

O6patHo, nyctb orobGpaxedue [ KOHDOPMHO B TOUKe 2, Bosb-
MeM JBa BekTopa: 2 — =1 u 2 — 2Zy=1, KacareapHoe orobpaxe-

Hue (2) npeobpasyer HX COOTBETCTBEHHO B BEKTODHI —% g—;
(g—i——%) i. B cuny koudopmHoctu orobpaxenusi | Bropedt us

HUX MOJIyYyaeTcsi U3 NepBoro MOBOPOTOM Ha MNPAMOH YroJ NpOTHB
4acoBOH CTPEJIKH, T. €.
J af \ . J of \ .
(—f———L)L= ——f+—'j—)t.
0z 02 0z dz
of
Orciona ciienyer, uTo B TOUKe 2y MbI HMeeM —-=0, T.e. cye-
crByer [/(2), a Tak Kak KacarejbHOe K KOH)OPMHOMY oToGpaxe-
HUIO He BBIPOKJEHO, To [’ (29) #0.
Takum o6pa3oM, Komniekcras OuggeperytipyemocTs Gyuryul
f 8 Touke 2, emecre ¢ ycaosuem [’ (24) 0 ceomerpuuecky 03nauaer
KOH(popmRrocTy oTobpascenus | 8 3Toil TouKe.

1) TosopaTt, uTo abduunoe oToGpamenne [ cOXPaHSET OPHEHTALHIO, ec/H
OHO mpeoGpasyer J06ON TPeYroNbHHK 212323, BEPUIHHBI KOTOPOTO OGXOAATCS MpO-
THB [BHXEHHS uacoBON cTpenkd, B Tpeyroabuuk [(21)l(23)l(z3) c TeM ke mo-
paakoM 06X04a BepulHH.
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3ameuanue. Eciu orobpaxenne g auddepeHnupyemMo
B cMbicje R2 B Touke 2p, a orofparkeHue, KacaTeJbHOE K HeMy
B 37Ol TOuUKe, obsajaer OJHHM H3 CBOHcTB (@) — (y), HO MeHseT
OpUEHTANUI0 Ha HNPOTHBONOJOXHYIO, TO OHO Ha3blBaeTcss KOHGPOPM-
HbIM OTOGpaXKeHHEeM 8TOP020 POOa WIN AHTUKOHPOPMHbIM B 3TOM
Touke. Jlerko BHAETb, UTO TakKHM cBoHcTBOM Oyzer objaajgaTh OTO-

6paxenne w=f(z), compsxenHoe K orobpaxenuio, audpeperuu-
pyeMomy B cMeicsie C B Touke 2o, ecau [’ (2o) 0.

OyHRUMIO w=[(2), CONPAKEHHYIO K roJOMOP(HOH B HEeKOTOPOH
TOuKe 2y GYHKuuH f, Mbl OyAeM Has3bIBaTb QHTU20A0MOPGHOL B 3TOH
touke. OueBHIHO, YCJOBHE AHTUTIOJOMOP(HOCTH (QYHKUMH g B TOU-
Ke 25 COCTOUT B TOM, ut0 g AuddepeHuupyeMa B cMbicie R2 B He-
KOTOPOH OKPECTHOCTH Zp W YTO B 3TOH OKPECTHOCTH BHIITOJHAETCS
COOTHOIIIEHHE
dg _

52 =0. (5)

Mbl BHZEH, uYTO MOZYJb TPOU3BOAHOH [’(2,) reoMeTpuuecku
osHayaer KO3GhGHUUMEHT pacTAKEHHUs, a4 ee aPTYMEHT — yroJ MOBO-
pora oTo6paxeHus, KacaTelbHoro K [ B Touke 2o Ilpusesem renepnb
reOMETPHUYECKYIO0 HJJIOCTPAlUI0 NPOH3BOJAHOM B TEPMHHAX CaMOTO
ortoGpaxenust [ (a He KacartesbHOro k Hemy). Ijaa srtoro mpeamno-
JIOXKHUM, 4TO TIPOH3BOAHAS [ CyllecTByeT u HeMpephbiBHA ') B expect-
Hoetd U Touky 2.

Pacemorpum nenpepolBHO AHddhepeHuupyeMblit Nyth y: 2=2(¢),
t ={a, B], c HauaJOM B TOUKe 2o (cM. 1. 3) Taxolt, uto 2(f)= U masa
Beex t<={a, Bl Orofpaxenne [ nepeBOAMT ero B myThb y*: w=
=f[2(?)], t =[a, B], Takxe HenpepriBHO AndPepeHnupyemMbti, udo
No MpaBuay Au(pdepeHInpPoBaHHs CIOXKHbBIX (QYHKIHH

w (8) =F' [2()]- 2/ (t) (6)
CyIiecTBYeT W HemnpepbiBHa Anda Bcex f<[a, pl. O6osnauum Az=
=z(t)—2zo u Aw=flz({)] —f(20); Tax Kak cyllecTByeT NpPOH3BOI-
nas ' (z), To CymecTByer #

. | Aw | .

tlgré Azl [ (o) .
Ho Tak Kak nytu y # y* copsamisems, 1o |Az| u |Aw| npu o
NpeACTABISIOT co00fi OeCKOHEUHO MaJbie, JKBHUBAJEHTHBIE COOTBET-
"CTBEHHO AJiMHaM As u As™ Ayr y W y*, KOTOpHle OTBEYalT OTPE3KY
[e, ¢]. [losToMy mocienHee COOTHOIUEHHME MOKHO Mepenucarh B BUAE

17 (20) | =lim 55 - 7
(2o) | = lim == (7)
t>a
') Kak Mbl yBuA#M B JaJpHefllleM, HAllM TpPeGOBaHHS He HE3aBHCHMbL: W3

CYLIeCTBOBAKHA [ B HEKOTOPOH OKDECTHOCTH TOUKH Zp CJAEAYeT ee HENpepblBHOCTh
B 3TOI OKPecTHOCTH.
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Takum ob6pasom, |f'(z0)| eceomerpuuecku o3uHauaer r03Pu-
YUEHT pacTaxcenus 0iun 8 Touke 2, npu orobpasenuu f. Kak
BUAHO u3 (7), 3T0T K03ddHUMEHT He 3aBUCUT OT BHIGOpa OYTH C Ha-
yaJoM B TOuKe 2p. MHBIMU cloBamu, BCe NYTH C HavyajoM 2, pacTd-
TMBAIOTCA B 5TOH TOUKE OJAHHAKOBO, T. €. OECKOHEYHO MAAQA OKPYNC-
HOCTb ¢ YEHTPOM 8 2, nepexo0ur 8 Kpusyio, OTAUMQIOWYIOCA OT
OKPYNCHOCTL € YEHTPpoM 6 Wy=[(2y) Ha maavle goicuiux nopacKos
(kpyrosoe cBofictBoO, cM. puc. 9).

Puc. 9.

[pexnosnoxuM tenepp emwe, uto [/ (%) 0, 6ynem cuurath ['#0
u Bclogy B U, a B KayectBe y BO3bMeM rJagKu#l nyrs (T.e.
GyaeM cuutatb 2 (f) = 0 mas t o, B]); w3 (6) BuAHO, 4TO U CoOT-
BEeTCTBYIOWHUH NyTh y* Takke Oyaer raaikuM. Torma yr/abel HakJIoOHA
K JeHCTBUTEJbHBIM ocsiM Xopa Az u Aw npu {—a Oyryr crpe-
MHTBCSl COOTBETCTBEHHO K yrsaaM 0 u 0% Hak/oHa KacaTeJbHBIX K y
H y* B TOUKAxX 2 U Wy, T.e. NPH HajjlexauleM Bbhibope 3HauyeHHH
APTYMEHTOB CYLLECTBYIOT

lim argAz=0, lim argAw =80"
t>a t>a

Aw
TTosoxum arg A5 — argAw — arg Az, TOria CyuiecTsyer

lim arg—Aﬂ =argf'(z,)=0"—0. (8)
t>a Az

Takum o6pasowm, arg [/ (20) eeomerputecku o3nauaer y2or NOBOPOTA
nyru 8 Touke 2y npu orobpaxcenuu f. 13 (8) BumHo, uTo 3TOT yrod
He 3aBHCHT OT BLIGOpa OyTH y C HAaYaJoOM B TOYKE 2, BCE NYTH
€ HAyajoM 2 NOBOPAuYMBAIOTCH HA OAHHAKOBHI YroJ, T.e. yrod
MexXJy JIOObIMH ABYMs NYTAMH y ¥ Yy C HA4aJIOM & COXPaHsETCs
.npu oto6paxkeHMu (CBOHCTBO cOXpaHeHHAs yrJos, CM.
puc. 9).
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BrificHuM Tenephb ruuponnﬂammqecxuﬁ CMBICJI  KOMIIJIEKCHOH
nuddepeHIHpyeMOCTH H TNPOM3BOAHOH. PaceMorpum ycrawrosus-
weecs NAOCKONAPAALLAbHOE Teyerue HUOKOCTH. DTo 03HavaeT, uTo
BEKTOPH cKopoct# V 3TOro redeHus He 3aBHCST OT BPEMEHH M OJH-
HAKOBH BO BCeX TOYKAX KAaXKJIOro MepHeHIHKY/aspa K HeKOTOpPOi
MJIOCKOCTH, KOTOPYIO MB!I NDHMeM 33 IWJIOCKOCTh KOMIJIEKCHOro Ine-
peMenHoro z=x+iy (puc. 10). Takum oOpasom, Hamie noje noJi-
HOCTBIO OMUCHIBAETCA MJIOCKUM BEKTOPHBIM MOJEM

V=Vi(x, y) +iVa(x, y). (9)

[pennonoxuM, uro B okpecTHocTH U HEKOTOPOH TOYKH 2p
byHkuun Vi u Ve o6iaafaior HenmpepblBHBIMM YaCTHBIMH HPOH3BOA-

HeiMp. Kpome toro, 6ymem cuu-
/ ?/

TaTh, UTO B 3TOH OKPECTHOCTH MOJiE
(9) norenyuaavnuo, 1. e.

_.”.._ — _U__ v av
- _— rotV=—2 ——== =01, (10)

: ! :M; { (?x dy

M— H COAeHOUDAAbHO, T. €.
divV=21 %‘;2 =0 (I1)

%/ (paBenctea (10) u (11) cmpasen-
JUBHL 12151 Bcex Touek U).
Puc. 10. M3 ycioBus noTeHUHabHOCTH
(10) caenyer, YTO B OKpecTHOCTU
U nmuddepenunanenaas dopma Vidx+V.dy ssnsierca TouHBIM
AnbdepenunasoM HEKOTOPOH (YHKHHM ¢, KOTopasi HasblBaercs
noteryuarvroil ¢pyuxyued nons. Takum obpasoM, B U umeem

d d
Vi=5r.  Va=7% (12)
WM, B BEKTOpHO# 3anucu, V=grad ¢.

U3 ycioBus conenoupansuoctu (11) caenyer, yto wu q)opMa
—Vodx+Vidy sBasiercas TouHbM IuddepeHnHasoM HeKoTOPOH
tyukuun P, Tak 4ro B U umeem

— aﬂ’ =9
Vo= v, 3y (13)
Ha nunun yposus dyuxunu ¢ umeem dyp=—Vydx+V,dy=0, T.e.

dy Vv w
—&;=_V%’ OTKyaa BHIHO, YTO 3Ta JIMHUA SABJAAECTCH BEKTOpHOH JIH-

') dns naockoro BEKTOPHOro moas fot ¥V MOXKHO CYMTaTh cKaasipoM, Cp.
CHOCKy Ha cTp. 13,
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Huelt mosa V, T.e. suHMeldl TOKa (TpaekTOpueH 4yacTHi JKUAKOCTH).
[los1omy ¢ HasbiBaetcs Qynkyuel Toxa.
ITocTpoum Temepp KOMMJIEKCHYIO hYHKUMIO

f=9+ip, (14)

KOTOpasi HasblBACTCS KOMHAEKCHbiM noTenyuarom mons., CpasHu-
Bas cootHowenus (12) u (13), Mel BusuM, uto B U BBIOTHSIOTCH
VCJANBHS
J 0 d J
V,= P ¥ Vy= @ L (15)

Onu coBnanalor ¢ yC/JI0BHSIMH KOMIJIEKCHOH Aub{depeHurpyeMocTH
(6) M3 m. 6 u, c1eIOBATENbHO, IOKA3BIBAKOT, UTO KOMIIEKCHBIH MO-
TeHuuas | sBaserca dYHKUUeH, roJoMopdHOil B TOuKe 2.

B BexkTOpHOM aHaJu3e JOKa3biBaercs, 4To U o6paTHo, Jiolylo ro-
JOMOp(HYI0 B TOUKe 2o QYHKUHIO [=@+ i) MOXKHO pacCMaTpHBaTh
KaK KOMIUVIEKCHBIH NOTeHuHan BeKTopHOro nojis V=grad ¢, noren-
UHaAbHOTO H COJIEHOHJAJAbHOIO B OKPECTHOCTH 2Zp, KOTOPOE MOXKHO
TPaxTOBaTh KaK I0Jle CKOPOCTEH HEKOTOpOTO TEYEeHHS MKHIAKOCTH.

Taxum o6pasoM, 2040MOPPHOCT Pynkyuu [ o3Haxaer, 4TO 3TY
DYHKYUIO MONCHO TPAKTOBATb KAK KOMNAEKCHbIL NOTeHyuaa nao-
CKONApaAnieAbHO20 YCTAHOBUBWE2OCA TeweHUs XHUOKOCTU, NOTeH-
YUAAbHORO U CONCHOUDAADHOZO.

HerpyaHo BbIICHUTD W THAPOJUHAMHUYECKHHA CMbICJI NPOU3BO/L-
HOII: uMeeM

= a“’+z =V, =iV, (16)

T. €. npoudsoOHas KOMNAEKCHO20 NOTeHyuaia npedcrasgaser codol
8EKTOP, KOMNACKCHO CONPANCEHHbLE BEKTOPY CKOPOCTU TeUeHUus.

ITpumep. Halizem xoMmmaekcHsll noTeHUHaa GeCKOHEYHO rayGOKOro Treue-
HHS HafA IJIOCKHM AHOM, OGTEKaIOIIEro IpensTCTBHe BHICOTONH A, NepreHHKy 1P HOE
K AHy. D10 mIocKonapaJ/ulesbHoe TeueiHe OMHCBIBAETCA TeueHHeM B BepXHeH mouy-
TJI0CKOCTH, OGTeKAIoWuM OTPe3OK J/IHHb! h, KOTOprH 6e3 orpaHHuends OGLIHOCTH
MOXKHO CYUTATb JieXKalluM Ha MHHMON OCH.

TeuenHe, TakuM 05paszoM, paccmarpuBaercs s obaactu D, rpannua dD koTo-
po#l COCTOHT u3 JeHcTBUTeNbHON ocH u oTpeska [0, iA] mummoi ocw (puc. 11).
Ora rpannlla KO/KHA ObITb JHHHEHR TOKa; MBI npuMeM ee 3a JjunuHi =0 u Gy-
JeM cuHTaTth, yto Beiogy B D dymxums $>0. Has OTBICKAHHS KOMILIEKCHOTO
HoTeHnMana @-i{p MOCTaTOUHO, CJAELOBATENbHO, HAUTH KOHPOPMHOe OTOGpaxKe-
#ue D Ha BEpXHIOKW NoaymIockocTh {>>0}.

Opny H3 GyHKuHMi, peasusyloIiHX Takoe OTOOPa)KeHHe, MOXHO NOJIYUYHTH
cnenyominM o6paszoM. Otobpaxkenue 21=2% nepeBoAuT D B MIOCKOCTb ¢ BbIpe3aH-
HHM JyuoM Re zj=2—h? Imz;=0 (cM. npuMep B n. 5). Otobpaxenue 2p=2,+h?
CABHraeT 3TOT Jy4Y B IMOJONKUTEJNbHYIO NOayocs Re2:2>0, Imz2,=0. Ecan wmui
BO3pMeM Tellepb 0TOOparkeHue, 06paTHOe K BO3BENEHHIO B KBajiparT:

, argz
{ g2

—_— 2
=P22=V|2218 ?
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KOTOpOe OFHO3HAYHO ONpeleseHO ycioBueM 0<arg 2;<2m, To B KauecTBe 06pasa
[JIOCKOCTH 22 ¢ BLIPE3aHHOH NOJONKHTENLHOH MOJYOCHIO Mbl MOJYYHM BEPXHIOW

Y | A ¥

-—’-——”_-
—— "
_’——/’-_
_,_/
7T vz 2
Puc. 11.

noaymiockocth. OcTaeTcs B3AThb KOMIO3HIHIO DPAacCMOTPEHHBIX OTOGpameHN
w=V2+1 (17)
H Mpl [IOJYYHM HCKOMOE O0TOGparKeHHe.

YpapHeHHe JHMHHH TOKa NPH 3TOM TEUEHHH Mbl NOJYyYHM, OTHe]AR AefCTBH-
TesbHBle M MHHMBIE HacTH B cooTHoweHHH (@+ip)2= (x+iy)2+h2;, pas audHU

P=1P GyaeM HMeTb
h2
iy T 9
2+

(coorBercTBHe aMHMuil ToKa usoOpamenHo Ha puc. 11). Cropocts paccMarpusae-
MOTr0 TeueHHs

_|de | 1=l
dz V|22+hzl !

B GeckOHeUyHOCTH oHa pasHa 1. Moxno AOKasaTs, uTo ofUlMA BHA pellenuit pac-

cMaTpuBaeMofl 3afauu
f(2)=vV 22+ A2, (19)

rlle Uw >0 — CKOpoCTh Teuennsi B GeckoHeuHOcTH. [loapoGHee o mpuMeHeHMH KOH-
dopmMHBIX oTOOpa)eHMH B THADOAMHAMHKe cM., HanpuMmep, kuury M. A  Jlas-
peHTbeBa H aBTopal).

§ 3. daemenrapubie GyHkuuu

37ech MBI DAacCMOTPHUM HEKOTOPble NPOCTeHIIHE KJAacChl FOJO-
MOpdHBIX PYHKUHH KOMILIEKCHOTO NepeMeHHOoro.
8. N poOHo-1uHelHble (YHKUHH ONDPEXENAIOTC COOTHOLIEHHEM

az+b
—w"m, ad—bc#O, (1)
raie a, ..., d— dl)PIKCHpOBaHHbIe KOMIIVICKCHbIe 4HCJ14a, a % — KOM-

nJeKcHoe MepeMeHHoe; ycjaoBHe ad — bc£0 HaknajgbiBaercs s

'Y M. A JlaspeuTsen u B. B. ll a6ar, Meroanl Teopun QYHKHHA KOM-
niekcHoro nepemennoro, «Hayka», M., 1965.
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TOro, 4toObl HCK/OUYUTh CJAYYAl BLIPOXKIAEHHUA B MOCTOSHHYIO (mpH
ad — bc=0 uucnurens (1) nponmopuuoHasieH 3HameHaTemio). IIpu
¢=0 HenpemenHo d=0 u dyuxuus (1) npuHHUMaeT BHA

a b
w=72+7=A2+B,

T. €. ofpaniaercs B AUHEURYIO YHKLUIO.
d
Oyukuua (1) onpegeneHa ajas Bcex 2k ——, {ecn c¢=+0;
npu ¢=0 oHa onpejeieHa IJsa BceX KOHEUHBIX 2). Mbl onpenenum

€e B 3TUX HCKIKUYHUTEABHBIX TOYKAX, MMOJNIOXKUB W=00 NIPH 2= — r

a
M w=-— T0puz=o0 (B Clydae ¢=0 A0CTATOYHO NOJIOKHUTb W = 00
npu 2=o00). Tenepb cnpaBelauBa
Teopema 1. Hpobro-aunelnan ¢yurkyua (1) ocywecrsaser

83auMHO OOHO3HauHOe U Henpepolsnoe otobpascenue C Ha C.
< TlpeanonaraeM, yro ¢=0, — ynpomenuns B cilydyae ¢=0 oue-

puann. Oyuxuust (1) onpenenena (ogHosHauHo) Beiogy B C; pe-
mas ypaBHeHHe (1) OTHOCHTEJBHO 2:

dw—b
2=
a—cw

, (2)

a
MBI BUAUM, UTO KaxXA0MYy w#—c—,oo COOTBETCTBYET ONpEAC/IEHHOE 2,
a
a B CHJY TIPHHATOrO Bbllle YCJOBHA TOYKe W@ =-E- oTBeyaeT

d
=00 M W=00 —TOUKA Z2=— —. Cnenosarensuo, (1) B3auMHO

oanosHauyHo orobpaxaer C Ha C, ocTaerca 10Ka3aTb HempephiB-
d
Hocth., Ho npu 2+ — —» ©° HenpepLBHOCTD dyuxuun (1) oue-
BH/JHA; HENPEPBIBHOCTb B 3THX TOYKAX CJAEAYET H3 TOTO, YTO
. az+b . az+b a
lim 210 — , lim X+l _2,
4 cz2+d 2300 CZ+d ¢
Z>==
14
Mpul XoTHM Ternepb AOKasatbh, uto oroOpaxKeuue (1) coxpauser
yrabl o Beex toukax C. Hus 27 ——-, 00 3T0 CJeIYer H3 TOTO,
4TO B 3THX TOYKAX CYHIECTBYeT HPON3BOJHAS
dw ad — be

T T ezgar 70

(cM. nm. 7). UTo6bl yCTAHOBHTH TO XKe CBOHCTBO I HCK/IIOUHTE/b-
HBIX TOYeK (M3 KOTOPHIX 00e CBfA3aHH C GECKOHEUHOCTbK): OJHA
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caMa OeckoHeuHa, a y Jpyro#t obpas OeckoHeueH), Hal0 BBECTH
NOHSiTHE yIyia B 6€CKOHEUHOH TOYKE.

Onpenenenne. Ilog yeaom 8 Touke z2=oco MeXAYy ABYMS
OYTAMH y1 H Yo (POXOJALIHMH YePe3 oo H TAKHMH, 4T0 HX cdepu-
YyecKHe H300paKeHHs HMEIOT KacaTeJbHYID B CEBEPHOM MOJIOCE)
noHuMaercsi yroJ Mexjny o6pasamu I'y u T, atux nmyrelt mpu oro-
6paxeHuu

2> =2 @)
B Toyke Z=0.

Has Tex uwuraTesnell, KOTOpble He YROBJETBOPEHB! 3THM (GOPMABHBIM Onpeae-
JIeHHeM, Mbl cOoOOUIMM TeOMeTpHUecKHe coobpa)Kenus, npuBojfiue kK Hemy. Ilpex-
€ BCEro RoKaxeM, 4To crepeorpadndeckas npoekuus C—> S\N npeacrasaser
cobofi koHopMHOe oToGpaxenue !).

Paccmorpum B miockoctu € ruagkuilt nyts y: z=x(f) +iy(t), t<=[a, Bl u
no dopmyaam (14) m. 1 Hailmem nyTh Ha S, COOTBETCTBYIOUHE €My OPH CTEpPeo-
rpaduueckoii mpoeKiHH:

x (1) y (1) _ 1z .

Y §=1—+‘|_Zmz—’ TI=T+"—|5‘(W, ;_W’ tela, Bl. 4)

Ilyts v*, oueBMaHO, TaKme IIaiKHH, U AJAs KBaapara 3jeMeHTa €ro AJHHbI
do u3 (4) noayuaem

dx?+dy?
2 . A2 2 2 —a
do® = dE® + dn* +dl T+1z 92 (5)
B Id I
z
d0=1+lzlzr (6)

rae | dz| =V dx® +dy? —coorsercTsyiomuil 34eMEHT AMHHE ¥ (CP. € (popMy-
aont (17) wms n. 1).

ITepeMennble X W Y MOXKHO NPHHATH 3a KOOpAMHATH Ha cdepe ¢ BBIKOJO-
THIM ceBepHbIM nomocoM S\ N; torga (5) Gymzer cayXKuTb NepBOH KBaapaTHUYHOM
¢dopMoil Ha 3Toll moBepxHocTH. Ilpu 3TOM B CTaHZAPTHLIX 0003HAUEHHAX (B KO-
topuix do? = E dx?+ 2F dx dy + G dy®) mu GyneMm umets

1
Trrep 0 @

OTKYAa H clefyeT KoH(POPMHOCTH crepeorpadudeckoll npoekuuu?).

E=G=

) [lop KOH(pOPMHOCTHIO 3[ech MOHHMAeTC CBOACTBO COXDAHEHHS YIVIOB.
2) B caMoM pese, YrO o M€Ky I'IaTKHMH NYTAMH Y1, vz < C onpegenserca

no ¢opmyJe {
N (dx1 dxg - dy1 dys,),

cosa=—ld21||dz

a yron Mexay nx o6pasaMu Ha S -— N0 H3BeCTHOH H3 TeoMeTpHH (OpMysae

1

o, do, {E dxy dxz + F (dxy dy, + dy; dxg) + Gdy, dya};

cos o =

n3 gopmya (7) u (6) BHAHO, 4TO B HalleM cayuae COso*=cosa, T. e. a*=q,
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YuureiBasi N0Ka3aHHOE, ONPe g e HM yroa MeXAy NyTAMH Vi, ve=C B 10U

Ke z= 00 K4K YroJ MexAy cohepuuecKnMu obpasamu vy, y2 aTHX nyTeu B CceBep-
& &

HOM moJioce N (nmpeAmosaraercs, 4TO y; H Y, UMelOT B Touke N Kacarenbﬂme)

SroMy onpeleneHHIo MOXHO MPUAATH Gosee YAOGHYIO dhopmy.

Jns storo 3ameruM, uTo npeoGpas3oBaHnio (3) COOTBeTCTBYeT BpalLeHHE
cohepul. (B camom fene, kKak BupHO H3 ¢opMyast (17) n. 1, nmpu aTom npeo6paso-
BaHHH COXPaHAOTCA c@epnqiecxne paccTosiHuA:

p(Z1, Zs) =p (21, 22),

a ToukH S, cOOTBercTBYiomwHe Z===1,— OHM JHaMeTpaJbHO NPOTHBOMOTOHHEl —

*®
ocTaI0TCs HemOABHXKHbIMU.) [losTomy yron B TOuKe N MeXAy nyTamu Y1 " y2
paBeH yray B Touke O Mex1y NyTsiMH I‘ i 1"2, B KOTODble HepeXxosT yl " y2

npu stoM Bpamenun. Ho B cnay KOHqT)OpMHOCTH cTepeorpadHueckoll npoeKuuu
3TOT yroa paseH yray B Touke Z=0 Mexay nytsmu [ u I's, B Kotopble mepe-
XOASIT y1 H Y2 npu oToGpaxkeuwu (3). Takum o6pasoM, MEl OPHXOAUM K RpHHA-
TOMY Bhillle ONpeAeseHuo.

Teopema 2. [lpobuo-auneinoe orobpaxenue (1) xoHgpopm-

no 'y so scex Toukax C.
< JI1s HEUCKJIOUHTENBHBIX TOUEK TeopeMa y¥Ke J10Kas3aHa.

Ilycts yi M y2 — ZBa OyTH, NPOXOAALUME UEPE3 TOUKY Z= — — H

nepecekamuiHecs B 3TOH TouKe MO yriom o (npeamnonaraercs,
4TO NMYTH HMMEIOT KacaTelbHbie B 3TOf TOouke). Yros MexIy HX
obpazamu Yy, H y2 npu orobpaxenuu (1) B Touke wW=o0, COOT-

d
BeTCTBYIOLEA z = — —, MO0 Onpelenennio paBel yriy Mex1y o6pa-

o 1
samu [T u I nyreit y] u v, npu oto6paxenun W=E B TOUKE
W =0. Ho
cz+d
W= az+b
£ ¥
u, caeposatenvho, I't u Iy  wmoxno paccMaTtpuBaTh Kak obpasnl
yi U yz HpH 3TOM otobpaxenud. Tak xkak MPou3BopHas
dW _ bc—ad
dz (az + b)?

d
B TOUKE 2= —— CYWIECTBYeT M OTJHYHA OT HYJsl, TO yroll Mex1y

d
I'' u I'; B touke W=0 pasen a. das Touru 2= — — TeopeMa Jo-

kasana, YUroObl 10OKasaTh ee /I TOUKH Z==00, JOCTATOYHO NpHMe-
HUTb TO Xe paccyxpaedde K ¢yukuuu (2), obpatroit Kk (1) »

-

1) ITos KOHGOPMHOCTBHIO B OeckOHEYHOH TOuke MOHHMaeTcst CBOWCTBO coxpa-
HeHUst YIVIOB.
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Mpsl xoTum Temepb 10Ka3ath, UTO COBOKYNHOCTb HPOGHO-JIHHEN-
HBIX 0TOOpa)KeHHH — MBI 0003HAYHUM 3Ty COBOKYNHOCTbL depe3 A —
MOXHO paccMaTpHBaTh Kak rpynny. Ilycrb mauwl asa Apo6HO-/H-
HefiHbIX 0TOOpaXKeHuUst:

. a12+b1
Ll' Zém, aldl—blc,#O,
asz + by

Ly 2= vd,

a2d2 - bQCQ# O;

UX npousgedeniiem Mbl Ha30BeM KOMIO3UIMIO otoGpaxenuit Ly u Lo,

T. e. crobpakenue
L: Z—-')LloLz(Z).

Orto6paxenue L, ouepuHO, ApOGHO-JIHHEHHO,

az+b
L w= cz+d

(u6o moiAcTaHOBKa B BEIpa)keHue L; BMecTo 2 APoGHO-IuHEHHOH
¢yHKuMK CHOBA NPUBOAUT K APOCHO-IHHEHHOH QYHKUMH), U NPHUTOM
ad — bc+0") (ubo L npeobpasyer C ma C, a ne sbipoxaaercs
B NMOCTOSIHHYIO).

[1poBepum BHIMOJNHEHHE TPYIIOBLIX aKCHOM.

a) AcconuaTHBHOCTL: Aas JOOBX Tpex O0To6GpaKeHHH
Ly, L,, Ls=A nMmeeM

Lio(LaoLls)=(LyoLs) oLy (8)

B camoMm zesne, o6e yactu (8) npeacTaBJasAOT cobol ApoGHO-IHHEeH-
Hoe otoGpaxenue Ly {L.[Ly(2)]}.

6) CymectBoBaHue efHHUUB., Enununedi, ouyeBuano,
CJAYXKUT TOXIAECTBEHHOE 0TOOpaxKeHue

E: z—z. (9)

B) CymecTrBoBaHue o0OpaTHOTO 3JeMeHTa: A
awboro LeA cywecrsyer orob6paxkenue L-'eA takoe, uto

L'eL=LoL'=E. (10)

B camom nene, ofpaTHbIM 3JdeMeHTOM /s orobpaxenua (1) cay-
XKuT o6paTtHOe K HeMy oTobGpaKenue (2).

Jlokasana

Teopema 3. Cosokynuocte A 8cex OpOOHO-AuHelHbLX OTO-
bpascenui obpasyer epynny, ecau 8 Kadecrge epynnogol onepa-
YUy paccmaTpusaTs KomMno3uyuro oTobpanxenud.

1) B sToM MOXHO y6eIMTLCH H AHAJAHTMYECKH, €CIH 3aMeTHTb, uTo
ad — bc= (aldl _ blcl) (azdz — szz)'
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Sdameuanne. pynna A He KOMMYyTaTHBHA: NyCTh, HAOpUMED,
1 1
Ly z2—>2z+1, Ly 2——; Torna LioLy: z—+?+l, a lgoly z2—

-

z+1
9. FeomeTpHueckue cBoicTBa. [IpuBeleM 1Ba 3JeMEHTapHO-

reoMeTpHUYECKMX CBoficTBa ApoGHO-IHHEeHHbX orobpaxenui. [l
(GOPMYJIMPOBKH TMEpPBOro M3 HHX YCJOBHUMCS HasblBaTb OKPYHCHO-
croro Ha C /1106y10 OKPYXKHOCTD HJIM INPAMY0 Ha KOMIJIEKCHOH
NJIOCKOCTH (NpH cTepeorpa@uueckoit MPOCKHHH U TeM W APYrdM
COOTBETCTBYIOT OKDYXHOCTH Ha cthepe Pumana); OkpyxHOCTH
B COOCTBEHHOM cMbicie OyleM HasbiBaTb okpyxHoctsmMd Ha C.
Hmeer mecto

Teopewma 1. Illpoussorvroe Opobro-aunelinoe oToOpaterie
npeobpasyer arwoyro okpyxnocte na C tooe 6 okpyocrocrs wa C
(kpyrosoe cBoiicTBO APOGHO-TUHEHHBIX OTOOpaXKeHH#).

< Jlna caydas gudefinpix oTo6paxeHuit (¢=0) yTBepXiaeHue
oueBHIHO, HOO Takue OTOGpPAMKEHUS CBOAATCS K PACTSXKEHHIO C NO-
BopotoM u caBury. Ecau ¢=0, T0 otobparkeHne MOXHO Iepenucath
B BHJE

. a ad ~bc _ B

W, CJeA0BaTeNbHO, NPEACTABHTb KaK KOMMNO3HUUI Tpex otobpa-
KeHHH:

L: z—>A+Bz, L, z-—a%, Ly z—z+C

(L=L,oLyoLy). OrobGpamxenuss L; (pactsxenne ¢ moBOPOTOM H

caBur) u Ls (caBur), oueBMAHO, cOXpaHsOT OKpyxHocTH Ha C.
Ocraerca 10Ka3ath 3TO CBONCTBO AJIst OTOGOPAXKeEHHUS

Ly z——. @)

4

Il nokasaTenbcTBAa 3aMeTHM, 4to J0OYI0 OKpykKHocTh Ha C
MOXHO 3aNHCATb YpaBHEHUEM

E(x?4y?) +Fx+Foy+ G=0, (3)

rae, 6biTh Moxer, E=0, u ofparHo, J060€e Takoe ypaBHEHHE M30-

Gpaxaer oxkpyxkHocTh Ha C, OblTb MOXKeT, BBIPOXKIAIOMIYIOCA B
TOUKY HJM Oycroe MHOXecTBO!'). Tlepexoast K KOMIJIEKCHBIM

1) Mubl dekiwuaeM cayuait E=F|=Fy=G=0.
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o . 1 -
nepeMeHHBIM 2=X-+iy U Z=x — iy, 1. e. noJjarast B (3) x=—2—(z+z),

y= —2-1;- (z—2), Mbl mepenHchlBaeM 3TO YpaBHEHHe B BUJe
Ezi+Fz+Fz+ G =0, (4)

. = 1 .
rjie NoJOoXeHo F=—;—(F1-—1F2), F=—2~(F1 +iF,).
UYro6bl nmonyuuTh ypasHeHue ofpasa OKpyxXHoctH (4) mpu oro-
Opaxenuu (2), AOCTATOYHO NOJOXKHUTbL B (4) z=iw; MBI TIOJYYHM

E4+Fop+Fw+ Gww=0, (5)

T. €. ypaBHeHue TOro e Buga, uto H (4). Cayuau BHIPOXKIEHHS
B TOUKY WM NMYCTOe MHOMXKECTBO HCKJ/IOUeHB CBOHCTBOM B3anMHON
0JHO3HAUHOCTH ApPOCGHO-IHHEHHBIX oToOpa-
JKEHMH; CJleoBaTesibHO, PacCMATpPHUBAaeMBbl

obpas siBJsieTcsi OKpYyXHocTblio Ha C P
Mgl BuJenu BbIllle, 4TO NPOH3BOJBLHAS
rosloMopduasi dyukuusa f, f(zp) =0, ¢ Tou-
HOCTBIO [0 MaJblX BHICUIEro NOPsiaKa, npe-
o6pa3yer OeCKOHEUHO MaJbie OKPYXKHOCTH
C LEHTPOM B TOUYKE 29 B OKPYXKHOCTH C
neHTpoM f(2z). Teopema 1 yTBepxnaer,
yTO ApOo6HO-NIHHEHHbIe PYHKIHMH TOYHO Tpe-
Puc. 12. obpasyior a0 6ble okpyxHoctH Ha C B
OKpYXHOCTH. Jlerko, oAHako, BHIETb Ha
CaMBIX TIPOCTHIX NPHMEPAX, UTO LEHTP OKPYXKHOCTH, BOOGLIE FOBOPH,
HE TIePeXOAMT B HeHTp.
Hura $opMyaHPOBKH BTOPOrO IeOMETPUYECKOro cBolicTBa Apo6-
HO-JTHHEAHBIX oToOpaXkKeHUul BBegeM
Onpenenenune. Touku 2z u 2* OyneMm Has3biBaThb CcUMMETPUH-
Hoimu OTHOCHTeNBHO OKpyxHoctd I' Ha C, ecim oHM Jexar Ha
OZIHOM Jyde c BepuwuHoll B uexrpe I' Tak, 4T0 HpoOHU3BeAeHHEe UX
paccTosiHMil 10 uUEHTpa PaBHO KBaApaTy paauyca I
Hmeem arg(2* — 2o) =arg(z—=2p) u (2% —2z||2— 2| =R2
(20— uentp, R —paaguyc I'), u, creioBatesbHO, CHUMMeTPHUHbIE
OTHOCHTENbHO I' TOUKH CBSI3aHB! COOTHOIIEHHEM

&, (6)

22— 2

*
< "ZO=

M3 puc. 12 sicen cmoco® MOCTPOEHHS CHMMETPUYHBIX TOYEK:
eCcIM 2 JAEXHT BHYTpH I, TO AOCTAaTOUHO U3 Z TPOBECTH NepHeHAH-
KyJsip K Jyu4y 22 710 nepeceuenuss ¢ I' B Touke {, a u3 { — xaca-
TeabHylo XK I' 10 mepeceueHust ¢ JIyuoM B TOUKe 2Z¥; eCJH 2 JIEXKHT
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BHe I', mocrpoeHHe NpousBoAuTCA B oOpaTHOM mopsake {gokasa-
TENLCTBO CAGAYET U3 NOAOGHA MPAMOYrOJbHBIX TPEYFOJbHHKOB 202§
u 20@2*).

Jlerko ycranaBnuBaercsi TaKXKe Cjenyloulee CBOHCTBO, Xapak-
TepH3ylollee CHMMeTPHYHbLIe TOUKH:

(%) Has Toeo 4T0ObL TOYKW Z u 2F ObLAU CUMMETPUUHBIML OT-
HOCUTeAbLHO OKpyxcHOCTU T, Heobxo0umo u docTarouro, uroboel At0-

6aa okpysxcrocte y Ha C, vepes wux npoxodauwjasn, 6viaa oprozo-
Haabrot T.

B camoM pese, ecnin 2z u 2*¥ CUMMETPHYHB OTHOCHTeNbHO T,
a y—Jiobasg OKpYXHOCTb, Yepe3 HHUX IMPOXOAsIlas, TC KBajapar
JJIMHLI KacaTeJbHOH K y M3 TOUKH 2
0 H3BeCTHOH 3JeMeHTapHO-TeOMeT-
pUUeCKOH TeopeMe paBeH MNpou3Beje-
HHIO CeKyliel |2p— 2*| Ha ee BHer-
HIOIO uacTb |2o—2| (puc. 13), T. e.
paBeH R?; TakuM obpasoM, Kacare/b-
Has K y U3 2o ABJsercd paauycom I,
H 3TH OKPYMHOCTH OPTOrOHAJBHB! (ec-
JU y—TpsiMasi, TO OHA HPOXOIUT ue-
pes3 2y M, cJel0BaTe/NbHO, OPTOrOHAJIb- s
Ha k I'). OG6patHo, ecau Jwbas Puc. 13,
oKpyxHOCTb Yy Ha C, mpoxoasuwas ue-
pe3 z u 2*, oproroHaabHa K I' (K, B yacTHOCTH, npsiMas 22*), 1O,
BO-NEPBLIX, TOUKU 2 u 2* JexaT Ha OAHOM Jyde C BEpPUIHHOH 2y H,
BO-BTOPHIX, MPOH3BEJEeHHE HX PacCTOSHHH M0 29 (Mo TOH Ke ade-
MeHTapHO-TeOMeTpUUecKoll TeopeMme) paBHO R?; cJjenoBaTelLHO,
2 B 2¥ CHMMeTpHUHBl OTHOCHTeNbHO I

CroficTBo (%) TmTo3Bosisier nepedopMY/IHPOBATL ONpefeseHHe
CHMMETPHUYHBIX TOYEK Tak, YTOOBl ero MoXKHO OblI0 TNPHMEHSTb

K okpyxHocTsiM Ha C: TOukM 2 W 2% HA3BIBAIOTCS CUMMETPULHOIMI

oTHocuTesibHO okpyxHocTH [ Ha C, eciu 1106ast OKpyXKHOCTD vy, Ye-
pe3 HUX npoxoafulas, oproroHaibHa K I'. OueBumHo, uto B Cay-
yae, xoraa I' npexncrasisier co60H NpsAMYI0, 3TO onpelle/leHHe cOBNa-
faer ¢ OOBIYHBIM.

Orobpaxenue Z— 2% mnepeBojflliee Kaxiayi Touky 2=(C B8
TOUKY 2%, CHMMeTPHUHYIO ¢ 2 OTHOCHTeNbHO I', HasbiBaercsa cumme-
Tpuet OTHOCUTENBHO 3TOH OKPYXKHOCTH WIH UHBepcuell.

Uusepcua otHocutesbHo okpyxHocTH Ha C, xak Bugso us (6).
ocymecTeasiercss (GyHKuUueff, conpspKeHHOH K ApoOHO-JTHHeHHOH
dyuxkuun. Ha ocHoBanun TeopeMbl 2 Mpeiaplayliero NyHKTa OTCIOAA
CTeNyeT, UTO UHBEPCUA ABAACTCS AHTUKOHMOPMHOLIM OTOOpaXceruem

scrody e C.

4 B. B. [HaGar
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(o cayuas wHBEPCHM OTHOCUTEJNBHO HPSAMON 3TO yTBepXKIeHHe
OYEBHJHO: CIIBHIOM H NIOBOPOTOM NlepeBedeM 3Ty NPsMYl0 B AeHCTBH- .
TEJbHYI OCb, a TOTLA HHBEPCHS CBeleTC K OTOOPaXKeHHIo 2 -—>Z.)

Tenepy Kemaemoe CBOHCTBO [POGHO-JHHEHHBIX OTOGpaMKeHH
HOJyyaeTcsl COBCEM IIPOCTO: .

Teopema 2. [Ipousgosvroe OpobHo-aunelinoe oTobpasncerue L
npeobpasyer 1106ble TOYKU 2z U 2*, CUMMETPUYHbIE OTHOCUTEALHO

Kaxot-aubo okpyxroctu I' na C, 8 Touku w u w*, cummerpuunote
oTHOcuTeabro obpasa L(T) aroid oxpyscrocTu {(CBOHCTBO CO-
XPaHEeHHUA CHMMETDPDHUYHDBIX TOYEK).

<« Paccmotpum cemedictBo {y} Bcex okpyxuoctell Ha C, npoxo-
IAMIHX Yepes TOUKHM 2 M 2¥; 3TH OKPYXKHOCTH OPTOroHadbHbl K I'.
Ilo TeopeMe | OKpY:KHOCTH y mpeoOpasyiOTCs TaKiKe B OKPYXKHO-

ctu L(y) na C, npuueM B cuay KOHPODMHOCTH L Bce OKpYKHO-
cru L(y) oproronansusl k L(T). Orcioga ciaeiyer, 4To TOUKH W
H w*, depea KoTophie npoxoisT Bce L(y), CHMMETDHYHEI OTHOCH-
tenpro L(I') 1) »

10. Jlpo6Ho-aunelinbie u3oMopdusmbl u asTomopdusmsl. B hop-
MYyJy ApOBHO-AUHEHHOTO 0TO0OpaXKEeHUs

L: w=2%0 (1)

cz+d

BXOJAT YeThipe KOMIJIEKCHBIX Kosddunmenra a, b, ¢ u d. OaHako
Ha caMmoM Jese otoOpaxeHHe 3aBHCHT OT TP eX KOMIJIEKCHBIX Na-
paMerpoB, U060 UHCJIUTE/b ¥ 3HAMEHATeJb LPoOH MOXKHO TOHENHTb
Ha OAMH H3 He PaBHBIX HYJIO K03dduineHtor. [TosToMy ecTecTBeHHO
0XKHJAaTh, UTO MPH NOMOIUHN NPOGHO-IHMHEAHOr0 OTOOPAXKEHHA MOXKHO
eJMHCTBeHHBIM 00pas3oM mpeofpas3oBarh TPH 3aJaHHble TOUKH B TPH
sanannple. Mimeer mecto

Teopema 1. Kakosot Gor Hu Gotau Tpu pasiuuxble TOYKU Ry,
2o, 23C u Tpu pasauunsvie Touxku wy, W, wi= C, cywecrayer, u
npUTOM TOAbKO 00HO, OpobrO-AuHelinoe oTob pasicerue L, L(2,) =w,
k=12 3.

<« CyuiectBoBahue oToGpaxkeHus L 10Ka3bIBaeTCH JerKo: CTPONM
Lpo6Ho-nuHeiiHble oTobpaxenuss Ly u L,, npeobpasymomiue 2y, 22, 23
U W, Wy, W3 COOTBETCTBEHHO B TOYykH 0, oo, | mjockocru C:

. _ 2T Z—2 . . _wow | Wy— Wy,
Ly T z—zy 23—z Ly w—wy, Wy—w; 2
oTobpakeHue
-1
L=L3 oLy, (3)

1) 3ameTnM, uro BCAKAA OKPYXKHOCTb, NPOXOAsALLAst 4epes @ K w*, opToro-
aansHaa L([), aBasetca o6pasoM HEKOTODPOR OKPYKHOCTH H3 ceMeiicTBa {y}.

kY
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KOTOpoe onpejessieTcd Kak QYHKUHSl @W=w(2) H3 COOTHOLICHMS

Z2—2) ‘23'—22_&)‘—12)1. Z&Z)3-'w2, (4)

2—2y 23—2 wW—wy; W3—w
H ecTh ucKoMmMoe. B camom Jese, OHO, OYeBHIHO, APOOHO-THHEHHOE
¥ npeobpasyer TOUKH 2, B W (R=1, 2, 3).

JoxaxeM €IMHCTBEHHOCTb 3Toro otobpaxkenus. [lycts A,
Mar)=wy (k=1, 2, 3), Oymer xakoe-1ubo ApobHO-AuHefiHOe OTO-
6paxkenne, PaccmorpuM orobpaiKenue p=_LooAoL]", rae Ly u Ly
onpeneasiotcs no Gopmynaam (2); oueBuaxo, u Oyner ApoGHO-IH-
HellHBiM OoTOOpaXKeHueM, OCTABIAIOLNM TOUKH 0, oo u | HenmoaBHXK-
HeiMu. M3 ycioBus p(oo) =oco ciemyer, urto p— iesas JUHeHHad
byukuus: w(f) =al+p; HO u3 ycaosusa p(0)=0 nomyuaem, uTO
f=0, a u3 p(l)=1—uro a=1. Taxum obpasom, u(f)=¢, 1. e
LyoAo L' =E, OTKyJa MO TPYNNOBBIM 3aKOHAM TNOJY4YaeM, UTO
A=Ls oL; um, coracuo (3), A=L »

3ameuanue Kaxiad Touka 2, M wp BXOAMT B COOTHOe-
Hue (4) aBaXabl, ONMH pa3 B uHCAUTENE, APYroil -—— B 3HaMeHarese.
Unratenb MoXKer yOeAiuTbCs B TOM, UTO 3TO COOTHOUIEHHE coXxpa-
HseT CHJY, KOI'la OJHA M3 TOYeK 2 WIH Wy (Wi OJHa 2 U
OfHA Wp) fABJAeTcA OECKOHEUHOH: HYXKHO TOJbKO YUC/AMTENb H 3H3-
MeHareJ b APoOH, rie MOsBJAsieTCS 3Ta TOYKA, 3aMEHMThL eJUHHLEN.
Hanpumep, B ciyyae zy=wz= oo dopMyada NPUHUMAET BHJ

1 Z3—2y._ W—wy

i
2—2zy 1 w—w, 1°
Taxkum obpa3oM, TeopeMa | coxpaHsieT CHAY /51 TOYEK 3aAMKHYTOH
HA/JIOCKOCTH.

Ha ocHoBaHuu [0Ka3aHHOH TeopeMb! H KDYroBOrO CBOHCTBa
(1. 9) MOXKHO yTBepKAaTh, 4TO MOV OKpyxKHOocTh [ Ha C Moxuo
npeobpa3oBaTh APOOHO-THHeHHBIM oOrtoOpakeHueM B 00y ApY-
ryo okpyxkHoctb I'* (noctaTouHo nepesBecTH Tpu Touku I' B TpHM
ToukH I'* ¥ Bocmosnw3oBaTbeAd KpyrosbiM cBoficteoM). M3 rtomoso-
rHyecKux coolpaxkeHu#l sicHO, uto Kpyr B, orpanuuennsiii I', mepe-
XOIHT MPH 3TOM B OAMH H3 ABYX KPYroB, orpaHuyeHHbX I'* (yToGH
y3HaTb B KaKo#, AOCTATOYHO BBISICHHTb, KyAa NEPeXOAUT KaKasi-
au6o Touka zZeB). Orcioga Jerko BBIBeCTH, 4TO JMi000O# Kpyr
B C M0oXHO J1pOGHO-THHEHHBIM MpeoOpasoBaHueM OTOGPAasUTh Ha
aw6oi apyroit kpyr B¥*<C. _

HpobHo-nuHeHHoe orobpaxeHue obsactu D na D* mbi 6ynem
Ha3biBaTh OPOOHO-auHelHbim udomopdhusmom, a obaactu D u D¥,
JJIs KOTOPBIX TakKo# H30MOP)H3IM CYLECTBYET, — APOOHO-THHEHO
n3oMopPHbIMH. ToJMbKO 4TO BBICKA3aHHOE YTBEpXKIACHHE MOKHO
copMynHpoBaTh Tak.

A*
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Teopewma 2. JIrobvie 0dsa Kkpysa Ha BaMKHYTOL NAOCKOCTU
OpOGHO-AUHETHO UB0MOPPHAL.

Haiinem mis npuMepa Bce TakHe M30MOP(PU3MbI BepxHeH moay-
niockoctd {Im z>0} Ha eaunnunwit xpyr {|w|<1}. Ucnosbsopanue
TeopeMbl | mpusesno Ol K Hekpacusoit dopMmyisie, nosToMy Gyaem
nocrynath uHaue. PUKcHpyem Touky a, Ima>0, koropas nepexo-
IAT B ueHTp kpyra w=0. Todxa @, cuMMeTpUuUHA? @ OTHOCHTEJBHO
deHCTBUTENBHOH OCH, 1O TeopeMe 2 MpeAbIAYUIEro MyHKTa MOMKHA
NepexoinTh B TOUKY ©@= 00, CHMMEeTPHUHYI ©==0 OTHOCHTENbLHO
okpyxHoctu {|w|=1}. Ho ToukaMu, KOTOpbE MEPEXoAAT B HyJb H
6eCKOHEUHOCTh, ApoOHO-AHHeHHas (YHKUUS ompepenasiercss ¢ TOY-
HOCTBIO [0 TNOCTOSHHOT'O MHOXKHTEJs; NO3TOMY HCKOMoe oTobpa-

o Z2—a
KeHne LOMKHO HMeTh TAaKOl BUL: @ =k——.
ITpn nefiCTBHTENIBHBIX Z=X HUMEeM |2 — a|= |2 — a@|; nmo3ToMy

AJs TOro, yTOGH OCh X MepexXoiuia B eJHHHYHYID OKPYXKHOCTh, Ha10
B3sith k| =1, 1. e. k=e®. Takum 06pasoM, Bce APOGHO-JHHEHHbIE
nzomMopdusmsl BepxHeHl noaymiaockoctn {Imz>0} ma enuHuunbii
kpyr {|w| <1} onpenensiiorcs Gopmysoi

w2—a
w=ef"—, (5)

rie a-— NpoM3BOJIbHAfA TOYKa BepxHeill noaymiockoctu (Ima>0),
a 0 — MPOH3BOJILHOE AECHCTBUTENBHOE YHCJIO.

Oro6paxennss (5) 3aBHCAT OT TpexX AEHCTBHTEJIbHBIX NapaMe-
TPOB: 0 ¥ ABYX KOOPAMHAT TOYKM @, NepexoAsulell B IEHTP Kpyra.

N\
N
SN

(w)

Puc. 14.

I'eomeTpuueckuii cMmblc/ O siceH M3 3aMedaHHusi, 4TO TOUKa Z= 00
npu oro6paxenur (5) nepexonur B w=e'®. Mamenenue sroro na-
paMerpa CBOAHTCS K NoBopory Kpyra, Ha puc. 14 n3oBpaxeHsl
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CeTKa NeKapTOBBIX KOOPAMHAT B MJIOCKOCTH 2 H ee 06pa3 mpH OTo-
6paxkeHun (D).

JpoGHo-nuHelHbIT n3oMopdu3M obnactd Ha cebs Mbl GyneM
HasbiBaTbh OpoOHO-AuHeliHbim asTomopgudmon. OueBHAHO, YTO cO-
BOKYIMHOCTb BCeX [APOOHO-JHHEHAHBIX aBTOMOP(DU3IMOB KaKo#-1ubO
oBanacTu o6pasyeT rpynny, koropast gBJsercss NOArPYNNOA rpynns A
BceX JpoOHO-JIHHEAHBIX 0TOOpaXKeHHu .

CoBOKYNHOCTb  BCeX  JPOOHO-HHeHHBIX  aBTOMOMOP{H3IMOB.
C —C, ouesuaHo, conagaer ¢ rpynnoil A. TakXe oueBuaHo, uto
COBOKYNHOCTb APOGHO-1uHeHHbIX aBToMopdusmos C—C cosnanaer
¢ noarpynnofl (uenanlx) JuHeHHBIX TpeobpasoBadHull 2 — az+b. Bol-
YKHCJIUM B 3aKJIOYEHHe rpyHny aBTOMODPGHU3MOB eIMHMUHOrO Kpyra.

duxcupyeM TOUKY a, |a|<l, mepexoasmyrw B UEHTP Kpyra
w==0. Touka @' = 1/@ cUMMeTpUYHAs C @ OTHOCHTEIBHO OKPYXKHO-
cra {|z| =1}, 101KHa NepeXoAHUTb B TOYKY W= 00; MO3TOMY HCKO-
Moe orofpaxeHne JO/KHO HMETh BUJ

riie k n ky — HekoTOpHle moctosHHble, Tak Kak Touka 2=1 mepexo-
. l—a
JIUT B TOUKY €IMHHMYHOH OKPYKHOCTH, TO JLOJXKHO ObITh | k) | T

Puc. 15.
=]k |=1,1 e ki=e® rge 06— nefictsurespHoe uncio. Caeno-
BaTeJNbHO, HCKOMOE 0TOOpaxKeHHe JOMKHO UMeTb BH[
— Hi0 24 ,
w=e’T——7F=. (6}

C apyrofi CTOPOHEHI, OUEBHAHO, uTO Nio6as ¢yHKuMA suxa (6),
rie |a|<l u 0 — meficTBUTENbHOE YHC/IO, OCyLleCTB/sieT APOOHO-
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JuHeliHOe oTOGpaXkeHHe efRuHUYHOro xpyra {|z| <1} Ha emuHu4HBI
kpyr {jw|<1}. Ha puc. 15 uzoGpaxen npoo6pas CeTKH ITOJsPHBIX
KOODAUHAT MJIOCKOCTH w. OH COCTOHUT U3 ABYX CeMeHCTB: VI OK-

L1 * l
PYXKHOCTeH, NPOXOAAUIMX Uepe3 TOYKH a4 U a’ = (npooGpas ny-

ueif), U OKPYKHOCTEH, HMEIIHX 3TH TOYKH CHMMETPHUHBIMH (mpoO-
obpa3 OKpyKHOCTe).

Takum ofpasoM, rpynna ApoOHO-IHHEHHBIX aBTOMOP(HU3MOB
eAMHHYHOTO Kpyra BoluHc/IeHa, OHa 3aBHUCHT OT TPeX ACHCTBUTEb-
HBIX TapaMeTPoB: ABYX KOOPJIMHAT TOUKM a # udciaa 0.

11. Hexkoropsle pauHoHaJbHble QYHKUUM.

l. CtrenenHass PyHKOHUA

w=2z", (H
rae n— HaTypanbHOe 4YHci10, rosoMopdua Bo Bcell maockoctu C.

dw n~1
Ee npouspopuas —— =nz""' npu n>1 omuyHa OT HyAsl BCIOAY

npu 250, crenoartennto, orodpaxenue (1) npu n>1 xoHdopmHO
B Kaxgofl Touke z& C\{0}. 3anucwBas ¢pynkuuo (1) B nonApHLIX
KOOPAKHATAX Z=re'?, w=pe™:

p=r", Pp=ng, (2)

Mbl BHIMM, YTO OCyLecTBaseMoe Hamell (yHKuued oTobGpakeHue
YBeNUYUBaeT B A pa3 YIVIbl C peplinHO# B Touke 2=0 u nosromy
npu n>1 ne KOHPOPMHO B 3TOH TOuKe.

N3 (2) BuaHO TakXKe, YTO JMI00LIe ABe TOUKH 24 U 22 ¢ OXMHAKO-
BLIMM MOAVJSIMH U € apPryMeHTaMu, OTJIMYAIONIMMHCA Ha nejoe
KpaTHoe 2m/n:

lzi =12, argzx=arg22+k—2’%‘~ (3)

{4 TONBKO Takue TOYKH), mpH oToGpaXkeHMH (1) <CKJIEHBAIOTCAY,
T. €. TepexoAaT B OfHy Touky w. CjepoBarteiabHo, npu n>1 310
orobpaxeuue HeogHosuctHo B C. [Inisi OMHONUCTHOCTH €T0 B HEKO-
Topoii o6nacty D C Heob6xonuMo u gocraTouHo, urobul [ He co-
JiepKaja HHKAKUX ABYX PasJHYHBIX TOUEK 21 U 23, CBA3AHHBIX COOT-
HowenusaimMu (3) 1).

Ilpumepom o6nactd, B KOTOpoil oroOpaiKenue (1) oXHOJHCTHO,
MOKET CJYXKHUTb CEKTOp

D={0<argz<2~:}.

dtor cekrop romeomopdHO mupeobpasyercs B obaacts D¥=

1} O6nacts opnosuctHOCTH GyHRuMu (1) mpum n>1 He MOXKeET CORep:xaTh
Touky 2=0, u6o B /1060H oOkpecTHOCTH 2=0 HMeIOTCH pa3/IMYHble TOYKH, CBS-
BaHHblE COOTHOUIEHHAMH (3).
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={0<arg w<2m}, T. e. B MIOCKOCTb @ C BBHIOPOIIEHHOH MONOXKH-
TeabHOH mosyochio. Ha puc. 16 noxasaHo cooTBETCTBUE CETOK MO-
JIAPHBIX KOOPAHHAT NPH 5TOM OTOGpaXKeHHH.

Puc. 16.

Ecny MBl BO3bMEM B IJIOCKOCTH 2 IO-TIPeXHEeMY MNOJSPHBIE KO-
OpPAMHATH 2=re'®, a B MNAOCKOCTH W — AEKAPTOBBl w=u-+iv, TO
oroGpaxeHue (1) nepenupinercs B BHAE CJAeAYIOUHX IBYX COOTHO-

HIeHHH:
u=rrcos ng, v=rn"sinng. (4)

Ha puc. 17 nokasaH npoo6pa3 CeTKH AEKapPTOBHIX KOOPAMHAT

a7} vh T4
7 ) U 02 7
7/
A%K/A'V%W?

% 2
7NN

N 7 N
i (w=2°)

Puc. 17.

NJOCKOCTH W MipH 3TOM OTOﬁpa)KEHPIH. OH cocraBi/ieH 43 KPHBHIX ¢

n
u
HOJIIPHBIME  YPaBHEHHSIMHU r=]/cos‘;up (DyHKTHDHLEIE JIMHHH)
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n
v
r=1/sm;’w (cnnomnpie). Ilpu n=2 310 OOGHIUHBIE rHIEPGONHL

x?—y?=uy (nyHKTHP) U 2xy=v, (cnsomume Juuuu). B cuny kou-
topmHOCTH OTOGpaXKEHHsT CETKA OpPTOrOHAa/bHa, T. €. NMYHKTHPHbIE
JIMHUHM OPTOTOHAJBHBL CIHJIOLIHEIM.

2. ®ynknusa JKykosckoro. Tak Ha3biBalOT panMOHa/b-
HYIO (PYHKIHIO

w=—12—(z+-2,17), (5)

rosiomopduyio B obaactu C\{0}. Ee npoussoanas

d_w_l_fl_i)
dz =~ 2 22

OTJIHUHA OT HYJIS BCIOAY B 3TOH 00/1aCcTH, KPOME TOouek 2= =*1, or-
Kyla BUAHO, YTO OToOpaxkeHue (D) KOHPOPMHO B KaXKo# KOHey-
Ho#l Touke 250, = 1. Touke z=0 cooTBercTBYeT W= 00, H KOH(DOPM-
HOCTb B 3TOH TOYKE COTJIACHO OMpejeseHHi0 Yrjia B GeCKOHEeYHOCTH,
OpUHSTOMY B 1. 6, cJedyer W3 TOro, YTo NPOH3BOAHAA

d (1N 122

E(——)_ (1+2%)?

orivu"a ot Hysas npu z=0. CorsacHo TOMy e OllpefeseHHIo
KOH(OPMHOCTh oTOGpaxKeHusi w={(2) B TOYKe I=00 CBOJUTCA

1
K KoHQopMHOcTH W =f -Z—) B TouKe z=0; HO B cjayuae (PyHKUHUH

_ 1
XKyxkosckoro f(2)=f ~ ), ¥ TO TOJLKO YTO JOKa3aHHOMY OTO-

fpaxenne (5) KOHPOPMHO B TOuke z=o00. Hixke Mbl YBHAHM, uTO
B OCTa/IbHBIX HCKJIOUHTENBHBIX TOUKaxX 2==1 orobpaxkenue (5) He
KOH(pOpMHO.

BhisicHIM yCI0BHUSL OAHOJHUCTHOCTH HaweH QyHKUHW B Kakoil-
Ju6o obmactu D. Ilyerb 2y m 2; OHa MepeBOJUT B OZHY TOUKY,
TOTAA | | ]

21+2—1~(z2+?2)=(zl—22)(‘1—Z—IZ)=O,
W TPpU 2452y MBI nogydyaeM 2;2z=1. Taxum o0pazom, IJsi OXZHO-
auncTHoern GyHkuuu MYKOBCKOro B Kako#-iu6o obmactu D HeoO-
XOJMMO H 10CTaTOYHO, YTOOHl OHa He colepiKala HHUKaKOH nmapsl To-

YeK 2j M 2z, IJIst KOTOPBIX 1)
2129==1. (6)

1) O6aacTb 0QHOAMCTHOCTH (GyHKUMW JKYKOBCKOrO He MOMKET COIepkKaTb TO-
yek =1, 160 B 060N OKDPECTHOCTH 3THX TOUEK CYLIECTBYIOT Das3/MUHBIE TOUKH,
CBA3aHHble COOTHOWeHueM (6).
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[Tpumepom oGaacTh, yLOBJIETBOPAOUIEH YCTOBHIO OJHOJHCTHO-
CTH, siBJsieTc BHelHOCTb eaunuuHoro kpyra D={z(C: |z|>1}.
Yto6ul HarJsAHO NPEACTABUTL OTOGpaXKeHue (5), nojoxum z=re'e,
w=u+iv u 3anuwem (5) B BHIE

u=—é(r+—i—)cosq>, U=-l§<r—-l)sm<p (7)

M3 3THX COOTHOINEHHHE BUAHO, YTO OKPYIKHOCTH {|2|=rg}, ro>1,
dyukuus JKykopckoro mpeofpasyeT B 3JJAHICH € NOJYOCAMH

1 1 1 1

a4, =7 (ro + f—o) H b= (ro— E)’ ¢ ¢pokycamu B TOYKax =1
2

(w60 a?, — bl =1 pns moGoro r,). DTH >JJHICH H3OGPaKeHs Ha

puc. 18 cHJOWHBIMH JHHUSAMH; 0OpH ro—1 wumeem b,—0 nu

9JJIMNCH  CTATHBAOTCA K orpe3ky [—1, 1] R; npu Goabux r,

PasHOCTb ar, — br, = —- Maja ¥ OHM MaJjO OTJHYAIOTCS OT OKPYXK-
[}

HOCTel. JIyrm {p=¢y 1<r< oo} nmpeob6pasyioTcsi B yaCTH rHiep-

v2
—— +
6o Cosz% Sl gy =1 ¢ rtemn xe (oKycamu 1 (nyHkTHpHBIE

JMHMKM Ha puc. 18); B cuiy KOHOOPMHOCTH CEMEHCTBO 3THX THIEp-
601 OPTOrOHaJbHO ONMUCAHHOMY BHILIe CeMEHCTBY 3JIJHICOB.

3 cxaszaHHOro BUAHO, 4T0 PYHKUHSA JKYKOBCKOrO OCYILeCTBIsieT
B3aMMHO OJlHO3HauHOE U KOH(GOpMHOe oTOOpa)keHHe BHEIIHOCTH
eIMHUYHOTO Kpyra (Br/oyas OECKOHEUHYIO TOYKY) Ha BHEUHOCTH
orpeska [—1, 1] geficreurenbrOl ocH.
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B Toukax z= *1 ortobpaxenue (5) He kKoHpopMHO. B 3TOM
nyunte pcero yGeauThbes, npeAcTaBuB GyHKIHIO HKYKOBCKOTO B BHIe

w—1_[(z—1)\2 .
wH+l (z+ 1) ®)
(TOXIeCTBEHHOCTb 3TOH (opMyar dopmyae (5) mposepseTcss mpo-

cToil Buikaankoi), Otro6paxenue (5), cienoBaTesNbHO, IPeACTaBISET
cobol KOMIO3ULHI0 0TODPazKeHHH

. z—1 2 . 1+ o
§“2+17 0)-—-€, w~l~m (9)
w— 1 \
{nocaeanee oroGpaxkeHue 06paTHO K OTOOPAXKEHUIO . =m).

[leppoe u Tperbe u3 orobpamedufi (9) APOOHO-IMHERHBI M MO JO-
K&32HHOMY B II. 8 KOH(pOPMHBI
Bcioay B C; orofpaxeHue o=7{2
yABauBaer yrJel B ToYykax {=0
H {=o00, KOTODBIM COOTBETCTBY-
10T TOouky z=*1. [Toaromy oro-
6paxende JKYKOBCKOTO yABaH-
BaeT yrabl B 3TUX TOUKAaX.

Hcnonbsyst pasnoxenue (9),
yuTaTesp ybemuTcs B TOM, H4TO
¢ynkuusa  JKyxoBckoro . ocyuue-
CTBJASIET  ONHOJHCTHOE KOH(POPMHOE OTOGpaxkeHHe BHEIIHOCTH
OKpYKHOCTH Yy, M300paxenHot Ha puc. 19 (oHa mpoxoauT uvepes
TOUKM 1 ¥ cocTaBasieT B HHUX yroa « C AeHCTBUTENLHOH OCbIO), HA
BHEWHOCTb AYrH OKPYXHOCTU (C KOHL[@MH B TOUKax = 1, cOCTaBJIAIO-
el B Toyke w=1 yrosn 2a ¢ aeficTBUTEIbHON 0CbIO) 1),

Moxno yOenlHTbCH Tak¥Ke B TOM, YTO OKDYKHOCTH, Kacallluecs
v M3BHE B OJIHOM M3 TOYEK =1, npu 3TOM 0TOGPa’KEHHUH MEPEXOAAT
B 3aMKHYTble KDHBblE € XapaKTepPHbIM OCTPHUEM, HANOMHHAIOLiHE
npoduab kpblia camosera (cM. puc. 19). 10 3aMeyaHHe HO3BO-
auio H. E. )KyKoBCKOMY c03MaTh NnepBuiii METOM a’pojuua-
MHUECKOr0 pacuera KpblibeB.

12. IlokasartenbHas dyukuus. Mbl onpeneinM GYHKLHIO €7 TeM
JKe NpeJeJbHBIM COOTHOLIEHHEM, KOTOPLIM OHA ONpepesieTcsl B Aefi-
CTBHTEJBHOM aHaJ/H3e:

e = lim (1 +%)n. (1)

n->o0

1y Cayuait a=g— yKe pasoOpaH Bhilie APYTHM CIOCOOOM.
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JloxaxeM CYLIECTBOBaHHE 3TOro mpeaeda aqa Jioboro ze< C;
IJIS 3TOTO NOJOXHM 2=xX-+{y U 3aMeTHM, YTO N0 DIpaBUIaM BO3-
BeleHHs B CTeleHb

(15T =+ 25

n n?
Y
n .
arg(l + %) =n arcthfz‘).

il
Orciofia BUAHO, 4TO CYLIECTBYIOT

n
lim (1+ ) ,—e lim arg(1+ ) =1y,
n—>oo n->oo
a 3HauuT, cyuiecrByer H npegea (1), KoTophlil 3anuckIBaeTcss B TpH-
roHOMeTpHYeCcKOH dopme Tax:

ex+tiy=ex(cos y+i sin y). (2)
Takum oGpasom,
ler| =eRez  arger=Imz. (3)

[Tonaras B(2) x=0, Mbl monyuum gopmyry IJirepa
elv=cos y+isiny, (4)

KOTOPOH HEOAHOKPaTHO noab3oBannch. ONHAKO 10 CHX NOD CHM-
BOJI e MBIl ynorpelJsijid AJdsi cOKpalleHHoro o0o3HaueHHsl npaBoil
4acTH, a TeNepb MOXKeM IIOHUMaTb ero KakK MHHMYI0 CTeneHb
qyucsa e.

[lepeunc/suM OCHOBHble CBOHCTBa I10Ka32TeNbHOH (YHKIIHMM.

1°. Dyurxyus et eoromoppra o seeli niockocru C. B camom
nene, - nojaras e*=u-4iv, Haxogum u3 (2), uT0 U=e€¥cos Yy,
v=e*sin y; byHruuU 4 ¥ v Aubdepenyupyemsl B cmuicae R? scrony
B C, u Bciony B C BBIMOMHSAIOTCS YC/IOBHSL KOMIVIEKCHON Aubdepen-
LUPYEMOCTH

o 0 e¥eosy, =90 _erging

dx dy Y dy Ox Y-
Takum o6pazom, ¢yHkuusa (2) onpenejsieT NPoOnOJKeHHe neil-
CTBUTENbHOH 1noOkasarte/bHOH GYHKUHE e* ¢ ocHd R! na Bcwo

z
1) Nas nocraTtouHo GOJBINOTO 1 TOYKA l+—’-l— JIEXKHT B NpaBoil NOJynJo-.

2\
CKOCTH, H Mbl GepeM 3HaueHHus arg( ;) H apKTaHreHca H3 HHTepBaJa,

(-3 %)
g 2)
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nyockocth C, nmpHueM TNPOAOJIKEeHHAst DYHKLHUA OKA3BIBAETCH IOJIO-
mopouoit. Huxe (B m. 21) Mbl moxaxeM, 41O Takoe NPOAOJINKeHHE
onpenessercsa eqHHCTBEHHBEIM 06pa3ouM.

2°, [as pyuryuu € coxpausercs obviunas gopmyra Ougpge-
penyuposarnus. B caMoM pese, NpPOH3BOAHYIO, KOTlla OHa cyuie-
CTBYeT, MOXKHO BBIUHCJAATh B HanpasaeHud ocu Xx. [lostomy

(&%) = a—ax— (e* cos y + ie* sin y) = €. (5)

[TokazatenvHan GyHKUHSt He ofpauiaercs B HyJb, 6o || =
=¢e%>0; nostomy (e?)’#0 u orobpaxeHue w==e* KoHPOPMHO B Ka-
o rouke C.

3°. daa ¢pynkyuu €* coxpansieTcs 00bMHAL TEOpemMa CAOMEHUA

etz = p2i . p22 (6)

B camom gese, nosnaras 2p=x,+iy, (=1, 2) u noan3zysice Gopmy-
JlaMH CJIOXKeHMs1 JeHCTBUTEe/bHBIX [T0KA3aTelbHOH W TPUTOHOMETpH-
ueckuX QyHKUuMH, noAydaem

e%(cos yy + isin y) e¥:(cos yy + i sin y,) =
= e***%:{cos (y, + y,) + i sin (y; + y,)}-

Takum 00pasoM, C/IOXKEHHIO KOMIVIEKCHBIX HHMCeN 2y H 2Zs COOT-
BETCTBYET YMHOXeHHe HX 00pa3oB e? M e?. VHbnIMu ciaoBamu, no-
KasareqbHast GyHKUHS €* NpeoGpa3yer AaJAMTHBHYIO TPynny moss
KOMIJIEKCHBIX Yuced B MYJIbTHIVIHKATHBHYIO TPYOIy 3TOrO IMOJS:
npHu oTOOpaKEeHHH Z — &*

2+ 29 —> 0% - e, N

4°. Pynryus e* nepuodudecKas, ¢ MHUMbIM OCHOBHbIM Nepuo-
dom 2mi. B camom Jese, Tak Kak mno dopmyne Dfinepa eti=
=cos 2n+i sin 2n=1, TO MO TeopeMe cjoOKenus pas Jo6oro ze=C

HMEEM
el—{—ZTIfi =e%. eZJ'lfi == o2,

C pgpyro#t cTopoHbl, mycTh e**T=g?, yMHOXKast 06e YacTu Ha e,
nosydaem eT=1, orkyzna, nonaras I'=T;+iT,, umeem el (cos T+
+isinTy)=1. Ho torga eT'=1, 1. e. T1=0, u cos Ty=1, sin Ty=0,
1. e. Te=2nm, roe n — uenoe 4yucno. Takum obpazom, T=2nni u
27 JeHCTBUTE/NLHO SABJASETCS OCHOBHBIM MEPHONOM.

W3 aToro paccyXKaeHust BHAHO Tak¥Xe, 4TO ‘AN OJHOJHCTHOCTH
orofpaxeHus w=e* B KakoH-1HOo o6aacru D Heo6XoauMo H J0-
CTaTOUHO, yroGHl 3Ta 06/1acTh He COAeprKaja HU OJHOM Maphl TOUEK,
CBSI32HHBIX COOTHOLIEHHEM

24 — Zz=2nni (n= %1, =2, ..)). (8)
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ITpumepoM o06sacTH, YAOBAETBOPAOWIER 3TOMY YC/AOBHIO, fIB-
asiercst modoca {0<Imz<2n}. [lonaras z=x+iy n w=pe™, Mbl
corviacHo (3) sanuiueM oroGpakeHUe W =e? B BH/E

p=e*, Pp=y. 9)

Orciopa BHAHO, UTO 3T0 OoTOGpaxkeHue npeobpasyer npsMsle {y=yo}
B ayun {y=1yo}, a orpesku {x=x,, 0<y<2n}— B OKPYKHOCTH C BBHI-
K0J10TOl Toukoit {p=e%, 0<Pp<2n} (puc. 20). Mosoca {0<y<2m}

724 YV
"7

2
% 2 7
= (2) % ///w=c’)

Puc. 20.

npeo6pasyercs, c/AelOBATENbHO, B MJIOCKOCTh W ¢ BBHIGPOLIEHHOH MO-
JIOXKHTETBHON Tonyocklo. Bpsoe Oojee y3kas mosoca {0<y<m}
npeobpa3yercAa MpH 3TOM B BEPXHIOW MOJyMmiIockoerh Im w>0.
13. TpuroHomerpuueckue ¢Gynkuuu. Mz cdopmynn Dinepa mis
BCexX JMOeHCTBUTENbHBIX X Mbl HMeeM €¥=cosx-t+isinx, e ¥=
=(0S X — i sin x, OTKyZAa
cosx—eix—'-e—ix sinx = Mo
o2 2i
Otd GopMysBl MOXKHO HCIOAb30BATH IS rOJOMOP(HOro npomos-
JKeHust KOCHHYCa M CHHYCa B KOMILIEKCHYIO IJIOCKOCTb, MOJIOXHB
no onpeaenenuo s awoboro ze C
eiz+e—iz iz -iz

€08 2 = ——5—, sinz=e+ie (1)

(ronomopdHocts B C npaBHX yacTeil OUeBHAHA).

Bce cBoficTBa 3THX (GYHKUMH BBLITEKAIOT U3 3TOTO ONpeeseHHs
H COOTBETCTBYIOULMX CBOACTB nokaszareabHol ¢yHkuuu. Tak, obe
OHHM TMEPHOAHYECKHE C OCHOBHBIM NepuogoM 2m (IoKasaTe/lbHas
¢yHKIUA uUMeeT NepHOR 2mi, HO B dopmyaax (1) ecTh MHOXHTENb
pH 2, paBHbIH {), KOCUHYC — Ye€THAst, a CHHYC — HeyeTHas (yHKuus.
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Hast sTux  dyHkuuil coxpausiorcs OGbIYHblE (Gopmyss nuddepen-
LUPOBAHUSA

,_‘eiz__e—tz“ .
(cos 2) =i——F—=—sing,

aHaJIoruyHo (sin z)’=cos 2. CoXpaHAIOTCS TaKXKe TPUrOHOMETDH-
YeCKHE COOTHOLUEHHUs, TAKUeE, Kak

. . T

sin? 2+cos2z=1, cosz =sin (z+7),
TeopeMbl CJIOXKEHHA H T. J.; 4dTaTeNb 0e3 Tpyda BbIBeJeT HX H3
dopmya (1).

lcoszi

[T ]/
) it f

gy ey |
Ve M/mlllllllllllln..dﬂllIllllllllnf/uﬂlﬂl!.‘l” If x

Puc. 21.

TpuroHomerpuueckue GYHKUHH KOMIUIEKCHOT® INePEMEHHOro
TECHO CBfi3aHB! ¢ THMepOOTHYECKHMH, KOTOphle mjsi Jio6oro 2z
onpeneastiorcst OGbIUHBIMHE GOpMYIaMu

z —Z k4 4
e“te Sh2=e—-e . (2)

chz= > 5

ATa cBsi3b BHIPAXKAaeTCHd COOTHOIIEHUSIMH
chz=cosiz, shz=—isiniz,

, . . L. 3
cosz==chiz, sinz=—ishig, (3)

KOTOpble BUAHBI U3 cpaBHeHHs dopmya (1) u (2).
IMonpsysck TeopeMoOii CJ0XKeHHS W Qopmysamn (3), HaXoIuM

cos(x+iy)=cos xchy+isinxshy,

OTKyJa
lcosz|=V cos?x + shly (4)

(MBI BOCMONB30BANHCh TOXKAecTBaMH sin?x=1—cos?x u ch?y—
—sh?2y=1). Dra dopmysia MO3BOJIAET NOCTPOHTH NOBEPXHOCTb MO-
nyas (penbed) KOcHHyca; oHa uH3oOpaxeHa ga puc, 21,
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Ilng npuMepa paccMOTPHM elie OToGpakeHHe MOJAYROJOCH

D= { — % <x< g— » Y> 0}, KOTOpoe OCyIUeCTBAsieTcss (YHKUHEH

w=sin z. Mbl IpeacTaBUM 3TO O0TOOpaXKeHHe KaK KOMIO3HLHIO YKe
H3BECTHBIX HaM OTOGpaKeHUH
. 2 1 1
2y =iz, Zy=em, H=—], W=3 (23+?3)
M TOrja YBHAHM, YTO W==Sin 2 OAHOJHCTHO (M KOH{OPMHO)} ortoGpa-
}Kaer moJyno/docy D Ha BepxHio noJaymiockocrs. Ha puc. 22 uso-
OpaxeHo COOTBETCTBHE JHHHA TNPH 5TOM OTOOpaKeHHH: JydaM

4

7
%

0%
5 (z) (w=sinz)

Puc. 22,

{x=1x, 0<y< o0} COOTBETCTBYIOT Jexalllue B BEpPXHeH MOJYIIO-

T
CKOCTH YacTH ruiepbon ¢ ¢okycamu %=1, a orpeskam {——3<x<

I

'_2_7
M3 3TOro pHCyHKa BHMJAHO, YTO Ha BePTHKAaJ/bHBIX FpaHHUAX MO.JY-
MOJ0CK CHHYC HODHHHMAaer JeHCTBHTE/JbHblE 3HAYE€HHA, 1O M O-
ayqampo 6oabwue 1.

TaHreic W KOTaHreHc 1/s1 KOMIJIEKCHBIX 3HAYCHHH apTyMeHTa
onpereasoTca GopMyniamu :

Yy =y0}— TakKHe e 4acCTH 3JJHIICOB C TEMH XKe (i)OKy(ZaMI/I.

ctgz=—23% ®)

sin z
W payHOHAJBbHO BBIPAXKAIOTCA UEPE3 IOKa3aTeNbHYIO (pyHKumo:

eiz_ e—iz . eiz + e-iz

eiz+ e—iz ! Ctg 2=l eiz_ e—iz ¢ (6)

tgz=—1i
Dtu dyHKUUH roiomopoHsl Beioay B C, 3a HCKIIOUEHHEM TEX TOYEK,
rie 3HaMeHaTtend npobelt B ¢dopmynax (6) obpallaioTcs B Hyab
(B 3THX TOUKaX YHCIAHTEJNH OTJAHYHBI OT HYAs). Halipem Ttakue
TOYKH, Hanpumep, ajsa ctg z. B Hux umeem sinz=0, 1. e. ei*=¢"iz;
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orciola B cuay ycaosusi (8) n. 12 Haxomum 2iz=2inm, z=nn
(n=0, =L, ..) Y.

Taurenc ¥ xoTaHredc B KOMMJEKCHON NJOCKOCTH OCTalOTCs me-
PHOJHYECKHMH C JeHCTBHTENbHBIM MEPHOJOM T, IJS HHX COXpa-
HAIOTCA OOBbIYHBEIE QopmMyabl RuddepeHUHPOBAHUA U TPUTOHOMETpPU-
YeCcKHE COOTHOWEHHUSI — BCe 3TH YTBEPKAEHHUS JIEFKO HOJYYHThb U3
dhopmyn (6). :

—_—=
o~

3

Ry

W3 ¢opmyasl (4) n ananornuHoll GopMyasl AJs CHHYCa HAX0UM

]tgzlz,‘/cos2x+sh2y. @)

sin? x +sh?y

Ha puc. 23 usobpaxen penaved TaHrenca. OH HUMeeT pe3ko BbIpa-
T

’KeHHble KK Hajl TOYKAMH 2= 5 + i (n=0, £1,...), B KOTO-

PbIX TAQHFEHC TePsieT roJIOMOPGHHOCTD.

Orofparkenusi, OCYLUECTRJAsSEeMble (YHKUHAMH w=igz n w=
=ctg 2, npeacTaBAA0T COOOH KOMMO3UIHIO yXKe H3BECTHHIX OTOGpa-
xenuit. Hanpumep, w=tg 2 cBoAuTCAa K TaKuM OTOOpaXKeHHsAM:

.22—1

2y =2z, z,=e%, W=-—i T

Y Mu pokasanu cefiuac, 49To HpH roJioMOpPQHOM TNpPOJOJIKEHHH CHHyca B
KOMIIEKCHYIO IOCKOCTb He NOABJAETCA HOBBIX TOUEK, I'fie OH obpallaeTcs B HY/b.
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TTonocy {——Z—<x<%} Ta (QYHKUHA OAHOJUCTHO W KOHGOPMHO

oro6pakaeT Ha BHYTPEHHOCTb eIHHHYHOro Kpyra. [lpsmeie {x=xo}
npu 3TOM Npeo6GpasyloTcs B AYTH OKDYXKHOCTeH, MPOXOASUIMX Ye-

N
NI

N
\
A\
A

(z}

VA TV TV

Puc. 24.

. ki T
pe3 ToukH *i, a OTPE3KH {—T<x<7, Yy =y0; - B AYT'H OKPYXK-
HOCTEH, A/ist KOTOPBIX 3TH TOYKH CHMMETPHUHH (puc. 24).

3AIAYN

1. Ha MHoXecTBe MJIOCKHX BEKTOPOB Z= (X, Y) BBe[eM OGLIYHBIM 06PasoM CJjio-
JeHHe U YMHOMKEHHe Ha CKausp (1elICTBHTEJbHOE YHCJO); TOLLA, OTOXKIAECTBAAS
JleACTBHTenbHbIE YHCJA ¢ BeKTopaMmH Buja (X, 0), KaxKIblil BekTop 2= (X, Yy) MOK-
HO 3amHcaTh B BHae z=X-iy, rge no onpegenenuio i=(0,1). Opnako yMHOXKe-
HHE JIByX BEKTOPOB 2=X1+iy H Z=4xp+iy, ONnpejesiM HHaue, ueM MNP ONpe-
JeJIeHHH KOMIWIEKCHBIX YHCEJN: HMEHHO INIOJ0KHM

2y % Zg=x1Xo+y1y2+i (x142+ x241)

(MBI mepemuo’kaeM ABYWIEHB! Xj-+iy1 B Xp+iy, 1O OOLIUHBIM TNpaBHaM anTebpbi
¢ 3amedolt ?=1). Takywo cHcTemy OyleM HAasblBaTb CHCTEMOW THNEPGOIHYECKHX
KoMIL1eKcHbIX uucen (H).

a) Tlokaxure, uto (H) sABJsAeTCA KOMMYTAaTHBHOH a/are6poil ¢ meanTessiMu
HyJs, H HafilHTe reOMeTPHYECKOE MECTO JAeJIHTeJeH HyJis.

6) Ilycrs 2 =x—iy; Toria lzll=V]z*2]| ecTecTBenno HasBaTh MOLyeM
yHcaa z. HafiuTe reoMeTpuueckoe MecTo TOuek 2, fas Koropnx |zll=1. IToka-
KUTE, YTO INPH YMHOXEHHH I‘HHQPﬁO.}]H'—IECKHX KOMIIJIEKCHbIX YHCEJ HX MOAY.JM
nepeMuoxkaioTcs. [lokaxure, uto yeaosne ||2l=0 Heo6xoxuMo u focTaTouHo AJst
TOro, yTo6bl & OblIO JeNuTesNeM HY/A.

B) Hast 2o, llzoll # 0, u moGoro 21 ompeneauM HacTHOe GopMyJoh

21* 2, =
2182y = sgn (2% 2
1%<2 " 29 ”2 g (2 2):

rfe sgn x — 3HaK neficTBUTedbHOro uucnaa x. [Toxaxkure, uto (2 § 22) *23=21.

5 bB. B. Lla6ar
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r) Jdas dyrkuun w=f(2) =u+iv BBeneM runep6OIUYCCKYIO NMPOUIBORHYIO

()= lim AwiAz
Az—»0
1Azl =<0

ecay 3ToT mpeded cyulectsyer. Iloxaxure, uto ang cynmecTBoBaHHUs TaKoH NPOH3-
BOJIHOH HEOQXOAMMH M AOCTaToynbl muddepennupyemocts f B cmbicae R? u pol-
noJiHeHUe_YCJOBHA

j1) BoisicHHTE reoMeTpHYECKYI0 KapTHHY OTOOGparKeHHH w=z+2 ¥ w=! ¥z
{cooTBercTBUEe HaAJeXKAIMM 06GPa3oM BEIGPAHHHIX KOOPAHHATHBIX CETOK).

e) TlosoxuM no onpeneneHuio el=e* (chy+ishy) u sin*z=sinx-cos y+
icosx- siny. BelicHHUTe CXOACTBO H OTJAHuHe 3THX (GYHKUHH OT OOBLIYHOH I@oO-
KasaTelbHOH GYHKIHH W CHHYCa, a Takke HalJHTE reOMeTPHUECKYI KapTHHY
0TOGpaXKeHHi, HMH OCYIeCTB/ISIEMBIX.

2. HccnenyfiTe Ha HenpepniBHOCTb B cmbicie C dyukuuu 2, 2 u Rez=

=—;(z+é).

3. Ilyctb 4 u v — geficTBuTENbHBlE (QYHKUUM ABYX HefiCTBHTENbHBIX Iepe-

ou ou du
9 .
MeHHBIX, Iuddepenipyemble B cMbicie R%, a  Vu = Bx +L—'ay , Vo =55 +

)
+ z—gé——nx rpanvents, TTokaxute, 4To ycaoBus AHGOEPEHIUPYEMOCTH B CMbICE

C ¢ysakunn f=u-4iv BHpakaOTCs paBeHCTBAMH

(Vu, Vo) =0, | Vul=]|Vu |,

rae (Vu, Vu) — ckansipHoe mponsBeneHHe.

4, IMyctb TOuKa 2 [ABHXKETCA MmO 3aKony 2=re'!, rge r-— nocrosuHas, a f—
Bpems. Hafinure ckopocTh ABHIKEHHS ToukH w={(2), rae ¢ynxuusa f rosomopdra
Ha OKpYyxHOCTH {|2|=7}.

(OtBer: i2f'(2).)

5. yery [ ronomopdna na oxpyxuoctd y={lzl=r} u ['(2) =0 ua vy.
JlokaxKuTe, uTOo YCJIOBHEM BBIIYKJIOCTH 06pasa f(y) caAyXuT HepaBeHCTBO

4
Re(z—f—ﬁ)—)+ 1>0. [YkasaHue: cHauyana pacCMOTPHTE YCJAOBHE BBINYKJOCTH

' (=)
ad 14 , iQ ) ¢
B BHIE Fo (2 + @+arg ' (re’®) | >0
6. Hajiqute o6muii BuR ppoGHO-NUHEHHBIX OTOOpAaXKeHUH, COOTBETCTBYIOMIHX

spaienuo chepsl PuMana OTHOCHTe/IbHO JBYX €€ IHAMETPA/bHO IPOTHBOMOJONK-

HBEX TOYEK.
7. Jloxaxure, yTo rpynna APOGHO-JHHEHHBIX aBTOMOP(QH3MOB BepXHeH IMOJY-

IJIOCKOCTH COCTOHT H3 OTOGDaXKeHuH

az+b

z=> cz+d’

e a, b, ¢ u d pehcrurensbl 0 ad — be>0.
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8. (Mogeab IMTyauxape reomerpuu JloGauesckoro) )

a) Jl-roukaMm HasbiBaloTcs TOUKH eauuuumoro kpyra U={Jz|<1}, Jl-npsa-
MBIMH — Jexauiye B U AyrH OKpyXHocTefi, oproroHaabHnix K {|z|==1}. [TpoBepore
BLITOJIHEHHE OObIUHBIX AKCHOM CBfI3W TOYeK W NpPAMBIX. YOeauTech, uTo uYepe3
JI-TouKy, mexaulyio BHe maHHOH JI-npsMoli, MOXHO [pPOBeCTH GecKOHeYHO MHOro
JI-npamblx, He mepecekaOUXCs ¢ JaHHOMR,

6) Haszosem Jl-paccrosnueM Mexny JI-ToYKaMH 21 H 2 BeJHUHHY

L+

- — 2129

o1 (2 22)—ln P
1—.’2122

IlpoBepbTe BHIMOJHEHHE AaKCHOMBI Tpeyroabuuka. Jlokaxure, uro ecau JI-ToukH
21, @2 M 23 JeXaT Ha oAHOH JI-mpsiMoH B ecTeCTBEHHOM MOpfjKe, TO

o (2 25) =051 (25 %) T o (B 2y)-

B) Haszosem JI-gBuKenueMm japoGHo-iuuefinnit nsomopdusm kpyra U. Iloka-
Kute, yTo JI-1BHXKeHus coxpansior JI-paccrosiHns,

r) JI-OKpYKHOCTHIO C IEHTPOM 2, Ha3biBaeTCs TeOMeTPHUECKOe MecTo TOYeK,
JI-paccTosinne KOTOPbIX 10 2 mocrosinHo, [Tokaxure, uro JI-oKpy:KHOCTL u3o6pa-
XKaeTcss OKPYXHOCTbIO, HMEIOIUeH TOYKH 25 U 2§ = 1/20 CHMMETDHYHBIMH,

1) DKBHIMCTAHTON Ha3bHBAeTcss TEOMeTpPHUYECKOe MecTo Touek, JI-paccTosiHue
KOTOphIX A0 Aanuoll JI-npaMo# nocroanno. [Toxaxure, uto skBHancTaHTa H3oGpa-
Kaerca Jexamumu B U nByMs ayraMu OKpDYKHOCTEH, KOTOPble IepeceKaloT
{lz|=1} B Tex XKe ToOuYKax, yTo m paccMarpusaemas JI-npaAMas (OHH He ABIAIOTCA
JI-npsMpiMul).

9. Jokaxkure, uTo 178 J000r0 yCAOBHO CXOAMLIETOCS PAAA C KOMIJIEKCHBIMHU
uleHaMH cyllecTByeT Takas npamas [ < C,uro nas ao6oit Toukn S ! nafigercs
NepecTaHOBKA WIEHOB 3TOr0 pfAja, NOCae KOTOpOH OH OYyHeT CXOOHTbCH K S.
(O6o6ienue Teopembl Pumana 06 ycJOBHO CXOLALIMXCHA PALAX ¢ HLeHCTBHTENb-
HBIMH 4J/I€eHAMH.)

") Tlo nosony 3Toft sanaun cm. M. M. TllpuBaos, Beeretve B Teopuio
GyHKIUA KoMIJIeKCHOro nepeMeHHoro, $Pusmarrus, M., 1960.



FT'JTABA II -~

CBOWUCTBA TOJIOMOP®HbBIX ®YHKLUUMU

B sT1ofi r/iaBe MBl paccMOTPHUM BaKHeHIlie METOAbl HCCAel0Ba-
Hust rojoMophusx ¢yHKUuMi. OHK OCHOBaHLI Ha MPEACTABJCHUK Ta-
KHX QYHKIHME B BUJe cllennadbHbIX HHTErpaioB (MHTerpasor Koiu)
WK B BHAe CYMM HeKOTOphIX psifoB (psinoB Teifliopa u Jlopana).
Haunem ¢ nouaTust uHTerpasia or (GYHKUHE KOMIJAEKCHOTO Mepe-
MEHHOTO.

§ 4. Hurerpaa

14. TNousartue unrerpasia. Onpenenenune. [IycTs gan nyts y
kiaacca C!, 1. e. HempepblBHO JaupdepenuupyemMoe orobpakeHue
2(t): J - C, rne J=[a, Bl — oTpesok aefictBurenbroirt ocu R! (cm.
n. 3). [lyctb Ha o6pase atoro mytd 2(J), Koropblli MBI Takke 6y-
neMm 00o3HauaTh yepes vy, 3ajaHa KoMIiekcHas ¢yHkuus f: y— C
Takasi, uto GyHxuus fo2(f) HenpepuiBHa Ha J (B 3TOM cjydae Mul
npocto 6yJeM roBopHTb, UTO [ HempepelBHa Ha y). Byzem HasbiBaTh
HHTErpajoM oT QyHKUHH [ 80046 AYTU y YHCIO

B
[fdz=[Fiz12 (at, (1)
v o

rie B NparoH HAaCTH MHTErpan OT KOMIVIEKCHOH GYHKUMM nelCTBH-
TeJBHOTO MMEePeMEeHHOTO MOHMMaeTcss Kak COOTBeTCTBYIOHIAs JHHEH-
Hast KoMOUHaIMsT MHTETPAJOB OT JIeHCTBUTEJBHOH H MHUMOM yacTeil.

Onpepnenenne 6¢3 BCAKHUX H3MEHEHWH pacrmpocTpaHsieTcsi Ha Ky-
COYHO HenpepHBHO AndPepeHnupyeMble NYTH.

[Mpumepsn. I. [TycTs y — oKpyXkHOCTh 2=a+re®, t = [0, 2m],
¥ f(z)=(z—a)" roe n=0, =1, ... — NpPoU3BOJNBLHOE 11e]0€e YHCIO.
1o onpenesenuio (1)

2n
f (Z . a)n dz = rotlf f el (nt) tdt;
v 0

npu n %= — 1 uMeeM
P41 2n

f(z—a)"dz=r”+1i! J cos(n+ 1)tdf+1i f sin(n+ 1)tdt
0

¥ Lo

i
e
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anpu n=—1
27

J‘ z_a*zfdt—%z
Y

Takum oGpasoM, lenable cremeHn (2 -— a)” o06J2aaaloT CBOHCTBOM
«OPTOrOHANBHOCTH»

u 0 nopn n=+*-—1,
J(z—a) dz_{Qm' npu n=-—1, @

KOTOPBIM MBI GyJeM HeOJHOKPAaTHO MOJb30BAThCH.
2. Tlycts y — npousBoabHBIN NYTh 2=2({), t= [a, B], knacca C!
¢ KOHEaMH B Toukax a=z(a) u b=2z(p); roraa

‘[dz=b—a, J‘zdz=b2;2a2. 3)

¥

B camom nene,

fdz—fz(t)dt~jdx t)—l—zfdy(t)*

a

—x(ﬁ)—x(a)+l[y(ﬁ) y (@) =2z(p)—z(a).

Anasioruyno
g B ,
2
[2dz= [0z 0at =4 | L2@)ar =20 20
v @ a

Mur BUAMM, 4TO uMHTerpadnt (3) He 3aBUCAT OT BHAA MYTH U
BIOOJIHE OMNpenesasioTesi ero HauyaJbHO# M KOHeuHoji Toukamu. [lo
JIOGOMY 32aMKHYTOMY MYTH 3TH MHTErPaJibl paBHbBI HYJIO.

SameuaHue B NMpuHATEHIX HaM{ B ONpejeeHHH YCIOBUAX Ha
nytb ¥ GyHEKUMIO uHTerpan (1) Bcerpa cyuiectByeT (Kak HHTErpas
OT HeNnpepriBHOH (PYHKIMH) M MOXKer MOHHMATbCA B CcMbicjie Pu-
maHa. Eciu nyrs y Juilib crpsiMJjseM, TO Aaxe JJs1 HenpepblBHBIX
dyuxuuil f Tpebyercs Gosee obuiee moHsiTHE HHTerpana, ufo B npa-
Boli yactu (1) MHOxuUTedb 2’ (f) CYWECTBYET JHIIb NOYTH BCIOIY.
ITosToMy B cIyuae cnpsiMAsiEMBIX NyTedl HYXHO NMOJb3OBAThCsl WH-
Terpanom JlebGera (u Torma ecTecTBeHHO cYUTaTh GYHKUHIO | TaKoH,
yto f o 2(¢) cymmupyema Ha J).

[TepeynciuM OCHOBHble CBOHCTBA HHTerpasa OT KOMIIEKCHEBIX
GOyHKuui.
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o 1°.Jlunefinoctb. Eciu f u g Henmpepriub Ha nytn y = Cl,
TO A/ NIOGBIX KOMIJIEKCHBIX IIOCTOSIHHBIX d H b

j(af+bg)dz=affdz+bfgdz. (4)
v Y Y

CrnemyeT HeNMOCPEACTBEHHO U3 QMpe/e/eHus.

2°. AnaputuBHocTs. [Tycrs naHel ABa nyTH yi, y2 € C!, onpe-
JeNeHHble COOTBETCTBEHHO GYHKuHAMU 24(f), te=[a, Bi), u 2:(f),
te [as, Bl, mpuueM Bi=a, u 24(B1) =22(a). O6veduneruem yilUys
5THX NyTeH Ha30BeM KYyCOUHO HeNpepuBHO auddepeHuupyeMpli
nyts y. [a, B]—C, onpenensembiii dyHruuef

2'l (t)» t = [(Z, ﬁ ]1
2= { ), el B

Ilycte Ha y 3afana HempephiBHas QyHKuUus f; HenocpelcTBEHHO
U3 onpefleJieHds HHTErpaa CjaeayeT, YTO

{ fdz= [ fdz+ [ fda. (5)
Yz

v Uz Yt

3ameuaHue MoxHo 060GUINTL MOHSTHE 0GbEIHHEHHA NyTEH,
OTKa3aBIIMCb OT YCJOBHs Ha pacho/ioXeHHe OTPe3koB [a, Bi] u
[ote, B] u o1 ycnoBust 21(Bs) =22(a2). Torma y Uy, yke, BooGuie ro-
BOpA, He Gyjer IIyTeM; B 3TOM Cjydae Mbl COXPaHHM CBOHCTBO (5)
no onpeneneHun (mosoxus wuHTerpan mno vy;Uys paBHBIM
CyMMe WHTErpaJjoB 10 yi H ya).

3°. IHBapuaHTHOCTb OTHOCHTEJHLHO 3aMEeHBl 0a-
pamMerpa. Teopema 1. ITycre nyro vy z=2z(t), 1< [0, Bil
noay4daercs us 2aadkoeo nytu y: 2=2(t), t=[a, Bl, donycrumoi
samenol napanerpal). Tozda 0aa arwoboil pyukyuu f, Henpepoisroil
Ha vy (a caefosaresvto, U HA Y1),

ffdz=ffdz. ' (6)
’ Y Vi
<« Tlo onpegenenunro

B
[tdz=[iztNz ®at.

Y

Chenaem B mpaBoii 4acTH 3aMeHy nNepeMeHHBX f={(t), KoTopas
cBA3bBIBaeT MapaMeTphl ¢ ¥ ¢ Ha Hamux nytsax. [To Teopeme us neit-

') 10 ospavaer (cM. n. 3), YTO cCyIlecTBYer BospacTalomlas GyHKUUS
t=1{): [ay,Bi] > [a, p] knacca C' rakas, wro 2z (v)=2[t(v)] aam  scex
re [ay, Bi):
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CTBUTE/NBHOTO aHaau3a (NMpUMeHeHHOH OT/eJbHO K JeHCTBHTEIbHOH
W OTIeNbHO K MHHMMOH YacTM MHTerpaJa) u npabHily Auddepeniu-
pOBaHUs CAOXKHBIX PYHKIMI HOTYYHM TOTa

B
[ 1az= [ Ha@)2i (s,
v Oy

HIHTerpaJ cnpaBa — 3TO WHTerpaJ OT [ BIOJb MYTH Yy

M3 sTofi TeopeMbl MOXHO CAe/aTh BaykKHbI BBIBOJ: WHTErpad,
BBEJECHHBIH HAMH AJIS1 IYTH, HMEET CMBICJ U /st Kpusou, noj KOTo-
pO¥l Mbl IOHHMAaEM KJacC 3KBHBaJIeHTHBIX myreft (cum. n. 3). TouHee,
ISt 11060ro MyTH, OIpeAesiouiero HEeKOTOpYH TJaJKylo KPHBYIO,
yHTErpan ot ¢GYHKUUH, HenpeprlBHON BAOJAL 5TOr0 NyTH, HMEET OJHO
H TO Xe 3HaUeHHe.

B cooTBeTCTBHH €O cKa3aHHBIM B 1. 3 Mbl OylAeM 4acto B Jaub-
HelillleM NOHHMATb N0/ KPUBOH MHOXECTBO TOYEK KOMIJIEKCHOH MJo-
CKOCTH — 06pas orpe3ka [a, B] 415 11060r0 MyTH, ONpene/sioLlero
31y kpuByio. Torga mbl 6ynem roBoputrh # 06 HHTerpaie no 3TOMYy
MHOXKECTBY, MOHHUMas MOA HUM HHTerpasd BAOJbL COOTBETCTBYOHIEH
KPUBOH.

Gameuanne Teopema 1 coxpansercss u aas OYHKUHE, CYMMHPyeMBIX Ha
crnpaMJ/ageMblX NyTHX, €CIu lIOHycTMMOﬂ CYuTaTh MOHOTOHHYIO a5CoNI0THO Hemnpe-
PHIBHYIO 3aMeHny mapameTrpa (B CaMOM Jieje, Toraa MOXKHO BOCNoOJMbL30BaTbCA

TeopeMoil © 3aMeHe HePeMeHHbIX Jas HuTerpana JleGera). [TosTomy umeer
CMBICJI H TIOHSITUE HHTErpaJia BAOJDb CIPAMJSEMOA KPUBOH.

4°. OpueHtupoBaHuOCTb. OGo3HAUNM Yepes y~ HYTb, KO-
TOpBIH NOJyuaercst U3 nyrtd y: 2=2(t), ¢t =[a, p], knacca C! 3a-
MeHO# nepeMeHHHX f—>a+f — ¢ (1. e. nyth 21(¢) =2(a+p—1),
te[a, B]), u nyctb f — QyHKuUSA, HenpepbiBHASI HA Y; TOT/a

jfdz=—jfdz. @)
e y - ~
310 yreepKAeHHEe NOKa3bBaeTC TaK Ke, KaK Teopema 1.
Mpl G6yAeM roOBOPHTb, 4TO IYThb Y~ TIOJNYYAETCS W3 y AEPeMEeHOl
opuenTayuu.
5°. OpeHka HHTEerpadna. Teopema 2. Haa awobod pyux-

yuu f, nenpepolsHoil na e/zaarcom nyTu y: 2= z(t), tele, gl cnpa-
8e0auB0 HepPABEeHCTBO

ffdz
L

< [Iflldzl, ®)

20¢ | dz | =V dx®+ dy® — ssement Orunbt y u cnPABa CTOUT Kpu-
804uHeld bLE uHTE2paA no dyee.
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40603HayuM uepes / BeNMuHHY HHTerpasa OT f mo y, W MyCTb
I=|1{e; umeem
B

111= [ et dz= [ e[z (1) 2 (t) dt
v

a

(MB!I BHEC/IM TIOCTOSTHHBIA MHOXKHTenb e~i® noj 3Hak HHTerpaJa),
Tax kaxg munrerpan cupasa — )lef/'ICTBHTEJIbHOE YHCT0, TO

|11= j Re {ei'f [z (O] 2’ (O} dif < jlf[z ) I1E (t)ldt-—jlfndzl >

Canepncrsue. Ecau 6  ycaosusx npedbtayu;eu Teopembl
1f (@) | < M ecrody na vy, ede M — HekoTOpas nocTOANHAA, TO

jfdz <Myl (9)

(uepes |y| MBI oéoanaqaeM IUIMHY OYTH V).
Hepagenerso (9) monyuaercs u3 (8), eciy OLEHHTb HHTErpas
B NpaBo#l YacTd H 3aMeTHUTb, YTO

[1dzi=Iy]
Y

15. INeprooGpasnas. Onpenenenue 1. Ilepsoobpasnoli hyHk-
uuM f B o6nactu D HasbiBaeTcs Taxkast rosomopdHas B 3T0H obGna-
ctd ¢yHkuusa F, uto B Kaxnol Touke ze D

F/(2) =f(2). )

Ecnu F — nepBoo6GpasHas ¢yHkuwu [ B obmactu D, To u aobad
dyakuua F(z)+C, rae C — npousBosibHas NOCTOSIHHAS, TAKXKE fB-
asiercst nepBooGpasuoil f B D. O6partHo, nycts Fy u F; — nBe xa-
Kue-1u6Go nepBoo6pasHbie GyHkuuu f B obnactu D u @=F; — F,,

] o]
Oyuxuus O ronomopdHa s D, nosromy %_— =038 D; HO 1 ?37 =
(D 0]
=0 =F—F;=0 8 D, nostomy - = —g—y:—:O B D. Orcioaa no

TeopeMe JeACTBUTEIBHOrO aHaJ/u3a (anMeHeHHoﬁ K (yHRUHIM
Re @ u Im @) mn 3akawuaeM, uto == C, nocrostnuas B D. [Joxa-
3aHa

Teopewma 1. Ecau F — rarxas-aubo nepsoobpasnan yuxyuu f
8 obaacru D, 170 cosokynnocTe scex nepsoobpasnvix [ daerca gop-

Myaol
F(z) +C, (2)

ede C — npouseoavras nocTOAHHAS.
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Takum o6Gpasom, neppoo6pasnas ¢yHkuuu { B obnactu D, ecau
OHa CyuUIeCTByeT, OMNpele/sieTcsi eNUHCTBEHHBIM 06pa3omM ¢ TOYHO-
CTbIO O OCTOSIHHOrO CJ1araeMoro.

[Tepefimem k BonmpocaM CYUI€CTBOBaHHuS nepsooGpasHoil.
CHayana Mbl H3YYHM BONIPOC O CYUIECTBOBAaHWH JOKAaJbHOH HEPBO-
o6pa3Hoii, AeficTByIOUIEH B OKPeCTHOCTH HEKOTOpOH Touku. MBI 10-
KaXkeM, UTO JIOKaJbHO Kaxjaas rojoMopduas QyHKUUsS uMeer Iep-
BooGpasHylo. IlokasarenbctBo pa3o6beM Ha JBa 3Tama.

Jlemma 1. llycto pynskyua [ uenpepoisna 8 xpyze U=
={|z —a| <r} u unteepar oT Hee no eparuye') 106020 TPEY20Lb-
Huka A & U pasen nyaio:

j fdz=0. (3)
8A

Toeda pyuxyusn
Fl)= [ 1@dz, @)

[a,2]

2de unreepas Geperca NO NPAMOAUHEUHOMY
orpesky la, 2] < U, sasaserca nepsoobpastoii |
8 U (1. e. F ronomopdpua B U u F'(2)=f(z) Puc. 25.
B KaxA0o# Touke zeU).

< QuKcHpyeM NPOU3BOJIBHYIO TOUKY 2z U u Gynem cuurtath |Ajy
CTOJIb MagbiM, uto Touka z+heU (puc. 2b). Torpa TpeyroabHHK
A=la, z+h, 2} € U, u no ycnosuio (3)

[fag+ [ fag= | fag,

[a, 2] 2, 2+h] fa, z+h}
OTKYJAa BHJHO, UTO
Flz+h—-F@)= [ [@Qd (5)
[z, 2+h]

(MBI BOCHOJIB30BAJIHCh CBOHCTBaMHM MHTErpajoB H ONpeAe/eHHEM
¢yuxkuuu F). Ho cornacuo npumepy 2 u3 n. 14

[ 1@da=1@ [ da=i@h
[z, z+H#] [z, z+#]

(MBl BBIHEC/IM MOCTOSIHHBIA MHOXHUTEJNb [(2) u3-MOJ 3HaKa HHTe-
rpaJjaj; mos3ToMy, HCIOAB3Yyst (5), MOXKHO HalHCaTh

LEAN=PE L f @ -f(2hde (6)

[z, 2+ 4]

1y Mul cuuTaeM, 4To rpanunma OA ODHEHTHpPOBaHA KakKUM-nuG0o o6pasoM (Tak
YTo nMpu ee 0GX0Je TPEYroJbHHUK A OcTaercs Bce BpeMs ¢ OLHOH CTOPOHBI).
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Tenepb Bocnosb3yeMcsi HEHNPePHIBHOCTBIO (GyHKUMH f: aasi Jio-
Goro >0 moxno wnafitu 8>0 Takoe, uto mpu |h| <8 Aas Beex
te [z, 2+ k] copaBennuso HepaseHctBO |f(L) —f(2) | <e. Ha atom
OCHOBaHHUH nosyuaem u3 (6), uto npu |h| <o

F —~F
_(Ei.h_;_ﬁ_f(z) <l%|s.(’hl=s’

a 370 O3Hauaer, uTo cyuiectsyer F’(2) =f(z) »

Jemma 2. Ecau ¢pyuryus fH (D)), o unrezpar or | no
eparuye a0bozo Tpeyzorvruka A € D pasen nyao.

«[lycth eMMa HeBepHA H CYLIEeCTBYeT TPeyroJbHuk A&D Ta-

KOH, 4TO
f fdz
A

PazofbeM A Ha 4eThipe TPeYroJbHHKa CPEIHMMH JIMHHUSIMH H
IPeNNoNOXKIM, 4TO TpaHunbl A U 3THX TPEYTOJLHUKOB OPHEHTHPO-
BaHbl IPOTHB 4acoBOH eTpejku (puc. 26). OueBHIHO, YTO HHTErpaJ
oT f mo OA paBeH cyMMe HHTErpasioB MO I'PAHHIAM MaJjeHbKHX Tpe-
YroAbHMKOB, 60 HHTErpadsl TO CpPefHUM JHHUAM (MyHKTHD Ha
puc. 26) GepyTcs ABaXKABI B NPOTHBOIO-
JIOKHBIX HalpaB/eHUsX U IOTOMY COKpa-
11al0TCs, a OCTajbHble HacTH TPaHHIl Co-
crasastor OA. Ilostomy HafizeTrcs xors
Obl OJHH MaJIeHbKHH TPEYrOJbHUK — MBI
00603HaYuM ero uepe3 Ay — Tako#, yTo

jfdz

34,

=M>0. (7)

M
=7

Puc. 26.

TpeyronbHuk Ay MB cHOBa pas3oObeM CpeJHHMM JHHUSIMH Ha
yeTbIpé TPeYrobHHKAa K HO TeM Ke coofpa’keHusaM HaliaeM cpenu
HUX XOTs1 Obl OJHH — MBI 0003HayuM ero uepes A; — Tako#l, UTO

ffdz M

=
A,

ITpomomnkan Hawe paccyK/aeHue, NOCTPOHM HOC/ELOBATENbHOCTh
BJIOMEHHBIX IPYr B JApYyra TPEYroJAbHHKOB TaKHX, 4TO AJIs HHTe-
rpaja mo TpaHulle N-Ir0 TPEyrojbHHKA CnpaBelJHBO HePaBEHCTBO

[1az|=>2%. ®)

a4,

) HanomuumM, uto uepes H (D) o6osHauaeTcs cOBOKYNHOCTb BCeX (YHKUHH,
rosoMopduux B ob6anactu D,
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TpeyronbHukd A, (MB CUHTAaeM HX 3aMKHYTBIMH) uUMEIOT 06-
HIYIO TOUKY Zp, KOTOpas NPHHAJJNEeXKUT A, a ciefnosarenbHo, u D.
Taxk xak dyHkuusa f ronomopdHa B TOuUKe 25, TO AnaA Jawboro >0
Haigerca 6>0 Takoe, 4TO MOAYJb Pa3HOCTH

f(2) = [ (20)
a(2) === (2)

Z2—2p

9)

6yner MeHblle & AJs BCEX 2 U3 MNPOKOJOTOH okpecrHoctd U'=
={0<|2— 20| <8}.

B U’ nafigercsi xorsi Gbl OXMH TPEYIOJbHHK NMOCTPOSHHOH mocne-
JOBATeNbHOCTH, NYCTh 3TO Oyner An. Ha ocHoBaHuu (9) u npume-
POB U3 NPeABIAYIIero MYHKTa

[fdz= [[@)dz+ [ [e)e~2)de+ [ ale)(z~z2)dz=

oA,

= f a(2)(z —z,) dz,
aa,

a, oA, oA,

rae |a(2)|{ <e pas Bcex ze&0A,. Kpome Toro, nas Becex 2&0A, Be-
JAuunHa |2 — 2| He mnpeBOCXOAHT nepuMmerpa |0An| Tpeyrob-
HHKa Ap, MO3TOMY 1O TeopeMe 00 OLEHKE HHTErpana

Ifdz = f a(2)(z — 2y dz|<eloA, A
6An 6Aﬂ
Ho no Hamemy HDOCTPOEHHIO I(?A,,)='g£|, rae |0A |~ nepu-
MeTp TpPeyroJdbHHKa A, CAer0BaTeNbHO,
2
ffdz < 2L,
aa,,
YuyutoiBas (8), MBI MOJIy4aeM HepaBEHCTBO
M<e|0A|?,

OTKYZa B CH1y NPOU3BOJBLHOCTH 4MCJIA € 3akaioyaem, 4yto M =0 po-
NpeKkH IpeanooxeHuio (7) »

IokasaHHyI0 JeMMy 2 Mbl OyJaeM HasblBaTb OCHOBHOL AeMMOL
uHTErpasjbHOro Hcuucnienus. Vs Hee u U3 jeMMbl | HenmocpencTBEHHO
BLITEKaeT MOKaJbHas TeopeMa CYUIeCTBOBAHHA NepBooGpasHO
TOJIOMODPOHOK (YHRIHH.

Teopema 2. Ecau ¢ynkyus fe H(D), to 8 aobom kpyze
{12 — 20| <r} = D ona umeer nepgoobpasuyto

F@= [1@)d (10)

L2, 2]
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Bonpoc o cymectBoBaHuu rjofaljibHOI nepBooOpasHol, [eft-
cTBYIONIel BO Bceil o6anactu D, HeckombKO cioxHee. MEl 3aiiMeMcsi
UM B CJEIVIOHIEM NYHKTE, a cefiuac JIHILb MTOKaXKeM, KaK U3 JOKalb-
HBIX TEpPBOOOPa3HBIX MOXKHO CKJIEHThb NepBooGpasHylo, AeHCTBYIO-
M1YI0 BAOJb 3alaHHOTO NYTH.

Onpeneaenue 2. Ilyctsb B obaacty D samaHa ¢yHkuus f
u y: 2=2(1), te/, rae J=[a, plcR! — npousBoabnnil (Henpepuis-
HBI) nyTh, dexamuil B D. Oyukuuio O(f): / —-C wmer 6ygem Ha-
3bIBaTh nepsoobpasnol Gynkyuu [ 60oas nytu y, ecau oHa: 1) He-
npepoiBHa Ha J U 2) aasa moboi
TOuKH f{yeJ CcyilecTByeT OKpecT-
Hocte U, <D Ttoukn zp=2z2(t),
B KOTOpo# [ umeer mepBoobpas-
"y F Takyio, uTo

Flz()]=D0 () (11)

IJ51 BceX ! H3 HEKOTOPOH okpe-

Lo P Py CTHOCTH Uy, < J.
[~ "yt 3aMeTuMm, 4TO ecau f uMeer
l«-/--l 7, /sz‘l nepBooGpasnyio F BO Bcelt 06-
at,”r 4t ? aacta D, 1o ¢ymkuus Flz(t)]

6yner CAyXuTb NepBOOGPa3HOH

Pue. 27. BIOb TyTu y. OHAKO B ompe-

feneHnd He TpebyeTcs Cyuiect-

BOBaHHUSI NepBooGpas3Holi Bo Bcell D — mocratouHo, YToGH OHa Cy-

[lecTBOBaJ/ja Jullb JAOKaJdbHO, B OKPECTHOCTH KaXkAOH TOUKH

zo=vy. Bosee Toro, ecnu z(1') =z (¢”) =2’ npu #'=+t”, T0 ABe NepBO-

ofpasnple f, H3 KOTOPBIX OJHA COOTBETCTBYET OKPECTHOCTH i, a

JIpyrasi — OKPecTHOCTH Uy , He 00f3aHBl COBNAATh: OHH MOTYT OT-

JMYATBCS NMOCTOSHHLIM CJaraeMbiM (3aMeThTe, UTO OHH AeHCTBYIOT

B OKpecTHOCTH OJHOH H TOH e TOYKH 2’ ¥ no teopeMe | ux pas-

HOCThb MOeT ObITh TOJIBKO NMocTosiHHOl). ITostoMy nepBooGpasuas

BLOJIb NIYTH, SiBAASICH (PYHKIMeH napaMerpa f, MOXKeT He ObITb QYHK-
LHe# TOUKH 2.

Teopewma 3. Haa awboid ¢pynxyuu fe=H(D) u awboeo (nHe-
npepoisrozo) nytu y=D nepsoobpasnas [ edoav y cywecreyer u
onpedesserca ¢ TOYHOCTLIO 00 NOCTOAHHO20 CAQ2QEMO20.

«TIlycte myTh y OnpejensieTcss oroGpaxenueM 2=z (f): J — D.

Pa3so6bem orpesok J=[a, B] Ha n oTpeskoB Jp = [tk, 14 Ttak, uro6u
IBa COCEIHHX MepeCcEeKalHCh N0 OTPe3Ky (tk<z‘k+1<t;, th=a,t,=
=§; puc. 27). Ilonp3ysacb DPaBHOMEPHOH HENPEPHIBHOCTHIO (YHK-
uun 2(f), Mbl MoXeM BHIGpPATh Jp CTONIB MadbiMu, YTOGH HJIS1 JIO-
6oro k=1, ..., n o6pas z(J,) comepxancsa B kpyre UpcD, B xo-
TopoM | uMeer mepBooOpasHyio (mo teopeme 2).
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Cpenu cOBOKYIMHOCTH mepBooGpasHbix, AedcTByouwnx B U (oun
OTJAMYAIOTCS JPYr OT JAPYra IOCTOSIHHBIM cJjaraeMbiM), BeGepeMm
NPOU3BOJIBHO OHY, KOTOPYIO 0003HauuM uepes F,. PaccMorpum Ka-
KYI0-1160 nepBoobpa3nylo, nedcTBywoilyw B U, B nepecedeHHH
UiNU, ona Moxer oranuathcs oTf Fy JULIb NOCTOSIHHHM cJaarae-
MbIM (100 3TO — ;aBe NepBooOpasHble opHoll dyuruuu). [losromy
cpelu mepBooOpasHbIX, AeHCTBYIOMKX B U,, CYIIECTBYET O1HA, MBI
oBo3HayuM ee uepe3 F, kxoTopasi coBmajaer ¢ F; B nepeceueHuu
UiNUs,.

Hpoponxas ato paccyxpenue, Mul B Kaxaol U, BuibepeM mep-
BooGpasuyio Fj tak, uro Fp=F,—; B nuepeceuenun Up_4NUp
(k=1, ..., n). ®Pyuxuus

Oy=Fz(t)], t=p (=1, ..., nj,

6yner nepBooGpasHoli ¢ynxuwu [ BAOAL myTH y. B camom neae,
OHa, OYEBHUJHO, HENpPEpHIBHA Ha OTpe3ke J U AJAs KaXKA0# TOUKH
to=J nalizerca okpecTHoCcTb, B KoTopo#t M (f) =F|[z(f)], rne F —
nepBoo6pa3nas f, 1eficTByOULas B OKPECTHOCTH 2 (fp).

Ocraercs nokasaTh BTOPYIO HacTb TeopeMbl. [lyctb @4(f) w
@, (f) — nBe nepBooOpasHele f BIOAbL NYTH y. B OKPeCTHOCTH i,
Kakaoi Touku fo=J Mbl uMeeM @y=FM[z(#)] u Oy=F3[z(t)], rae
FO y F@ — nge nepBoobpasubie GyHKHUY [, HeACTBYIOIIHE B HEKO-
TOPOH OKPECTHOCTH TOYKHM 2(fp). OHH MOI'YT OTVIHYAThCHA JIHIIb TO-
CTOSIHHBIM CJIAaTaeMbIiM, T03TOMYy @(f)=@(f) — ®,(f) nocrosiHHA
B ut,. Ho JOKanbHO NMOCTOAHHAas B KaXKAOH TOYKe CBA3HOrO MHO-
)KecTBa (YHKUMA TNocTOsiHHA Ha Bcem MHoxecTBe '). [lostomy
®; (1) — DOz (t) =const naa Beex t=J »

Ecin n3sectna nepeooGpasHast GyHKUUH [ BOOIb NIYTH Y, TO HH-
Terpan ot [ nmo y Bhuucasercs no obuuHol ¢opmyne Hbiotona —
JleltGuyua: .

Teopema 4. Ecau y: z=z2(t), t=[a, Bl, — kycouno eradkuii
nyre u pynxyus f nenpepoisHa Ha y u umeer nepgoobpasnyro @ (f)
8doAb v, TO

[1dz=0@) - O (). - » (12)
v

< JlycTh cHawasa mytb y TVIaAKMH M HEJMKOM JIeXHT B ofJa-
crd, rae Qyuxkuma [ uMeer nepoobpasnyio F. ITo onpenenenuno

1Y B camom pgene, nycth §={t =J: @(t) =¢(f)}. DTo MHOKECTBO Hemycro,
u6o coaepxkHT fo. OHO OTKPHITO, KOO @ JOKaAbHO NOCTOSIHHA M BMeCTe ¢ KaKaoh
TOUKOK f B € BXOAMT HekoTopas OKpecTHocTb u;. Ho oHO u 3amkayro, ubo @
HenpepeiBHa (TaK K4aK OHa JIOKAJbHO [OCTOSHHA) M INO3TOMY U3 YCJIOBHH
@ () =@ () u 1,—>1t" caenyer, uro @{t")=¢(f). Ilo TeopeMe 2 uz m 4
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HHTerpaJa

’ i
[tdz= [ Tz(012 ) at, (13)
Y « :

a 1o onpejenenHio nepsoobpasHoll BAOML NYTH Aa8 Beex [ [a, P
@ (t) =F [2(t)]+const.

Tak kak Ana Bcex 2y cymectsyer F/(z)=f(2), a B cuay raaf-
KOCTH y 1N Bcex fe o, B] cyllecTByer HempepblBHas [POH3BO/-
Hasa 2’(f), To dyukuus @ ona Bcex f< [o, B] uMeeT HenpeprLIBHYIO

TPOU3BOLHYIO
@'ty =f ()] /(1)

Mpbr BufuM, uro ¢ysxuua @(f) sBasercs nepBoobpasHoll Hempe-
poiBHOI (QYHKIMH, cTosillell MoK 3HAKOM WHTerpasa B TPaBOH ua-
ctu (13).

ITo ¢popmyne Hprotona — JleliGuuua ans GyHkuui qefCTBUTENb-
HOTO nmepeMeHHoro notyyaem (12).

B obuiem ciyuae Mbl MOXeM pa3GuTb y Ha KOHEUHOE YHCJIO Ny-
Tell yy: 2=2(f), t =a,, ay] (=a<u<...<ap,=f), Tak, uro
KaXJABl U3 HUX #ABIfercd raalkuM H Jexur B obuacrtu, rae f
uMeer nepsoobpasnyio. ITo ToABKO 4TO 10Ka3aHHOMY

[fdz=®(a) =D (a)),

Vv

M, CKJaJblBasi BCe 5TH PaBeHCTBa, noayuum (12) »

Sameuanue 1. Ecin paccMaTpuBaTh BMeCTO HHTerpasa Pu-
MaHa uHTerpas JleGera, To TeopeMy 4 MOMXKHO TOYHO Tak Xe AO-
xasaTb Jiasa cupamaseMmbix nyTe#. OIHaKO MOXKHO HOHTH W Iasiblle,
Tlycers ¢yrkuus | ronomopdua B obnactu D, toraa mo teopeme 3
cyulecTByet ee meppoobpasnasi @ (f) BAoab NPOH3BOJBHOTO Helpe-
peiBHOTO NyTH y < D. YuureiBas TeopemMy 4, MBl ONpeZeJ UM
uHTeepan OT [ no npoussosbHOMY HenpepoisHomy nyTu y < D kak
mpupaniende ee nepBooGpasHoll BLOJAb 3TOrO NyTH Ha oTpeske [a, fi]
M3MeHeHUs MapaMerpa.

QOueBHaHO, 4TO NpaBas 4acTb (12) He MeHseTCs NpPU LONYCTH-
MBIX 3aMeHax napaMerpa. I1o3TOMy MOXHO paccMaTPuMBaThb HHTeE-
rpajd or roioMopgHBIX (YHKHME M TO JMIOOBIM (HemPepbIBHLIM)
KPHBBIM, 4

3ameuanue 2. Teopema 4 mossojser yOeauTbes B CIpaBel-
JIUBOCTH CHEJaHHOTO B Hauvajle NYHKTa YTBePXKAeHHA O TOM, YTO B
MHOTOCBSI3HOM 06JacTH He Kaxnaas ronoMopdHas QYHKUHA HMeer
nepBooGpasuyio, PaccMorpum obnacte D={0<|2|{ <2} u B He# ro-
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1
JOMOP)HYIO (PYHKUHIO f(z)=‘;', 3Ta (QYHKIHSA He MOXEeT HMeTh

B D nepsooGpasuoii. B camom pmese, eciu Gl mepBooGpasHas F
¢ynkuuu f B D cyuectBoBana, To Aas n0Goro nytH y: 2=z(f),
te [, ], nexamero B D, nepBoo6pasHoii BIOAbL 3TOrO NMyTH CJY-
Kusa O dpyukuus F[2(f)] u, no Teopeme 4,

[ tdz=F(6)~F(a),
¥

rae a=z(a) u b=2z(p) — koHuH y. B yactHOCTH, HHTerpai OT [
BIOMb JoGoro 3amkuyroro nyrd ycD, nas koroporo b=an, pas-
Hanxca Obl Hymwo. Ho Mo 3Haem (cM. npumep | B m. 14), uto uHTE-
rpan oT { BAOAL eIHHHYHOH OKpYXKHOCTH z=e'!, te= [0, 2n], 1. e.
HHTerpaJ

dz ,
== 2mi,
jzi=1

B 3ak/ioueHue mpuBeseM HECKOAbKO TEPMHHOJOTHUECKHX 3aMe-
yaHui. BMecTo uMHTerpHpoBanns ¢yHKuHH 4acto ropopart o6 uHTer-
pupoBauuu Jugppepenyuaronoix gopm. s dyHkunit AByx gefi-
CTBHTEJIbHBIX MepeMeHHHX X H y (JuHeliHble) nuddepeHualbHbIe

(GOpPMBI UMEIOT BH[
o=Pdx+Qdy, (14)

rae P u Q — GyHRUMH OT X W Y, 3aflaHHBIE B IWIockol oGmactu D.
®dopma (14) HasbBaercss 3amxnyroi B D, ecnn P u Q nuddepen-
HHPYEMH H
9P _3Q (15)
dy dx
BCioAy B 3Toi oGsactu. Drta $opMa HasLBaeTcd TOXHOU, eCNH CY-
mwectByer puddepeHnupyemas B D ¢yHkuus ¢(x, y) Takad, uTo

Bclony B D
Pdx+Qdy=de. (16)

Kak u B n. 6, OyleM BMeCTO X U gy paccMaTPHBaTh KOMIVIEKCHbIE
nepeMeHHble z=x+iy U Z=x — [y, nocJe fepexona K 3THM nepe-
MeHHBIM opma (14) npumer BuA

o=fdz+f,ds (17)

rae NoJoXeHo [, =—é— (P—iQ), f,= -%— (P + iQ).0OxHaKo B KOMILIEKC-

HOM aHaJu3e OOLIYHO DaccMaTpHUBAalOT 4YacTHHE BuUZ AubdepeH-
HHaJbHEX (OpM, IS KOTOPHIX KO3(pdHUUEHT NPH dZ PaBeH HYJIO:

o=Ffdz. (18)
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Monoxkum f=u+iv u dz=dx+idy, toria ¢opma (18) mnepe-
nuilercd B BHAe JHHEeHAHOH KOMOWHAUHMH [BYX JeHCTBHTEJNbHBIX
tpopm

o=01+ivs=udx —vdy+i(vdx+udy).

Yeaosua 3aMKHYTOCTH GopM oy M s B obdacta D cocrodr B

TOM, 4TO (yHKUMH 4 ¥ v HubdepeHuyupyemsl B D H Bciofy B8 D

ouw _9v  ow_ %0
ox  dy’ dy dox

(cp. ycaosue (15) samkHyTocTH dopmul w). Ho aro — ycnosue ro-
noMopdHoeTH QyHKUuu f B obnactu D. YyuTbiBass CKasaHHOe, MB
OyneM HaseBaTh GopMy w=fdz samxuyrod B obnactu D, ecnu
¢yukuus f roromopdua B 310l obaacTH.

®opma w=fdz HasbiBaeTcs TO4HOL B obaactin D, ecan cyuue-
cTByeT Takas rojoMmopduas B D ¢ynkuus F, uro Bciony B D

o=dF, (19)

T. ¢. ecan [ uMeer B o6aactu D nepBooOpasuyio F.

B n. 20 Mn fokaxeM, 4TO NPOU3BOAHAsH 0T rosioMopdHoll GyHK-
nvd Ttakxke romoMopora. Orcrioga ciaefyer, uTo BeAKas TOYHas
dopma [dz=dF nenpeMeHHO ABJseTcst 3aMkHyTo#. O6patHOE YT-

dz
BepIK/eHUue HeBePHO, BOT mpuMep: popMa o = —-3aMKHYTa B o6J1a-

ctu D={0<|z| <2}, Ho He TOYHa B HeH (cM. 3aMeuanue 2). OxHako
no TeopeMe 3 Kaxkjaasd 3aMkuyras ¢opma fdz 1O0KaAbHO TOUHA
(B OKDECTHOCTH KaXaoll TOYKH 2o &= D ee MOXKHO NMpeLCTaBUTb KakK

nuddepeHnuan GyHKHUHA f F(2)dg).
[20, 2]

B cnenyionieM nyHKTe Mbl yOenMMcss B TOM, Y4TO B O LHOCB 4 3-
Ho# obaactu y Kaxnofi ronoMopdHol QYHKUUHM CYILECTBYeT nep-
BooGpasHnad. [losaToMy B Tako# objiacTH Kaxaad 3aMkHyras dopMa
TOYHA.

[Toustne nuddepenunanbioll GopMel 0co0eHHO YAOGHO pJs
(QYHKUHA HECKOJNBKHX KOMIVIEKCHBIX nepeMeHHbIX (cM. uyacth II).

16. Tomoronus. Teopema Kowu. 312 ocHOBHAas B HHTErpabHOM
HCUHCJIEHHH TeopeMa COCTOUT B TOM, YTO HHTerpan ot roJioMopd-
HOH B HeKOTOpoU obsacTi PYHKUMH Mo A1060MYy 3aMKHYTOMY MyTH,
KOTOpHI{l HellpephBHOH pedopMauied BHYTpu 061acTH CTATHBaeTcs
B TOYKy, paBed Hyn10. Ona, takuM obGpasoM, 0006UiaeT OCHOBHYIO
JIeMMY HHTErpajbHOrO HCYHCJEHHsl, [0Ka3aHHYI0 B NpPeablAyHem
nyuxre. Mol nonyunm TeopeMy Kowu xak ciaeiactsue Gosee obiuef
TeopeMbl 00 HHBAPHAHTHOCTH MHTErpajta OT roloMOop(HBIX (yHKUHEH
OTHOCHTE/NBbHO HeNpephiBHLIX AeopManui NYTH HHTErPHPOBaHUSA
(Teopema 1). IepeiineM K TOYHBIM QOPMYNHPOBKAM M J0OKasaTesb-
CTBaM.
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Jsist npocToThl MpedNONOXKHUM, YTO AJS BCEX paccMaTPHBaEMBIX
nyTed mapaMerp { MeHseTCAa Ha OJHOM H ToM Xe oTpesxke J=][0, 1].
DTO npennosoxeHue HE OrpaHuunBaeT oOMIHOCTH, HOO eMY BCeria
MOJKHO YAOBJETBOPDHUTh NPH NOMOILH AONYCTHMOH 3aMeHbl mapa-
MeTpa, KoTopasi 3aMeHUT IYTh €My 3KBHBAJIEHTHBIM M COXPAHUT 3Ha-
YeHHe UHTerpasa BAOJb IYTH,

Onpenenenue 1. IBa nytu 2(¢): J =D u z(t): J—D
cobmumMu KOHunamu 2(0)=2,(0)=a u 2(1)=z,(1) =b uassl-
BAIOTCS 20MOTORRbIMY B 06aactu D, ecau cyHlecTBYeT HelpepLIBHOE

Puc. 28.

orob6paxenue z(s, £): S XJ—D (uepes JXJ Mbl 0603HauUaeM Tpo-
usBeleHHe oTpeskoB, T. e. KBagpar 0 Ls L1, 0K 1) raxoe,
4TO

2(0, H=z,(t), =z(l, )=z (1) (ts)),
2(s, O)=a, 2(s, D)=b (s (D

OBa 3aMKHYTH X 0ytd Z(f): =D u 2(f): / —D Hnasw-
BAIOTCSl eOMOTOnKbIMU B oOnactd D, ecau cyuectByer Takoe He-
npepeiBHOe oToOpaxenue z(s,f): JXJ—D, uto

2(0’ t)EzO(t)’ 2(1, t)Ezl(t) (tEJ)
2(s, 0)=2(s, 1) (s ). (2)

IIpu GurcHpoBaHHOM S=Sy & J QyHKUUA 2(So, t): J— D onpe-
nenser nyTh B o6Jactd D, OpuYeM TakHe NYTH HENpPepLIBHO Me-
HAIOTCs1 TPH M3MEHEHHH Sy H MX ceMelcTBO «cBsidpiBaeT» B D nyTu
20(f) m 24(f) (Ha puc. 28 3TH «IPOMeXKYTOUHBIE» NYTH H300pa’KeHb
- myakrupom). Takum o6pa3oM, TOMOTONHOCTb ABYX nyTell B obJa-
¢ty D o3payaeT BO3MOXKHOCTb HeNpepblBHO Ae(OPMHPOBATh UX
npyr B apyra sayrpu D. Ha puc. 28 nyTH yo # y; TOMOTONHBL, a y
He rOMOTOMEH HM.

FoMoTONHOCTb TPHHATO 0603HAUaTh CUMBOJIOM ~, TaK 4YTO €CJIH
NyTb yo FOMOTONEH NMYTH Y1, TO Mbl OyAeM NHCATh Yo~ Yi.

6 b. B. lllaGar
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OueBHAHO, YTO TOMOTOMHOCTH YAOBJETBOpsieT OOBLIUHBIM aKCHO-
MaM 3KBHBAaJEHTHOCTH (ped/IeKCHBHOCTH, CHMMETPHUYHOCTH W TpaH-
saTuBHOCTH). [ToaToMy B ZaHHOH 06/1aCTH BCe nyTH ¢ OGIIEMH KOH-
1laMH HJIH BCe 3aMKHYThlEe NYTH MOXKHO Pa3bUTh Ha KJacChl, KaXKAbil
U3 KOTOPHIX OOBEIUHSET BCE FOMOTOIHBIE IPYr APYrY NYTH; Takue
KJI12aCChl Ha3HIBAIOTCS 20MOTONRUUECKUMU KAQCCAMU.

Cpelu KJaccoB 3aMKHYTHIX MNyTeH Bblaensercs Kaacc NIyTed,
rOMOTONHBIX HYJ1I0. [OBOPAT, 4TO 3aMKHYTHIH TyTb y 20MOTONEH
Hyao B obaacty D, ecsu cyllecTByer HempepbiBHOe oroOparkeHue
z(s, 1): JXJ — D, ynosnerpopsiiolee ycnoBusaM (2) u Takoe, 4TO

z1(t)=const (3to0 o3Hayaer, uYTO Y

4 HenpepuiBHOH JpedopMauueisi BHYTPHU
,i D ctaruBaerca B TOYKy). MoxHO j0-
How KasaTb, UTO ABa NYTH y; H y2 ¢ 00-
2 IIMMH KOHUAMH TOMOTONIHHI APYI ADY-

Ty TOTAAa M TOJbBKO TOTAa, KOTAZ HX
pasHocTb (T. e. oObenHHEHHE TyTed ¥y,

H y;) TOMOTOIIHa HYJIO.

B onnocBaswoi obaacta mo-

Ky O6olft 3aMKHYTHH NyTh TOMOTOIEH

i § HYJIO H, 3HAYHT, JioOble ABa OYTH C

4 ! OGIMMH KOHIIAMH TOMOTOIHBI ADPYT

Puc. 29. IpPYTy (3TO CBOHCTBO MOXKHO GHIJIO

Obl NPHHATH 3a OnNpejeseHHe OIHO-

cBstaHOCTH). Ilo3TOMY B OZHOCBSI3HEBIX OGsacTax pasbueHue Ha ro-
MOTONHYECKHE KJAaCChl TPHBUAJABHO,

Tax kaK roMOTODHOCTB ABYX NyTeld, OYeBHIHO, HE HapyUIAETCA
NpH ZONMYyCTUMHIX 3aMeHaX lapaMeTpa, TO 3TO MOHSITHE pacmpocTpa-
HeTcsl Ha KpuBble. iMeHHO, nBe KpuBble (C OGIIHMH KOHLAMH WJIH
3aMKHYTbI€) HA3HBAWTCH 2oMoTONHbMY B 0OacTd D, eciu B D roMo-
TONHBI MYTH Yy U Y2, IPEACTABJSAOIINE COOTBETCTBEHHO 3TH KPHUBbIe.

IlepexoiuM K 40Ka3aTeJbCTBY TEOPEMHE! 06 HHBADHAHTHOCTH HH-
Terpasja NpH FOMOTONHBIX HeOpManHsAX NYTH HHTErPUPOBAHHS.

Teopema 1. Ecau ¢pynryusn fe H(D), a y1 u yo — 08a nyru,
eomoronnule Opye Opyey 8 D xax nytu ¢ o6ujumu KOHyamu uiu
KaK 3QMKHYTole nYTU, TO

[ tdz= | tdz. (3)
Yo Y1

< Bynem cumraTth, YTO OTDE3KOM H3MEHEHMs1 mapamerpa ! 118
nyTed yo U y; cayxkur J=[0, 1}, nycte 2(s,f): JXJ—D— ¢pyuk-
uMs, onpejensiomas HX romoronHioo (cM. onpeaenenue 1). Ilo-
CTPOMM CHCTeMY KBaApaTHKOB Ky, (m, n=1, ..., N), nokpsiBao-
mux xBaapar K=JXJ rtax, uto KaXieiit Ky, nepecekaercs ¢ Ka-
KIbIM COCeIHHM KBaapatHkoM (puc, 29). B cuay pasHOMepHO#
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HENMpepLIBHOCTH QyHKUMH 2(S, f) KBaApaTHKH Knn, MOMXKHO BhIGpars
CTONb  MeJKuMu, utoGbl o6pas 2(Knun) coOZepxKaicas B Kpyre
Unwnc=D, B koTOpoM ¢yHKUWHS [ uMeer nepBooOpasuyio Fp, (Mbl
noJb3yeMcd TeM, YTO JIOKAJbHO Kaxpaas rojoMopdHas GyHKOHA
uMeeT nepoolbpasHyio). PUKCHPYEM HHAEKC m u OyIeM MOCTYIAaTh,
KaK TIPH J[0Kas3aTe/bCTBE TeopPeMbl 3 W3 MpeAblLyIlero myHkra. Bol-
6epeM MTPOU3BOJNBHO NEPBOOGPA3HYIO Fpy, AeHCTBYOILYID B Uy,
a neppoo6pasnylo Fp, AefcTByomyto B U, noalepeM Tak, 4TOOb!

mi=Fms B nepecedeHud Up(1Upmy (MBI mOJB3yEMCS TEM, UTO IBE
neppoo6pasHble [ B 9TOM NepeceyeHHH MOTYT OTJIHYATBbCSA JIHIIL HO-
CTOSSHHBIM caaraembiM). TouHo Tak e noaGupaeM nepBooGpasHble
Fra, ..., Fun (tag, uto Fo nt=Fmn B Um, nsaVUmp) u cTpOuUM
pyHRUUIO

D (s, ) =Fpnl2(s, 1)] ana (s, HEKmn (n=1,...,N). (4)

Oyuxuus @,,, OUEBHUAHO, HeNpepblBHA B [PAMOYTOJbHUKE
N
K= U Knn ¥ ONpefie/ieHa C TOYHOCTbIO O NOCTOSHHOTO CJjlarae-
n=1
Moro. Mul BeIGHpaem npou3BosnbHO My, a @, noabHpaeM Tak, YTOGH!
@=®, B nepeceuenuu K;(1Ky!). Touno tak xe noxbupaem ¢hyHK-
uiu @y, ..., Oy (Tak, ur0 Op=Vpy B Kn1Knt) 1 crpouM PyHk-
j18%916)
@(s, 1) =WOpn(s, t) maa (s, ) =sKn, (m=1,..,N). (B

Ilpu ¢ukcupoannoMm seJ oyukuus D(s,?), OYeBHAHO, fIB-
JasieTcs nepBoobGpasHoit BAOABL NYTH ys: 2=2(S, ), {&/, nostomy no
¢dopmyte Hototona — Jleitbauna

[fdz=d(s, 1) =D, 0). 6)

Ys

Hanee pasGepeM OTAeNbHO ABa Cydasi:

a) Ilytu y1 u yp uMeror oOmye KoHLB. B atom cayuae 1o
onpeiesieHHI0 TOMOTONMHU Aasi Joboro seJ umeem 2(s,0)=a u
z(s, 1)=5b. CnenoBarennno, pyukuuu @ (s, 0) u @ (s, 1) noxkanpHO
MOCTOSHHBI B KaxJAofi Touke J, U, 3HAYUT, OHH TIOCTOSHHHI Ha 3TOM
orpeske. Takum obpasom, @ (0, 0) =D (1, 0), ®(0, 1)=D(l, 1) u
u3 popmysist (6) Mbl nonyuaem (3).

6) Ilytu yi ¥ y2 3aMKHY TH. Tak kak B 3TOM cilIyyae 2(s, 0) =
=z(s,1) mia nwboro s/, to ®(s, 1)—D(s,0) JoKanbHO NO-
CTOSIHHA B KaXJAou Touke J u, cjJefoBaTeNbHO, IMOCTOAHHA HA -BCEM
sToM orpeske. [loatomy us (6) onstTh BbiTekaer (3) »

) 3to MoXkHO chenaTh, Tak Kak OYmkuuss @p— @i, 6GyAYyIH JOKAJLHO [1O-
CTOsHHOM H HenpepbiBHOK Ha cBA3HOM MHONecrse K {1 Kp moctosnua.

6#
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3ameuanune. IleppoHayanbHO Mbl BBedM MNOHATHE HMHTErpasa
A4St MYyTH M 3aTeM YOeNHIHUCH B TOM, UTO (AKTHUECKM HHTETpaJ
ompejefeTcs He NYTeM, a KPHUBOM, T. €. KIacCOM IKBHBANEHTHBIX
nyTeH TeopeMa I noxkaseiBaer, 4To B clyyae roioMop¢dHbIX QyHK-
IITH MOXKHO MOATH JaJsbllle U YTBEPXKIATh, UTO B 5TOM CJydYyae HH-
Terpa’l onpenensieTcsi He KPHUBOH, a TOMOTONHYECKHM KJac-
C O M, KOTOPOMY NPHHAJJIEXHUT 3Ta KpHUBasd.

M3 nokazaHHO# TeopeMbl IPOCTO MOAYyUaELTCH

Teopema 2 (Komu). Ecau ¢pyrryus fe=H (D), 10 ee unre-
epar no arobomy 3aMKRYTOMY nyTu yc=D, 20MOTORHOMY HYarO 8
70l 004aGCTU, PABEH HYAIO:

f fdz=0, ecau y~0. (7)

< Tax kak y~0, 10 3ToT nyThb MOXKHO B D romoromnHo aecpop-
MHPOBAaTh B 3aMKHYTBIA NYTh yi: 2=2,(f), t</, nexamuil B Heko-
topoM kpyre UcD. Ilo teopeMe 3 mpeabiAymero nyHkTa GyHKUHUsS f
umeer B U nepsoobpasnyw F, u, ciejoBaresbHo, NepBoobpasHoi |
B1Oab vy Oymer dyuxuus Flz(f)]. Tax kak 2,(0)=z(1)=a
(0yTb yy 3aMKHYT), TO 1O opmyne Hporona — Jlehbruua

[tdz=F(@)-F(a)=
Y1

Ho no Teopeme | mHTerpans ot f mo y ¥ y; paBHEL, CAef0BaTENbHO,
HHTeTpaJ OT [ 0 y paBeH HyJIO »

Taxk Kak B OMHOCBS3HON 006,1aCTH KaXIblil 3aMKHYTBI NYThb TO-
MOTOIEH HYJI0, TO AJs Takux ofsacTeit TeopeMa Kowwu dopmyn-
pyercst ocoGeHHO IPOCTO:

Teopema 3 (Kouwu)., Ecau ¢pynxyua f eoromopgpra 8 o0Ho-
cgasnoil o6aactu D C, to ee uwrezpanr 800ab 1106020 30MKHY-
1020 nytu y < D pasen nHyswo. -

Beuay BaXHOCTH 3TOH TEOpeMBl TNpHBELEM ellle ee 3JeMeHTapHoe JoKa3la-
TebCTBO B ABYX NOINOJHHTE/IbHBIX MPEANOIOKEHHAX: 1) HpOHSBOlIHaH {’ mempe-
poiBHal) B D u 2) y-— rnajikufi :KOpIaHOB NYyTb.

Us BTOPOTO NPEITONOAEHNs CJEIYeT, UTO Y ABIAETCH rpaHHueu obnactu G,
npuHaanexalell obaacty D B cuny oxnocsasnoetH nociennedl. [Tepsoe npenno-
JIOXKEHHe TO3BOJsAeT NPHMEHHTh H3BeCTHYIO U3 aHaausa QopMmyny Pumana —

I'puna
Jde+Qdy ff —————)d dy, ®

1) Cxopo Mb yfenuMcs B TOM, YTO 3TO NPEANIONOKEHHE BLHINOJHAETCS aBTO-
MATHUECKH A/ TOJOMOPGHBIX (YHKUKE.
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0pH BHIBOJEe KOTOpOH TpebyeTcsi HenpepblBROCTE B G 4acTHHIX NPOM3BOJHBIX
oyakuuit P u Q (uepes OG 3pech oGosHavaercA rpanuua obaactu G, npoxo-
AHMasi NpoTHB u4acoBoH crpeaku). [Ipumensas 3Ty dopMmyay X neficTBHTeNbHOH
H MHHMOW uacTAM HHTErpanja

ffdz= fudx—vdydri fvdx-i—udy,

0G aa aa
MbBl NOJNYYHM

" ov du  ,{0u ov
aifdz”u {*W“a_y“(ax ay>}dxdy

Ilonp3ysich cUMBOJOM KOMIIEKCHON HPOH3BOIHOM (cM. n. 6), MH nepenuuieM

a
0z
nocjefHee COOTHOLIEHHe B Buae PopMyan

ffdz=2iff%dxdy, (9)
aG G .

KOTODYIO MOXKHO DaccMaTpuBaTh KaK KOMILIEKCHYIO 3amuck GopMyasl Pumana —
Ipuna.

of
Tax kak B cuiy rosomopdHocTH 35 = 0, 10 Teopema Komu (B crenaHHHX

JONIONHUTENbHBIX NPEATIONOKEHHAX) HEMOCPeACTBEHHO BbITEKaeT W3 3Tofl dop-
MYJIHL.

M3 teopemb Kowmn (B nocaennefi GpopMmy/upoBKe) MpOCTO Bbi-
poautrcsa raobanbHas TeopemMa O CYIIECTBOBAHHH nepsooépasﬂou
LA OIDHOCBSI3HOUW objacTu:

Teopema 4. Bcakas gpyHuk-
yus f, eosomoppuas e 00HOCBA3-
Hotl obaactu D, umeer 8 stoli 06-
‘AacTy nepsoobpasHyro.

< JloxaxkeM, uro B D uHTerpas
0T [ 1O He3aMKHyTOMY NYTH He
3aBUCHT OT Bbi6Opa 3TOr0 MyTH
1 TOJIHOCTBIO Onpele/sieTcss ero
HauajJoM M KOHUOM. B caMmowm geie,
NycTh Y1 U yo— ABAa NYTH, COeIH-
nsomue B D Touknau b (puc. 30).
Des orpanuveHus oOMHOCTH MOXK-
HO CYHTaTh, UTO IJSl y; HapaMerp
MeHsieTcsl Ha otpesxe [o, Bil, a pns
v2— na otpe3ke [B1, B] (a<<Pi<p). O6o3znauum uepes y obnenn-
Henue MyTeH vy, W Yy, 3TO— 3aMKHYTHIH NyThb, JieKamui B obJaa-

cru D. Tlo cBoiictBam unTerpason

ffdz—ffdz—ffdz,

Y2

Puc. 30.
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HO 1o Teopeme 3 HHTerpaJs oT f no mobGOMY 3aMKHyTOMY nyTH y < D
paBeH HyJIO, OTCIOJA M CJefyeT Haue yTBepKIenue !).

DukcupyeM Tenepb Touky a & D w GyleM CcuMTaTh @ HayajJoM
nyTH#, jnexauero B D, KOHell KOToporo 2 OyreM CYHTATh {IpOu3-
BOJIbHBIM. ViHTerpan ot f no atoMy myTH (KOTOpBI MBI 0003HAUHM

—
yepes az) siBNSeTCA (PYHKIHEH TOUKH 2:

F@)= [ [@)de. (10)

ITosTopsis B TOUHOCTH PaCCYKJAeHHS, NPOBENEeHHbIE NPH A0Ka3a-
TeJbCTBE TEOPeMHbl 2 U3 MPeAbIAYILero HYHKTa, Mbl yOeJUMCS B TOM,
uyro F ronomopdua B D u uro F/=f B xaxmuo#i Touke zeD, T. e.
uto F aBasiercs neppoo6GpasHoil [ B obaactu D »

[Mpumep ¢yrKUUH f=—zl— B obnactu {0<|2| <2} (cM. 3ameua-

Hyue 2 B OpelbAyILeM TYHKTe) MOKasblBAeT, YTO YCJIOBHE OJHOCBS3-
HocTH 00/1acTH B 3TOH TeopeMe CVYIUECTBEHHO: A MHOTOCBS3HBIX
ofsactel ryobGanbpasl TeopeMa CYyLIeCTBOBAHHS MepBOOGPasHO,
Boo0llie roBOPs, HeBepHa.

17. O60o6menns Teopemnl Kowu. Tor ke mpuMep mokaseiBaer,
YTO B MHOTOCBA3HON 00JacTH HHTerpan oT ronoMopdHofl GyHKuun
Mo 3aMKHYTOMY NyTH He 0043aTeJbHO paBeH HYJIO, T. €. TeopeMa
Kown B TOM BuJe, KaK OoHa c(OpPMYy/IHPOBaHA B TeopeMe 3 npennl-
Jyulero NyHKTa, Ha MHOTOCBA3Hble 00JI2CTH He paclpocTpaHsercs.

B ¢opmysupoBKe TeopeMbl 2 MOPAMOK CBSA3HOCTH HECYILECTBEH.
OueBHAHO, YTO 3aMKHyTasg KPHBAas OMOTONHA HyJio B obiactu D,
eCJIM OHa ABJIsIeTCs rpaHulleil Hekotopodh oOnacty G &D (ee MOXKHO
nedopMHpPOBATE B TOYKY, CTATMBas B TOUKY obnaactb (). Ilostomy
TeopeMy Komu MOXKHO POpMYyIHDPOBATh emie u Tak: ecau QyHKuus f
ronomop(bﬂa B ob6nactu D, a ob6sacte G &D u orpaHuueHa Hempe-
poiBHON KpuBoil dG, To uHTerpat or [ no dG pasen HyJTI0.

Jaa npuMeneHul nonesHo HMeTb 00o0ileHine 3TOH TeopeMbl Ha
caydait, Koria obaacte G He 06s3aTe/lbHO OAHOCBA3HA. YtoGHI
chopMyaUpPOBaTh 3T0 06061eHYe, BBEEM:

Onpenpneaernue. [lycts. rpaHuna koMnakTHoit?2) oGaactu G
COCTOUT M3 KOHEUHOro YHCJa 3aMKHYTHIX KPUBBIX v, (v=0, ..., n—1).
Bynem cuurare, YTO BHEUIHSiS PaHHUA Yo, T. €. KPHBas, OTAEJSIO-
mas toukdu G oT GECKOHEYHOH TOUKH, OPHEHTHPOBaHa IIPOTHB 4aco-
BOH CTPEJIKH, a OCTaJbHble TPaHUYHBIE KpUBLIE ¥, (v=1, ..., n— 1) —

1) Bro yTBepmAeHHe MOKHO MOJYYHTb HENOCPEACTBEHHO M3 TeopeMul I, ecan
BOCIIOJIb30BaTbCA 3aMeuaHHEM, YTO B OJHOCBA3HOM o6jacTu JioGble ABa OYTH
¢ o6LIMMY KOHLIAMH FOMOTONHH APYr ApPYrY.

2) HanomuuM, 4TO KOMNAKTHOU HasbiBaeTc o6aacTb G, saMblkaHHe KOTOPO#

8 C cocront quwb H3 KomeyHHx Touek (G &C).
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10 yacoBOH (HMHBIMH CJOBaMH, 'DaHHYHble KDHBbLIE OPHEHTHPOBaHMI
Tak, 4To oOnactb BO BpeMsi 00X0Ja TpaHHUL BCerga OCTaercs
cnesa (puc. 31). I'panuny obnactd G c Tako# opuentanuedl Mbl
OyleM Ha3bIBAaTb OPUEHTUPOBAHHOU 2panuyed u 0003HAYaTb CHM-
Bosiom 0G ). ' :

Puc. 31. ] Puc. 32.

Temepr MBI MOXKeM chopMyaupoBaTh 0GOOIIeHHE TeopeMbl
Koy, 0 KOTOPOM rOBOPHJIH BHILIE:

Teopewma 1. ITycte ¢pyuxyus fH(D) u G — awbas xom-
nakTHO npuradiexncaujas D obaacte, oepanuuennas KOHedHbIM Ylic-
aom kpuswtx. Toedn uuntecpas oT [ no opueHTUpoBanHold eparuye
obaactu G pasen Hyato:

[tdz=o. (1)
oG

<« IMposesem B G KOHeuHOE UHC/IO DPa3pe3oB Ay, CBASHIBAIOMIMX
KOMIIOHEHTbl TPaHHUB! 3TOH oGnaacTH (Ha puc. 32 MH /1S HarJsgA-
HOCTH H306pasuM 5TH paspesbl, COCTOSIIUMH H3 ABYX Oeperos).
OueBHIHO, UTO 3aMKHyTas kpuBas I', cocrosilas M3 OpHEHTHPOBaH-
Hoit rpanuus 0G u cosoxynHOCTeﬁA+= UAs u A" = U Ay, roMoronsa
nymo B o6aactu D 2). B cuny CBOHACTB HHTErpasioB

[tdz= [fdz+ [fdz+ [fdz= [ tdz,

r GYe] A ac

a tak Kak I'~0 B D, 10 mo Teopeme 2 npenbIAyIIero myHKTa Mbl
nonyuaem (1) »

B HekoTOpHIX BONpocax nosesHo KMeTb GoJee o6Liu Pe3YJLTAT O paBeHCTBe
HYJII0O HHTerpana no rpasulle camoii o6aacTd D, a He TOJbKO obaacTefl, KOMOakT-
HO el mpuHaAJeXalluX. SIcHo, uTo Ge3 AOMOJHUTENBHBIX YCJIOBHA TAKOH pesyilb-
TAT NOJNYYUTb HeJb3dA, HOO (GyHKUMA MOXKET He ObiTh’ onpeaeseHHol Ha dD. Mui

1) 3aecb Mbl HONb3YEMcA TEOMeTDHYECKHMH MpeAcTaBjeHHsMU O6 OpUEeHTH-
posanno# rpanune. Popmanbuoe ee onpenenenue cM. B 0. 13 u. IL

2) DTo MOXKHO A0Ka3aThb WHAyKuUMEH mo 4ucay KomnoHent dD. 3amerum on-
HaKo, 4YTO (opMaibHOE JOKa3aTeNbCTBO BCEr0 MPOBOJAMMOIO 8jiech NOCTPOEHHs
ROCTATQUHO I'pOMO3JKO.
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IpHBEJEeM eCTeCTBEHHble AONOJHHUTENbHBE YCJIOBHsA, B KOTOPHX Takoe oGoflleHHe
Teopembl Koluu HMeeT MecTo.

Teopema 2. [Tycre ynxyua | 2o0a0mopra s KOMNAKTHOL 06.4aCTU D,
02PAHUHEHHOU KOHEUHbLN 4UCAOM CNPAMAAEMBIX KPUBBLX, U HENpEepLleHa 6 D.
Tozda unrezpar oT [ no OpuUEHTUPOBAHHOU epanuye 3Toid 06AACTU PABEH HYAMO:

ffdz=o. @)

<« DBes orpanuuenus OGIIHOCTH MOYKHO CuuTaTh, uyTo D — OfAHOCBA3HAA 06-
JaacTh (1. e. dD cocrouT u3 oaHOH KpHBOI), nGO HNpHEMOM, NPHMEHEHHLIM MpH
JIOKa3aTeJIbCTBE TeopeMnl 1, ofuwHit cayuyadl CBOAHTCH
Il 2 | K atomy. JaibHelliee 10KazaTeabcTBo ') pasofbem Ha
f TpH 3Tana.

! 1°. Tlyets y— cnpsMasieman xpubas H d(y) — ee

{ }’ auametp 2); myctb miockoets C moxpmTa cetkoit mps-

A; //:/ MBIX, Tapajae]bHbIX KOOPAMHATHHIM OCAM, NpUHYeM
]
l
]

CTOpOHA KBaJApaTOB CETKH

- e e e e e s S s oy

e< ———_. d (y). (3)
3V2
Ioraxem, uro cymma Ouamerpos Keadparog cer-

Puc. 33. Ku, nepecexaouuxca ¢ vy, ke mnpeBocxoaur 9 V 2ivyl,
rae vl — aanna Kpusoi v.
B camom gaene, nycts {Ki}. i =1, — (KoHeunas) cOBOKYNHOCTb KBaJAPaTOB

CeTKH, nepeceKawuiuxes ¢ y, u K; — KBajpaT co cTOpoHoR 3& ¢ TeM IKe LEHTpOM,
yto K; H Tak Xe paCHOJIO)KeHHbIﬁ (puc. 33). B cuay ycaosus (3) vy OMKHa
BBHIXOJHTL HA rpaHuly (?Kl, cJaeoBaTeNbHO, AJMHHA YacTH Yy, JexauieH B Ki'

[vnK;|>e. )

r
l
]
]
!
|
i
1
L

KpoMe Toro, Mul uMeeMm

iZ}lvﬂKiKgle )

u6o |y| = 2 lvyNK;l, a B cymme 2 ’ yﬂK ] MBI CYHTaeM KaxKAyio U3 IJuH

IyNK;] He 60J1ee 9 pas. U3 HepaBeHCTB (4) u () moayuaem, uto
D dK)= 2 eVe<VZ D |ynKi|<oV2iyl. )
= ier tel
2°. Tlycrs dyukuusa f onpenenena na muoxectse M < C u 0 — nosoxurenn-
Hoe uncio. Modyarem wenpepoisroctu [ na M uasbiBaerca BeHuMHA
ar(8)=sup | f(z1)—f(22) | s 21, o= M, | 21—2, <4,

WssectHO, yTO ecan M — KOMIIAKTHOe 3aMKHYTOe MHOXeCTBO, TO AJs HENPepbiB-
HOCTH [ Ha HeM HEOGXOJAMMO W [0CTaTOYHO, 4TOGH @;(0) -0 npu & —> 0.

'} 3ro nokasareancTBo HaMm coobmua JI. . VBaHos.
2) Tlon OQuamerpon d(M) MHOXeCTBa M <C nonumaercsa mpepxuas rpasb
paccrosuuit |2 — 2”| mexay Touramu 2/, 2" =M.
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Hoxaxem, uto ecau f Henpepviena Ha SaMKHYTON enpanasemol Kpusoil vy,

ffdz
¥

rae d(y) — AnaMeTp KpHBOI Y.
B camom gene, B cuay Toro, uto maTerpas or dz no y paben HYa0, Aas
JIOGOH TOUKH Zo €y uMeeM

[taz= U@ -r @z
Y Y

Tak kax {f(2) — f(z0)| <o;(d(y}}) nan Beex z <y, 10 oTcIOMA npocToil oueHKOH
nonyuaem (7).

To
<op{dy)) vl (7)

3. Tenepb OyneM NOKas3biBaTh yT- Y]
BepikAeHue TeopeMbl. [Tokpoen C cer- "
KoH, Kax B 1° M DpeACTaBHM HHTerpat /

(2) B BHJE — po—

|-~
ffdz~2‘ f fa'z+2‘ ffd % ”7 y
Y }

il 8 (DﬂKi ’ ?
Lo |/ %L— IN\=|
rjle MepBas CyMMa PacipoCTpaHeHa Ha UUQV

kBaapatu {K;}, { =1, nepecexawoniue-
ca ¢ dD=vy, a BTOpPasg — Ha KBajapaTHI,

<X

HeJHKOM COCTOSIIME M3 BHYTPEHHHX Puc. 34
Touex D (oma paBHA HYJI0 MO Teopeme T
Kommn).

Hna xaxporo i 1 nepeceyenne D | Ki cocTONT M3 KOHEYHOTO WM CYETHOLO
MHOXKeCTBa KOMIOHeHT (Ha puc. 34 D[] K; COCTOHT 43 OAHOH KOMIIOHEHTH, &
DNKj—mus Tpex). K rpanuue kamnoii xoMnoHeHTH D (1Ki Mb mpumennm ne-

paBeHcTBO (7), B KOTOPOM NEpBHIli MHOYKMTERb 3aMeHHM BEAHUHHOM (of eV2)—
MOAYyJAeM HempephiBHOCTH [ Ha D aas 6—8V2 (Mbl YuuTHIBAEM, 4YTO ARAMeTp

TpaHHIB Kakioll KOMIOHeHTH He mpepocxoxnt €V 2 n uro ©(d) — HeySmBao-
masa ¢yukuus or 0). 3areM M cloXMuM Bce TakMe HepaBeHCTBa (mpu (UKCHpO-
BAaHHOM ) M yuTeM, 4TO 00bellHHeHHe rpapull BceX KOMIOHEHT coctouT u3 y (1 Ki
H HEKOTOpOI'o MHOMXKeCTBa Touek na dK;, [OJAuHa KOTOPOTO He TPEBOCXOLHT
{0Kil=4e. Takum oGpasom MB Noayunm

f fdz|<ao; (€¥V2) (IvNKil+4e).
o (DNK;y)

IMoacrasass ato B (8), GydeM uMeThb

ffdz @ V) Y (19K +40) =@ (eV’z‘)(lvl+4Zs>-

iel =4
Tenepb BOCNOJb3yeMCH HEPaBeHCTBoM (6), H3 KOTOpOTO c/jenyer, UTo 2 e

ier
ffdz
v

< 9y, noayunm
<lylo(eV2)
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OcraeTcs_3aMeTuTh, 4TO B CHIY PaBHOMepHOH HenpepbiBHOcTH [ Ha D penu-
UHHA O (eV'2)crpemntess k O mpu £->0, a Tak Kak € MOXKHO B3STb CKOJb

YIOJHO MajhiM M OLEHHBAEMBbIl MHTErpajl He 3aBHCHT OT €, TO OH paBeH HYJIOMP

18. Hurerpansuas dopmyaa Kowmu. 3pech Mbl NOJYyYHM Tpen-
craBnenne ¢YHKIHH, TOJOMOP(HBIX B KOMIAKTHOH oOsacTH, fpH
NOMOILY HHTEerpasja 110 TPaHuue 3ToH obsactu. Takoe mpencrasie-
Hue, KaK Mbl YBHIUM, HaXOLUT Ba)KHble MPHMEHEHH Kak B Teope-
THYECKHX, TaK ¥ MPaKTHYECKUX BONpOCaXx.

Teopema 1. ITycte f=H(D) u G — komnaxTHo npuradie-
aauwan D obaacto, 02paHuUueHHAn KOHeuHbIM 4uciom (Henpepols-
noix) kpusotx. Toeda 8 aw060i Touke z=G pyuryus f npedcrasuma
a8 sude

f@ = [ 1% a, M)
oG

20e 0G — opuentuposannasn eparuya G (cM. ctp. 87).

Benuuuna B nmpaBoll yacTH 3ToH (GOpMYyJbl Ha3blBaeTcs HHT e-
rpanom Kown.

< BospMeM p>0 takuM, utobul xpyr Uy={2": |2 —2|<p} =G,

u obosHauuM G,=G\U,. Qyuruus g (f) = chz)' rojoMop¢Ha

B Gp, KK UacTHOE ABYX roJOMOPYHEIX (QYHKIHH CO 3HaMeHaTeneMm,
OTTHYHBIM OT Hyad. [1o TeopeMe | mpenninyilero nyHkra (OHa OpH-
MeHuMa, u6o g rosoMopdHa B HEKOTOPOH 06J1aCTH, KOMIAKTHO CO-
pepxaieit Gp) nuMeeM

1 1 (f@a 1 [ f©dg
mfgdé—'z‘;u* T T ) = =0
aop oG 0Up

rie okpyxHocTh OUp={{: |{ — 2|=p} opueHTHDOBaHa NpPOTHB Ha-
COBOH CTPeJKH.
Takum o6pasom,

1 i®dy 1 F(g) dg
_2—:?.[ t—2z  omi f (-2 @
oG av,

rie yucao p>0 MOXKHO CUHTATh CKOJMb yroiHo MaabiM. Tak kak
$yHkuus [ HempepbiBHA B TOYKE 2, TO Ans J1060ro >0 MOXKHO Bbl-
6patb yucsio 6>0 cTONb MaNBIM, 4TO APpH Pp<d

If(5) —f(2) | <e mna Becex edU,.
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IToatomy pasHocts )

1 (i@ag _ 1 J'f(z)—f(C)

FR) ~ 5 t—2  om =z 4t @)

aU CaU
0 0 1

no aGCcoMIOTHOM BeJHUHHE He NPEBOCXOIHT 5o & 2n=e u, creno-
BaTeNbHO, cTpeMuTces K HyTw upu p — 0. Ho, xak Buano us (2),
JeBast yacth (3) He 3aBUCHT OT P, CJeL0BAaTeNbHO, OHAa PaBHA HYJIO
IpHU BCceX MOCTATOUHO MaJBIX o, T. €.

1 [ (8)dg
ol
Orciona u u3 (2) caeayet dopmynaa (1) »
Sameyanue l. Ecin B ycmoBuax teopemer 1 Touka 2 J1eXHuT
BHE G, TO

L (f@dt_,

i {—z ' ()
aG

ITO yTBepKIeHHe cJelyeT HENOCPeACTBEHHO H3 TeopeMs Koy,
160 31ecb pyukuus g(g) =—£—(_% roioMopdHa B G.

3amevanune 2. Ecau BmecTo Teopembl | mpeAblAymero myHKTa MBI HCHOJb-
3yeM TeOpeMYy 2, To NoayYuM TaKylo Teopemy:
Teopewma V. Ecau ¢pynxyus [ eosomopgra e womnaxtroi obracry D,

02PAHUHEHHOL KOHEUHBIM HUCAOM CHPAMASEMBIX KPusblx, u Henpepelgna 8 D, 10

1 F@)dg _ [ f(2) daa scex 2= D, )
omi P t—z 0 0ua scex 2=C\ D,

20e 0D — opuenrupcsannan 2panuya D,

Hurerpanbuas ¢opmyna Kollu BripaXkaeT BechbMa HHTEPECHBII
$axkT: 3sHayeHuss ronoMopoHONt B obnacTu G (PYHKUHH NONHOCTHIO
onpelensiloTCs ee 3HaueHHAMH Ha rpanuile. (B camom gene, ecau
snaueHud f na 0G W3BECTHBI, TO U3BECTHA U BCs npaBas 4acTh Qop-
myasl (1), T. e. u3BecTHO 3HaueHHe [ B Mo6o# Touke z < G.) drOT
$akT NpUHUUNHANLHO OTJIHYaeT roJoMopdHble QYHKUMH OT (QYHK-
uufl, nuddepeHUUpPyeMbIX B cMblc/ie AeHCTBHTENbHOrO aHa/du3a.

M3 TeopeMnl 1 npocTO BhiTEKAET

Teopema 2 (o cpenHewm). Snauenue ¢pynxyuu fH (D) 8
kaocdoil Koneurnoll Touke ze=D pasno cpeduemy apugmeruueckomy

1 d
1) Mu BOCHOJIb30BaJUCh TEM, 4TO G —E—C—z=1 {cM. mpumep 1 n. 14)
ou, '
M uTO ROCTOSHHWA MHOXuWTeab [(2) MOXHO BHECTH NOJ 3HAK HHTerpasa.



92 CBOPICTBA TOJOMOP®PHLIX dYHKIINA [CJ. 11

ee 3uHauenull Ha A10000 OOCTATOUYHO MAAOU OKPYMCHOCTU C UeH-
TPOM 8 Z:

n
o) = | Fa+pemat ©)
0

<«BosbMem kpyr U,={2: |z’ — z|<p} tako#i, uto U,&D, n
npuMeM ero B kauyecrse obsactu G us teopemnl 1. Ilo uHTerpasb-
HO#l dopmyae Komu noayunm

o) =5 | Ha, 7)

0U

a Tax Kak Ha 0U, umeem { — z=pe¥, t= [0, 2a), di=pie'dt, 1o (7)
cBoguTcs K (6) P

TeopeMa o cpeiHeMm NOKasblBaer, UYTO TrofoMopdHble GYHKUMH,
ONMUCATeNbHO TOBOPS, OYeHb NPAaBHJABHO YCTPOEHBI H YTO HX 3Haue-
HUs TECHO CBSI3aHbl C COCEJHUMH 3HAUeHHsMH, DT0 06LAcHAET Ha-
JuYue y Takux QYHKUHH lenoro psna coendHuecKuX CBOHCTB,
KOTOpBIX HeT y (yHKuu#, nudOhepeHIUpyeMBlX B CMbicje AefdCTBH-
TeJqBbHOro aHanu3a. MHorue Takue cBOHCTBa MBI PACCMOTPHM B AaJib-
HelluleM,

B 3akmouenne npuBemem ¢oOpMyJay HHTErpajbLHOrO NpeacTaB-
JeHusa Qyskuuf, AuddepeHnUpPyeMbIX B CMbicsae AefCTBUTENbHOTO
ananusa, Koropas obobuwaer HHTerpasdbHyl ¢opmyay Kouru.

Teopewma 3. [Iycre pynxyus [ npunadaexcur xaaccy C! e 3a-
MBIKQHUL KOMAAKTHOU 06.aacty D, oepanusverHold KOReUHbIM 4CAOM
cnpamanemoix kpussix. Toeda 8 Kandod Touke 2D

f(2)=§;TJ f(c d@ “ of dadn_ 8)
ab

Aty dopmyny Mbl 6ymeM HaselBaTh gopmyrod Kowu — Ipuna;
ecnu feH (D), To ABoWiHOU WHTerpai B HEeH HMcuesaeT, W Mbl NOJY-
yaeM dopmyay Kouin.

<« Uckmiounm u3 D Maubili kpyr Up={: |{ — 2| <p} u K dyHk-

oHH g(§)=v;—(:§)z—, npuHaanexamell kaaccy C!' B ofmactu Dy=
=D\U,, npumeHuM GopMy1y 'puHA B KOMILIEKCHOH 3amuCH (CM.

dopmyay (9) m. 16):
(%) f (@ of dgdn ,
afba—zd‘: J; dt = 2”6@@

1y Mwbt umeem -g—g—=%% —C—_l—é, nBo GyHRUHA

oT { ¥ ee MpPoOM3BOAHAR M0  PaBHA HYJIO,

roJioMop@HO 3aBUCHT

1
{—=
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Tak kak f nenpepsiBHa B Touke 2z, TO f(§) =f(2) + 0 (p) mns {=U,,
rae O(p) — 0 npu p — 0. [TosToMy

[ 18 a=t) [ Zo+ [ 22 ar=omi@)+0),

Uy aUp

oU,

u nocaennsig gopmytaa npu p—0 naer (8) 1) »

§ 5. Psam Teitsopa

B sTom naparpade Mbl, OTIPaBJASACE OT HHTEIPaAbHOH hopMYJIL
Kowu, mogayuum npeacrableHdHe TrojJoMOpdHBEIX ¢(YHKHHR B BHIAE
CyMM cTeneHHBIX pAfoB (psanoB Tefinopa).

HanmomMauM wu3BeCTHble M3 aHa/iH3a TNPOCTEHLIHE MOHATHS, CBS-

(s

3aHHbBlE C PAAAMH. pﬂﬂ, (H3 KOMIIJIEKCHBIX ‘{I/ICEJ’I) Z Qa, Ha3bIBaCTCs
n=0

cxoassuumMces, ecld IOoC/eJOBaTe/NbHOCTL €ro YaCcTHYHLBIX CYMM

= D @, uMeeT KOHEUHBl Hpefen S; 3TOT TpPefen HA3bIBAETCH
k=0
cymmoll pada.

oo

DYHKOHOHANLHBI Pg X f,(2), rie OYHKUMM [, onpereleHH
n=0

Ha HekoTopoM MHOXKecTBe MU, HasbiBaeTCA PABHOMEPHO CX001-
wumcs na M, ecid OH CXOAMTCH B KaXaol Touke z&M wu a4 Jio-
6oro e>0 nHafizercs HoMep N=N(e) Taxo#, uto mia Bcex n=> N

OCTAaTKH 3TOro pgiaa 2 ]ck (Z < & 144 Bcex ze=M.
k=n-+1

TouHo Tak e, KaK B aHa/iu3e, JOKa3bIBAaeTCH, 4TO PAL X [, (2)
n=0

CXOJAHUTCS PaBHOMEPHO Ha MHOXKeCTBe M, €CJIH CXOOHUTCHA DAL C Ne-
- oo

OTPHIATENBHLIME  YIEHAMHU go f.ll, rae | fnll=2515111341fn(2)l (mo-

clefHee yc0BHE DaBHOCHJABHO TOMY, YTO DacCMaTpPHBAaeMHH paj

') Hare paccysKieHue A0Ka3blBaeT CyLeCcTBOBAHHE

ff af dgdn
p-—>0 ;

— L ,
He Tak kak f&C!(D), to aBofiHofi uHterpas B (8) cyllecTByeT (B 3TOM MOXHO
y6eauThbes, Mepexois K NOJSPHHIM KOODAHHATAM C LEHTPOM B TOUKe 2) M 3TOT
upenes COBIANALT C HHM.
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Maxopupyercd Ha M CXORSIIMMCH UHCAOBHIM pAfoM). Bes Bcsikux
H3MeHeHHH NepeHOCATCA H JOKa3aTeJbCTBa TOrO, YTC CyMMa pPaBHO-
MEpPHO CXOAsLerocss PsiAia H3 (PyHKIHH, HempepHIBHBIX Ha MHOXKe-
cTBe M, HempephiBHA HA 3TOM MHOXECTBE H 4YTO PaBHOMEDHO CXO-
Jamuiics Ha KpuBo#i (kaacca C! unu cupsimisfieMolt) pan u3 He-
ApEepPHIBHBIX (YHKUHHA MOXKHO MOUWIEHHO HHTETPUPOBATb MO 3TOH
KPUBOH.

19. Pagbi Teinopa. Onnoft #3 OCHOBHHIX B TEOPHH (YHKIHMI
KOMILJIEKCHOTO NePeMeHHOr0 ABJIsieTcs

Teopema 1. Ecau ¢pyuxyus f=H (D) u 2,— npoussosvras
rouka D, 10 8 ar06om Kpyee U={|z — 2,| <R}=D ary ¢pyuryuro
MOJNCHO npedcTasuTs 8 8UCE CYMMbL CXOOAULES0CH CTENEHHO020 psla

=S e(z—2). LW

<Jlyctb 2U — npousposbHasi To4Yka; BhiGepeM 4YHCJIO r Tak,
4toObi |2 — 29! <r<R, u 0003HauuM uepe3 Yy, OKPYKHOCTb
{¢: [T~ 20| =r}). o HHTerpaerHoﬁ ¢dopmyne Ko nmeem

f(2) = J f(C)

Uro6el nonyuuTh passioKeHue [ B CTENEHHOH PsAM, pPasioXuM
«AApo» 310l (OPMyJb B TeOMETPMYECKYI0 NDPOTPECCUI0 No CTele-
HAM 2 — 2p:

0

1 1. ' (2—2z)"
_ - 2)
-z 2—2 }J — il ? (
(g—zo)(l———-———g_z‘;) -z

1
3aTeM yMHOXuM ofe yactH Ha 5T f(Z) v npounTErpUpPyeM NOUNEHHO
no yr. Tax Kak 115 BcexX [y, HMeeM

[2—20] __ Jz2—2]|
e — 2| r

=¢g<l,

TO nporpeccus (2) cXoaurca paBHOMepHO Mo  Ha vy, PasnoMep-
HOCTb CXOAMMOCTH He HaPYUIHTCS IDH YMHOXKEHHH Ha HENPEePHIBHYIO

Ha Yy, M, CJHELOBaTeIbHO, OTPAHHUEHHYIO (YHKUHIO —2-:—uff(2_;). Ilo-

3TOMY Hallle No4/JeHHOe HHTEerPHPOBaHHE 3aKOHHO, H, BBHIMOJIHUB €T0,
Mbl [IOIYYHM

fe) = f 2 "2‘;‘;’“ (e—20"= Y eale—2",

ne=0
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rue i
cn=—’—f~“—§)—d€—- (=0, 1,...) » @)

oni J (5 zo)"*!
Vr

Onpenenenue Crenensot pan (1), ko3 UUMERTH KOTO-
poro onpepenensl dopmynamu (3), HaswBaercs padom Teiiropa
QYHKIUE [ C IIEHTPOM B TOUKE Zp.

M3 teopembl 06 uHBapHaHTHOCTH MHTerpana (m. 16) BupHo, 4TO
KO3hHUMEHTH ¢, pafa Tefnopa, onpenensieMble no gopmyrne (3),
He 3aBHCAT OT pafuyca r okpyxkHocTH vy (0<<r<R).

OTMeTUM NpocThle CAEACTBHS TeopeMbl 1.

Hepasenctrsa Kowwu I[Iycrs ¢yuryus | eoromopdpua 8
samxnytom Kpyze U={|2— 2,|<r} u nHa okpyxuocru y,=0U ee
modyae He npesocxooutr nocroaunoid M. Tozda koapduyuentst
pada Tedaropa | c yeHTpom 8 2, y0084eTBOPAIOT HEPABEHCTBAM

Iy )
el <3 (n=0, 1, ...). (4)
<« Uz dopmyn (3), yunrsiBas, uto |f(§) | <M mas Bcex (ESvyr
HAXOQHM .
1 M M
ICnl<-2—n-71—+T Qﬂf=r—n >

W3 nepasencts Koumn BoiTekaer uHTepecHas

Teopema 2 (JluyBunas)., Ecau ¢ynuxyus f eoromoppra 8o
gceii naockoctu C u oeparutena, T0 OHA NOCTOAHKA.

<« [lo Teopeme 1 B moGom 3amkuytom Kpyre U={|z|< R},
R < oo, hyukuus f npeicraBasierca pagom Telsiopa

o0
f2)= 2 cn?",
n=0
ko3 duunentsl Kotoporo He 3aBucaT ot R. Taxk kak [ orpaHnuena

B C (uyerb |f(2)|< M), 10 no nepasencrBam Komu pis mo6oro
n=0,1, ... umeeM

M
fcnlg_R—n°
3aech R MOXKHO B3fTb CKOJMb YroJZHO OOJbIIHM, [03TOMY TIpH
n==1, 2, .., MpaBasa 4acTb CTPEMHTCA K HYJIO npu R — oo. Ho ae-
Basl yacTh He 3aBHCHT OT R, moatoMmy c¢,=0 pas n=1, 2, ... u
f(R)=co ¥ ‘

Taxkum o6pasomM, ABa cBoiicTBa GYHKIMH — OGHITL ToJOMOphHON
BO Bcelt miockoctd C ¥ ObiThb OrpaHMYEHHON — MOTYT COCYIECTBO-
34Tb JIMIIb Ha TPHBHAJbHBIX QYHKUHAX (HOCTOSHHBIX),



96 CBOFICTBA TOJIOMOP®HBIX $YHKUHH [TJ. 11

Teopemy JInyBHAAsA MOXKHO c(OPMYyJaNpOBaTh eme U Tax:
Teopema 2. Ecau pynxyus [ eoromoppra 60 eceil 3aMKHY-

Toti naockoctu C, T0 OHA ROCTOAHHA.
< Oyugnua f roromMopdHa B GECKOHEUHOCTH, 3HAUMT, Ilm f(2)

CYLIECTBYET M KOHEUeH. Orciona cnenyer, 4To f orpaHuueHra B Hexo-
Topoii oxkpectHoctH {|2|< R} GeckoueuHo#ft ToUkM. B ocrajibHOll uya-
cru naockoetn {|2I<< R} ona orpanuuena,
KaK HenpepbiBHasi QYHKIUS Ha 3aMKHY-
TOM OrpaHdHueHHOM MHOxkecTBe. [loaromy
f orpannuesa 8 C, a Tak kKak oHa TroJIo-
mMop¢pHa TaMm, TO MO TeopeMe 2 f[==
== const »

Teopema 1 yTBepxkngaer, uro J00yI0
roJoMOpPOhHYI0 B Kpyre (YHKIHIO B 3TOM
Kpyre MOXKHO NpPeICTaBUTb KaK CyMMY CXO-
JALIEr0oCsi CTENMEHHOTO psfia. MBI X0TUM Te-
nepp J0OKasaTb, uTO, W 06paTHO, CyMMma

Puc. 35. JI060T0 CXOASALIETOCH CTENEHHOTO psAfa fB-
aserca roaoMmopgHoi ¢dyHkuuei. na sro-
Io HallOMHHM HEKOTOpPble CBOHCTBA CTENEHHBIX PAJOB, H3BECTHBHIE
YHTATETIO H3 Kypea aHaanu3a.
JlemMa. Ecau uasenot crenennozo pada
oo

3 enlz—a) ®)

n=

8 Hexoropoti Touke zo=C oepanunenst, T. e.
len(ze—a)"| <M (n=0, 1, ...), (6)

70 10T pAd cxoourca 6 kpyee U={z: |z—a|<|lz0—a|} u na xasx-
Jom komnaxTHom nodmuoncecree K €U on cxofuTca pasHomepro.

<« MOXHO Npefnosarath, 4To 2p%a, T. e. |2y — a|=p>0, unaue
muoxectso U nycto. Ilyets muoxectBo K € U, torza nast 1060l
Touky 2K

zZ—a

(puc. 35). Tlosatomy mas mwbofi ToukH 2K W aiA  mio6oro
n=0,1,... MBIl UMeeM

len(z — @)™ | < |cnlpmg™

Ho mo yenoBuio (6) |cn|p™< M, caenoBatelbno, aiasa aioboii zeK
PAR_ (5) maxopupyercs CXomsLIEACs TeOMETPUYECKON IPOrpeccHe

M E g" H, 3HaYHT, CXOAUTCSA paBHOMEpPHO Ha K.
n=0
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Bropoe yTBepkieHHe JeMMbl NOKa3aHO, a IepBO€ CJeIVeT u3
BTOPOro, HG60 J106asg Touka 2'U cONep:KUTCH B HEKOTOPOM Kpyre
{lz—al|<p’}, | —a|<p’<p, kOMHmakTHO npuHagiexauem U »

Teopema 3 (AGenbn). Ecau crenednoid pad (B5) cxodurcs
8 Hexoropou touxke zy=C, TO aror psad cxodurcs & kpyee U=
={z: |z—a|<|zp—a|} u Ha KaiOOM KOMNAKTHOM NOOMHOJNCE-
cree U on cxodurcs pasHOMepHO.

<4 Tag kaxk pan (D) CXOHHTCS B TOYKE 2Zp, TO OOWMA uJeH
Cn {20 — @)™ COOTBETCTBYIOLLETO YHCAOBOTO PSIia CTPEMHUTCSA K HYJIO.
Ho Bcsikasi cxoasimiasics MOC/A€l0BaTeNbHOCTh OFpaHUuYeHa, M03TOMY
BLINIOJIHSIETCA YCJIOBHE JIEMMBI, a H3 JeMMbl Cleiywr ob6a yTBep-
XKJIeHUda TeopeMbr ¥

Qopmyna Komu—Anamapa. [Tycte dan crenentodl
pad (5) u

N

@)

— n
n->oo

L
R ?

0
TouKe 2, 8 KOoTopoud |2 —al<R, pad (5) cxodurcs, a 8 awboi
TO4Ke 2, 8 KOTOpOli |z — a|>R, pacxodurcal).
< BepXHuUM npezesoM NOCNelOBATENbHOCTH NEHCTBUTENBHBLIX UH-
cenl o, HasbiBaeTcs uucao A takoe, uto: 1) cyllecTByer mopmocsie-
JIOBATEJbHOCTD ank—>A H 2) KakoBo OBl HH Oblio £>0, Halimercs

takoii Homep N, uto a,<A+e naa Bcex n > N. Ilpu stoM He
uckmouatoTess cayyan A= oo, ToMbKO NpH A= -+oc0 ycaosue 2)

1
2de 0 << R < oo (moL cuuraem LI U —= 0). Toeda s arwbou

otnafaer, a npu A=-—co uncio A+¢ B HeM 3aMeHSIETCS NPOH3-

BOJIBHBIM 4HCJOM (B NOCTeNHEM cJydae YCJaoBue 1) BBINOJHAETCS

aBTOMaTHUECKH H cyulecTsyeT lima,=-——o0). B ananuse nokasbl-
n-> o0

BaeTcs, YTO BCAKafd NOC/AEA0BATEIbHOCTh &, & R UMeeT euHCTBeH-
Hboll (KOHeUHBIH HIM OeCKOHEeUuHbIH) BepXHUH mpenes.
[Myets 0<<R< o0o0; pas MmoGoro ¢>0 MoXHo Halitu uucio N ra-

n
— 1
Koe, uto npu n > N umeem V¢, | <% +8 H, CllefoBaTebHO,

lenz—a)y' 1<{(g+e)lz—al}". (®)

Eciu |2—a|<R, T0 MOXHO BHGpPaTh & CTONb Ma/jbiM, 4TO Oyjer
(—11?—+e)|2-—a|=q< 1; torna, kak BunHo u3 (8), uieHn psga (5)

npu n 2> N Maxopupyloorcs uleHaMH TeOMeTPHUYECKOH mporpec-
cHM g%, W, C1ef0oBaTeNbHO, pAR (5) cxozures npu |[2-—a|<R.

1) 3ameTHM: 3T0 yTBEpIKAEHKe COMEPIKHT epBoe yTBePXK AeHHe TeopeMbl Abensd,

7 bB. B. HlaGar
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M3 ycaoBust 1) B onpeneseHur BepxHEro nOpefena BHAHO, 4TO
ans moboro e>0 malfiercsli NOC/AENOBAaTENbHOCTb Ay —» 00 TaKasd,

n
yTo &m>-113 — ¢, H, CJeLOoBaTeJILHO,
!c,,k(z—a)"kl>{(—11?——e)lz—~al}nk. 9)

Ecnu |2 — a|>R, 10 MOXKHO BHIGpPaTh & CTOJAb MaJbiM, 4r0o Gyzer
(—R——-e)lz—a]>l; TOra, Kak BAAHO u3 (9), ’cnk(z—a)"k|>l,

u, clenoBaTenbHo, obuui uned psapga (5) He crpemurcs K 0, T. e.
pAn pacxoputes npu |2 — a|>R.

HokasateabcTBo B cayiaax R=0 u R= co mpenocrabJsiercs 4u-
TaTeasM P

Onpenenenue. Obaacrsio cxodumocTu crenenHoro psajga (5)
HA3bIBAETCA OTKPHITOE ANPO (T. e. COBOKYIIHOCTb BHYTPEHHHX TO-
gyek) & MHoxecTBa & Tex Touek 2 & C, B KOTOPHIX CXOLHTCH 3TOT
psiL.

Teopema 4, Obaactero cxodumocTu cTenennoeo pada (5) a8-
asercs kpye {|2 — a| <R}, ede R — uucao, onpedersemoe no ¢op-
myre Kowu — Adamapa (7).

< M3 npenpiayliero yTBEpPXKIEHHS CaeNyeT, UTO MHOXKecTBO &
TOYEeK CXOAUMOCTH psifa (5) mpencrasiasier co6oit kpyr {|z—a| <R},
JIOTIONHEHHDBIH HEKOTOPBIM MHOXKECTBOM TOUEK OKPYXKHOCTH {|2—a| =
=R} (6biTb MoxKer, mycTbiM). [T03TOMY OTKpLITHIM siapoM &  fB-
asercs kpyr {|z—a| <R} »

Kpyr (oTKpBITHI), cyllecTBOBaHUE KOTOPOTO TOJNBKO HTO JOKa-
3aHO, HA3LIBAETCS KPY20M CcxO0UMOCTW cTemeHnoro paxa (5), a
qicio R — paduycom cxo0uMOCTU.

IIpumepun. 1. Pagu

a) 2::' (-S-)n, 6) gz”, B) g(nz)”, (10)

KaK BHIHO H3 (opMmynnl Komu — Anamapa, UMEIOT COOTBETCTBEHHO PAfMYCHl CXO-
aumMocTH R=oo, | u 0. TlosToMy Kpyr cXOZHMOCTH MepBOro- M3 HUX ecTb C,
BTOpOro — eauunyneilt kpyr {|lz1<1}, a Tperbero — nycroe MHOMKECTEBO.

2. U3 Toit Xe GOpMyasl BHLHO, YTO KDYrOM CXOJMMOCTH BCeX TPeX pslos

n — ———
O YNNI N) Y (1)
n=1 n=1 n=1 '

ABaseTcs exuununnidt kpyr {[2]<1}. Oxnako MHOXKecTBa TOYeK CXOJIHMOCTH BCEX
Tpex PsajoB pasjuuHbl. Psp a) pacxomurcs BO Bcex Toukax okpyxuoctu {lz|=1},
HOo ero obuiuii yreH npu |2{=1 He cTpeMuTCs K Hymi0. Psag 6) B HEKOTOPHIX
TOuKax OkpyxkHoctH f{|2|=1} cxomutca (mampumep, B z=—1), a B HEKOTODBIX
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pacxonutca (manpuMep, B z=1). Paan B) cxoiurcA BO Bcex TOUKAX 3TOH OKPyX-
HOCTH, H60 Aas J060ro 2, [2l=1, oH MaKOpHpyeTcs CXONSLIHMCH YHCIOBBHIM

fe ]
1
praon 3, -
n=1

IMepexomnm K OKa3aTelbCTBY FOJOMOD(HOCTH CYMMBI CTereH-
HOFO pfjla.
Teopema 5. Cymma crenennozo pada

oo

f(Z) = 20 Cp(z— a)n (12)

n=

2010MOPPHA 6 Kpyee e20 cx00UMOCTU.
4 Mpl npexnonaraeM, 4To pajuyc cxolumoctd paga R>0, u6o
yHaue Hedero JoKasbiBaTh, Hanumem ¢GopManbHO TPOU3BOLHBIH

pan m
ngl ne,(z—a)"” =g (2); (13)

(o)
OH CXOZMTCH HJH PACXOJHTCS BMECTe C pALOM 2 nc, (2 —a)?, a Tak
n=1

KakK

n n
lim Vnle,l = lim Vic,l,
n->» co n-=> oo

TO paauyc cxoaumoctu psafga (13) Toxe paBen R. Ha xomnakr-
Hoix noxaMHoxkectBax kpyr U={|z —a|<R} pax (13) cxomurcs
pPaBHOMEpHO, CJefOBaTeNbHO, QYHKIHMA @(2) HenpepniBHA B 3TOM
KpyTe.

fTo Toii xe npuuune pajn ([3) MOXKHO NMOYJeHHO HWHTErPHPOBATH
o rpaHulle J1060ro Tpeyronbidnka A & U:

J‘ qadz=§o: ne, f(z——a)"'l dz=0

A n=1 aA

(mo Teopeme Kol Bce nHTerpasbl B NpaBOfl yacTH PaBHLI HYJIO,
3HAYUT, U MHTErpaj B JeBoH YacTH Takxke). CleoBaTeNbHO, MOXKHO
npuMeHuThb JeMMY | u3 m. 15, no Koropo#t GyHKHuUA

oo

[o@az=Y ne. [G—a)dz=2, culz~a)

{a, 2} n=1 ta, z]

i*
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(Mbl CcHOBa BOCMOJIL30OBAJUCH PAaBHOMEPHOH CXOZMMOCTBLIO) B Ka-
KA0H Touke zeU nMeeT MpOH3BOIHYIO, paBHyI0 @(2). Ho torna u
(yHRUUA

\ fR)=co+ [ o@ad

la, 2]

B Kaxzaol Touke z & U uMeer npoussoguyio [/ (z) =¢(z) »

20. Croiictza ronomopdinbix GyHKUMI. OTMeTUM HECKOJbKO
CJIeCTBUH TEOpeMbl O rOJIOMOP(HOCTH CYMMBl CTEHEHHOTO Psjia.

Teopema 1. fIpoussodnas pynkyuu fcH(D) eosromoppna
6 o6aactu D.

< JIs mo6o# Touku oD mbt noctpouM kpyr U={|z— 25| <R},
npunannexamwuf D. ITo Teopeme | n. 19 dyukuus f B atoMm gpyre
npeicTaBAfieTcsd KakK cyMMa cremenHoro paga. [lo teopeme 5 m. 19
npousBogHas ['=@ npeacraBaseTcst PAJOM, CXOAAIMMCS B TOM Ke
kpyre. [To3TOMy K @ MOXKHO CHOBa INPUMEHHThL TEOPEMY 5, M, 3Ha-
uyt, ¢ auddepenurpyemMa 8 U B CMBbicje KOMILIEKCHOTO aHajusa »

Uz 37108 TeopeMbl HENOCPEACTBEHHO BLITEKAeT HEOOGXOAHMOE
YCJOBHE CYUIECTBOBAHHSI MepBOoOOpasHON, 0 KOTOPOM TOBOPHJIOCH
B m. 1b:

CanencrBue. Ecau ¢ynkyus [ umeer ¢ obaacru D nepsoob-
pasnyto F, 10 [ eonomophra 6 D. (B unsix Tepmurax: 8caKas Tou-
Has 8 obaactu D Oupgepenyuarvnans popma [ dz=dF sasanercs
somkHyTOl 8 D.) X

IToBTOPHBIM mpUMeHEHNEM TeopeMbl | mosyuaercs |

Teopema 1. Jlwbas ¢pynxyus fH (D) umeer 8 D npoussod-
Hole 8cex nopsadkos, Tawxce npunadasexcawue H (D) (Geckorneuno
outhgepernyupyena).

Caenymoias TecpeMa yTBEPKAAET €IUHCTBEHHOCTb PAasJOKeHUs
$VHKIHH B CTENEHHON PAN C JAHHBIM LIEHTPOM.

Teopema 2. Ecau ¢ynkyus | 6 kpyee {|z — 2o| <R} npedcra-
BUMQ KAK CYMMQ CTenennozo pada

”

1@)= 3 cale =2 0

TO KO3(hpuyuentsr 37020 pada onpedeasloTca 0OHO3HAYHO NO (Pop-
myaam

(n) '
c,,=L—Ei (n=0, 1, ...). (2)

n!

«Tloacrasnss B (1) 2=z, HafizeM [(2o) =co. Huddepenuupys
paxa (1) nounenHo:

]U(Z) =Ci+202(2 —_ 20) +3C3(Z -— 20)2+ ve ey
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H 3aTeM IOACTaBaAf 2=z, Hallem ['(2) =c;. [1ponuddepenun-
pyem (1) n pas:
[P()=nlc,+ci(z—2)tcy(2=2)p+ ...

(MBl He BBINHCBHIBAEM BHIpa’KeHUH MJiA K03 (HIHEHTOB), ¥ CHOBA
NOJCTABHM Z==Zo; MOJAYUHUM nlc,=fM(z) »

Teopemy 2 nuorZa GopMynupyIOT Tak: 8caxui cxodawuiicsa cre-
nennoti pad asaseica padom Teiiropa cgoeli cymmol.

®opmyna (2) nosBossier nHCaTh TEHJOPOBCKUE PA3JIOKEHUS 3Jle-
MeHTapHBIX QyHKUHA. Hanpumep, Mbl uMeeM
2!1
nl

2
e2=1+z+~;—+ cee et L,

22 24 . 23 25 (3)
ot T e smz=z—g+g!——...;

cosz=1—
BCe TPH pasjioxkeHus cnpasennubwl Beioay B C (ux pamuyc cxonu-
MoCTH R= o0).

CpaBHHBasl TOJbKO UTO HafifeHHble 3HAYEHUS C, C NMEPBOHAYA/b-
HBIMH MX 3HAUYEHHUSIMH, BBIUMCJAEHHBIMH no ¢opmyae (3) n. 19, no-
JYYHM BbIpaXKeHUA AJNA MPOU3BOZHLIX TOJOMOP(PHBIX (HYHKUMIL:

) (z) = L f _f@dt -
f (2,) P s (n=1, 2, ...). 4
vf

Ecnu [ ronomopdua B obnactu D u G& D — o6sacTb, orpaHu-
yeHHad KOHEYHBIM UHCJOM HeNpPepBIBHBIX KPHUBBIX M Takasd, 4TO
2o & G, TO, MOJB3YSICh HEU3MEHHOCTbIO HHTErpaja NpH TOMOTONHOMN
pedopmalu KOHTYpPa, Mbl MoOXKeM 3aMeHHTb B NocjaefHell ¢op-
Myae y, opuentupoBaHHo#l rpanuuefl dG. Iloayunm unTerpaJbHble
opMysBl AN DPOH3BOAHLIX FOJAOMOPMHBIX (PYHKLHI:

f(n)(z)=_’£'_ f(f#@%d_@_ (n=1, 2,...) (5)

: _\ntl
2mi 5G {—2)

(MBI TIHLIEM 2 BMeCTO 2, M NpefnoJsaraeM, 4To 2z = (),
D10 GopMyJabl MOJAYHAIOTCA M3 HHTErpasbHod dopmyast Kouru

_ 1 f(©) dg
f(2)= omni f t—z
aG

anbdeperunposanneM [0 DapaMeTpy 2 NOX 3HAKOM HUHTerpasna.
Hame xocBeHHoe paccyxaeHue Mo3poJser uabexkaTb J0OKasaTeih-
CcTBa 3aKOHHOCTH Takoro nugdepeHurpoBaHus.

Teopema 3 (Mopepa). Ecau ¢pynryus | nenpepoisra 8
o6aactu D u unTeepaa oT Hee no eparuye OA A106020 Tpeyeosb-
Huxka A &€ D pasen nyaw, ro feH (D),
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<« s m060it Toukn as<D nmocrpoum kpyr U={|z—a|<r}cD.
ITo teopeme 2 1. 15 ynkuus

F)= [ i@a

[a, 2]

roromoppHa B U u F'(2) =f(2) B kaxzao# touke zeU. Ilo Teo-
peme 1 oTcioza cienyer, 4yto u [ rojoMoptHa B U. Tem caMbiM Jo-
Ka3aHa rojsoMopduocts [ B kaxnoli Touke a & D¥

3ameuanne. Teopema Mopepn aBasercs o6paTHOH K OCHOB-
HOl JleMMe HMHTerpajbHOro Hcuuciaesus (nm. 15), mo kotopoll uHTe-
rpaJ otT rosoMopbHoii B obiacty D ¢yHkmue no rpaHuue J1060ro
TpeyronbHuKa A @D paseH HyJ10. DTy TeOpeMy MOMKHO paccMa-
TpUBATh TaKKe Kak obpaTHylo K TeopeMe Kommu (oHa cuibHee 1o-
cnefHell, B KOTOpoH TpebyeTcsi, UTOOBEl PaBHAJCA HyJMIO MHTErpar
ot f no noGomy 3aMKHYTOMY NYTH YD, a He TOJbKO MO TPaHHLAM
TpeyroabHukoB A &€ D). OnHaxko B TeopeMe Mopepsl BBOAUTCH J0-
MOJIHUTEJIbHOE YCIOBHE HENPEepBIBHOCTH (YHKuuu f. DTO yCa0oBHE
CyLIeCTBEHHO: Hanpumep, ana GyHkuuu, paBHo O sciogy B C,
KpOMe OIHOH TOUKM, Tle OHa DaBHa |, MHTerpaJj mo rpaHuie Jio-
6oro TpeyrolibHHKa paBeH HYJI0, OAHAKO 3Ta (GYHKIUA HE ToJ0-
mop¢Ha, u60 oHa faXKe He HenpepbLIBHA.

B saxnawodenune npuBeieM CBOLKY pe3yJabTaToB 06 3KBUBAJEHT-
HOCTH Da3/JUUHBIX onpenefJeHHH TroJOMOPHHOCTH (PYHKIHH B TOUKE:

Teopema 4. Fxsusarentdor caedyrowue Tpu yreepsicienud:

(R) ¢ynrkyus | 8 wuexoropoii oxpecrnocty U rowku a umeer
npoussoduyio ['(2) & cmbicae KOMNAEKCHOZO AHAAU3A,

(C) pynryus [ muenpepvisHa 8 HexoTopoii oxpecthocTu U
TORKU @, U UHTe2pai OT Hee no epasuye 1106020 TpeyeoibHUKA
A € U paseH HyJIO;

(W) ¢ynryus | pasaaeaerca e crenentoil pad, cxodauwjuiica 8
HekoTopol oxpecTHocTu U Touku a.

OTH TPU YTBEPKIAEHHUS OTPaxKaloT TPH KOHHENIHH B MOCTPOEHHH
TEDPHH ToNoMOPPHLIX ¢yHkuuid. OObMHO QYHKIUIO, YAOBJETBOPAIO-
myio yciaoBuio (R), HasbiBawoT rosomopdHOit B cMbicie Pumasna,
yeaopuio (C) — roniomopdHoit B cmbicne Komu u yeaoBuw (W) —
rosioMop(pHOI B cmbicsie Beitepuirpacca.

Umnaukamusa (R)=» (C) nokazana B Teopeme Kowmu (m. 16),
(C)=(R) — B Teopeme Mopepsl, (R)=(W)—38 teopeme Teiinopa,
(W)=>(R) —B Teopeme 0 roJOMOP(QHOCTH CYMMbl CTENIEHHOTO psija.

W, nakoHen, cjenaemM elie oJHO

3aMeyaHue Mp y6enunuch B TOM, YTO NIPENCTaBHMOCTh
¢dyskunu f B kpyre {|2 — a| <R} B BHIE CYMMBbI CXojsiLerocs cre-
IEeHHOTO PAZa ABjsercs HeoOXOZMMBIM M JOCTATOYHBIM YCJAOBUEM
ee rojoMopdHocTH B 3TOM Kpyre. OgHAKO CXOZHMOCTb CTENEHHOro
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psila B TOYKAaX IpaHHUBl KPYra CXOJAMMOCTH He CBfi3aHa c roso-
MOP(HOCTBIO CYMMBl psila B 3TUX TO4dkax. B 3ToM MoxHo yb6e-
IUTBCS Ha NMPOCTHIX IpUMepax.

B camoM Jesne, HanyulieM pa3/oXeHHe B FEOMETPHUUECKYIO IIpO-

rpeccuro
1 n
1=z 2 25 (6)
n=0

cxopsweecss B kpyre {|2|<1}. Bo Bcex Toukax OKpyXHOCTH
{lz| =1} pan (6) pacxoxurcsi, ubo ero o6UIMH YleH HE CTPEMHTCH
K 0. Onnako cyMMa 3TOro psifia rojioMopdpHa BO BCeX TOYUKAX OK-
pyxHoctH, kpome 2=1. C n1pyroii CTOpPOHBHI, pAL

Y 2 =i (7)

n

n=1

CXOJZUTCH BO BCEX TOUKaX OKPYXKHOCTH Kpyra cxomumoctu {|z|=1},
. Y]

u60 OH Ma:KOpPHUPyETCHd CXOASUIMMCH YHCJIOBBIM pPSAIOM Z—n—z Oz-

HaKO ero cyMMa [ He MOXeT ObTh roJloMOpdHOH B TOUKe 2=, Tak

o0
n-1
4 o
Kak npousBonHas [’ (z)=2—n— npu crpemnaeHud K 1 no meficTBu-
1
TeJbHOH OCH HeorpaHHYeHHO BO3pacTaer.

21. Teopema emuHctBeHHocTH. Omnpenenenue 1. fHyrem
¢yuknuu [ HaseiBaercs qio6as touka a=C, B KoTopo#l 3Ta (yHK-
1Ms paBHa HYJIO, T. €. KOPeHb ypaBHeHud f(z) =0.

B zeficTBHTE/IBbHOM aHaJ/Ju3e HYJAH JUQdepeHupyeMBbIX GYHKIUH
MOTYT HMeTb INpelleJibHBIE TOYKH, B KOTOPBIX (YHKLHS ocraercs
nuddepennupyemoii (TakoBa, HanpuMep, TouKa x=0 nasa QyHK-

uun f(x)=x%sin 7). B xoMIIeKCHOM aHasu3e 1ego 00CTOUT He Tak:

HYJH TONOMOPOHOH (YHKUUHA HENpPeMeHHO H30JHUPOBAHBI, OHM MO-
TYT HMeTb NpefesbHble TOUKH JHIIbL Ha FpaHulle 06/1acTH, B KOTOPO#
rosioMopdHa ata GyHkiwusg 1), dror dakT BEIpaxKaer

Teopema 1. Ecau Touxka a agasercs Hysem 2040MOPGHOIL
8 3Tou Touke Qyukyuu f, He pasHOU TONOECTEEHHO HYMO HU 8

. .1 .
1} 3amerumM, uro dyukuua f(2) =22 sin — nepecraer 6biTb  rogoMopHHON
B Touke 2=0, HGo npu z->0 MO HEKOTOPbIM HANpaBJeHUAM (HaNPUMep, Mo Ha-

HpaBJeHUI0 MHHMOH oOcu) sin? CTPEMHTCA K OecKOHeuHOCTH GbicTpee JIOGOR

-1
cTeneHdn —.
z
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Kaxoii OKpecTHOCTU a, TO cyuiecrsyer TaKoe HarypaasHoe 4ucao n,

410
[(2) = (z — a)"p(2), (1)

ede PyHKYUS © 20A0MOPPHA 8 TOUKe A U OTAUKHA OT HYASL 8 HeKO-
TOpPOU OKPeCTHOCTYU ITOL TOHKU.

< B caMmoMm Zesie, B HEKOTOPOH OKPECTHOCTH TOUKH a (yHKuua f
pasnaraerca B crenenHol psan. CBoGOZHBIN WieH 3TOrO psjia PaBeH
Hyno, u6o f(a) =0, Ho Bce ero K03(pHUIHEHTH He MOTYT OBITh paB-
HLIME HYJO, 60 torna f=0 B HexkoTOpO#l oKpectHocTH a. [TosTomy
HafiieTca OTJHMYHBIE OT HYJA KO3(PUUMEHT ¢ MAaZuuM HOMEpOM,
KOTOPLIA MBI 0603HAUUM Yepe3 N, ¥ pasJoKeHHe HMEeT BH[

[(2)=tn(z—a)*+Cnpu(z—a)™* ..., c,+0. (2)

O6osHauumM dyepes
op(a)=cp+cCnp(z—a)+...

CYMMY psifia, CXOASILIETOCH B HEKOTOPOH OKPECTHOCTH @, H NO3TOMY
rojoMopdHyIo B 310l OKpecTHOCTH. Tak Kak @(a) =c,=0, To B cuay
HeNpepLIBHOCTH 370N (YHKUHH ¢=0 B HEKOTOPOH OKpecTHOCTH @ ¥

TeopeMma 2 (exunctBeHHOCTH). Ecau dse ¢yuxyuu fi,
=H (D) cosnadaror na mHoxcecTee &, KOTOpOe umeeT XOTa Obl
00HYy npedesvHyro TO4KY a, npuradresmcawiyro D, 10 fi=f, 6cro-
dy e D.

< Qyuruna f=f, — fo=H (D); nyxkuo nokasath, uro f=0 8 D,
T. €. UTO MHOXKECTBO of ={2& D: f(2) =0} >& cosnagaer ¢ D,
Ipeneabnas Touka a ABJAeTcA HysaeM [ (B cUJy HenpepbIBHOCTH
nocaenneit). Ilo teopeme 1 dynknua f=0 B HEKOTOpOi OKpPECTHO-
cTH @, ubo MHaue 3Ta TOYKa He MoIJa OblThb NpeNesbHOH AJf MHO-
KecTBa HyJel f.

[e]
TakuMm 06pa3oM, OTKPBITOE ALPOoF MHOKECTBA oF (T. €. COBO-
KYIOHOCTb €70 BHYTPEHHHX TOUEK) HEIYCTO — OHO COAEPXKUT TOUKY a.
[e]

[To nocTPoeHHI0 ¢ OTKPBITO, HO OHO B TO XKe BPeMs M 3aMKHYTO
(B oTHOCHTeNBHO TomoJjorunm obgactn D). B camom nese, ecau

]
beD apasiercs NpenesbHON TOUKOH oF , TO MO TOH ke Teopeme 1

[e]

¢yukuus f=0 B HEKOTOPOH OKpecTHOCTH b, T. e. b &c¥ . Tak kak D
no onpeneneHuio o6gacTH CBAA3HO, TO NO TeopeMe 3 m. 4 uUMeeM
(o]
F =D»p

Dr1a TeopeMa TakXe INOKa3blBaeT CYUIECTBEHHOE OTJHMYHME MOHS-
THA roJoMopdHOCTH (QYHKUMH OT NOHATUA AuddepeHHHUPYEMOCTH
B CMbicJe JeHCTBHTENIbHOTO aHanu3a. B camMoM pene, ABe paxe
6eckoHeyno nudbepeHuupyemMbie OYHKIHU OeHCTBUTENBHOFO Iiepe-
MEHHOTO MOTYT COBNafaTh HAa yacTd 00JaCTH onpenesieHus, He COB-
napgas toxaectBeHHo (puc. 36). Ho mo pokasanHoit teopeme aBe
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rojoMopdHee QYHKUUM, COBHANAIOWIME HA JIOGOM MHOXKECTBE, KO-
TOpOe HMeeT [ipefesbHYI0 TOUKY B OOJACTH, TAE OHH roJoMOPGHB
(HanmpuMep, Ha MaJleHbKOM KpYyXKKe HJH Ha
Ayre, npuHamiexalllefl 0o6JacTH), COBNAAAloT
TOXKJAECTBEHHO BO Bcell 06J1acTH.

3aMeTuM ellle, 4YTO, NOJB3YSICH TEOpPeMOi
€HHCTBEHHOCTH, MOXKHO HECKOJbKO YIPOCTHTH
tdopmyapoBky Teopembl 1. MMenHo, yciosue, |
yto GyHKIUA [ He paBHa TOXKIECTBEHHO HYJIO |
HH B KakKOH OKDECTHOCTH TOUKH @, MOXKHO 3a- |
MEHHTDL YyCJOBHEM, 4TO OHa BooGule He paBHa ¢ & Y b
HYJIIO TOXKAECTBEHHO (IO TeOpeMe €IHHCTBEH- Puc. 36.
HOCTH 3TH YCJOBHS COBNANawT).

W3 teopemur 1 BuAHO, 4TO rosiomMopdube PYyHKHME 006pamAaioTCs
B HYJb, Kak Illesas creneHs (2 — a).

Onpenenenue 2. ITopadkom nysrs a =C dyukiuu f, roso-
Mop®dHOH B 3TOI TOUKe, HA3LIBAETCA HOMep MJajuleil OTJIMUYHON OT
Hya1a npoussogHolt f®(a). HMHbiMuH cjoBaMu, TOYKa @ Ha3bIBaeTcs
HyJeM [ mopaiKa 7, eCIH B 3TOH TOUKe

f@=...=""a)=0, ™@+%0 (n=1. (3)

, (k)
W3 dopmyn nna kosdpdunuentos psama Teisiopa ¢, =Lz_'(_“l
BMIHO, YTO NOPAJLOK HYJIA COBNaNaeT ¢ HOMEPOM MJAALIEro OTJIHY-
HOTO oT Hyas KoshduiHeHTa TeAJOPOBCKOFO PasJoXKeHHs (PYHKIHMH
B 3TOH TOUKE, T. €. ¢ YHCJOM 1, KOTOpOoe yuacTByeT B POPMYyJTHPOBKE
TeopeMbl 1. Teopema eZMHCTBeHHOCTH NOKAa3bIBaeT, YTO TroJoMopg-
Hble QDYHKIIMH, He paBHBIE TOXKIECTBEHHO HYJIO, HE MOTYT HMETh HY-
Jiell 6eCKOHEUHOT0 NnopsaaKa.

[Tozo6Ho TOMYy, Kak 3To Jenaercs JAJA MHOTOWIEHOB, MOMKHO
onpezenuTh MOPANOK HYJAA pU noMoulu IdeaumocTtd. MmedHo, crnpa-
BelJ1Ba ‘

Teopewma 3. ITopadox nyana a< C eoaomopdrol dyxryun f
cognadaer ¢ nopadkom Hausslculel cTenenu (2 — a)*, na xoropyro f
«BeAurcay 8 TOM CMblCAe, YTO HACTHOe & = (nocae npodonrsce-

zZ2—a
Hus no HenpepsisHOCTU 8 TOHKY a) oxasvleaercs gyHkyuei, 2010+
MOpGHOL 8 TOUKe Q.

< O6Go3HauuM yepe3 7 MOPANOK HynsA a u depe3 N HauBHICLIAM
HOPANOK cTeneHu OuHoMa (2 — a), Ha KoTopylo genurcda f. Ms dop-
myasl (1) Buado, uto f Aenutcs Ha J06YI0 cTeneHb k& < 1.

f(z)

(2 —a)k = (Z - a)n—k ¢ (Z),
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nostomy N 2 n. Ilyers | menutca #a (2 — a)¥, 1. €. yacTHOe

LE - — )

(z—a)¥

npejcrab/ifer co6of (YHKIMIO, FoJloMopbHYIO B Touke a. Pasia-
ras 1 B psii MO cTeneHAM (2 — a), MBI HaliieM, 4To TeHI0pPOBCKOE
pas/joKeHue [ C HEHTPpOM B TOUKe @ HauyHHaeTcs €O CTENeHH He
Huxe N. [Tostomy n 2> N, u, o6befuHssi 3T0 ¢ MOJYUEHHBIM BbiIIE
HepaBeHCTBOM, HalineM, uto N=n »

IlpuMep. Pynkuus f(2)=sinz—=z umeer B Touke 2=0 Hyab TPEThETO

nopszaxa. B caMom aene, umeem f(0)=f'(0)=f"(0)=0, wo [”/(0) =0.dro BuAHO
TaKKe H3 Pa3/IOXKeHHS

. 3 28
f(z)=smz—z=%——-?!-+

3ameuanue. Ilyctb f romoMoppHa B GeCKOHEUHOCTH M paBHa
taM 0; nopadkom 3TOro HyJs eCTeCTBEHHO Ha3BaTh MOPAAOK HY.s

B Tourke 2=0 GQYHKUHH qa(z)=f(%). JokasaHunas TeopeMa ocTa-

HeTCsl COpaBe]INBOf U JAJS TOUKH @= 0o, €C/IH BMECTO JeJieHds] Ha
(z — a)* paccMaTpuBaTh YMHOXKeHue Ha 2% (k=1 2, .. ).

[TousiTue mopsiika HYJIs1 MOXKHO pacnpoCTPaHHTb Ha A-TOUKH ro-
domophHux ¢yurmui, Todxa a=C wuaspiBaerca A-rouxoil dyHk-
unn |, ecau f(a) =A. ITopadkom A-touku a $yukumu [, ronomopod-
HOM B 3TOH TOYKe, HasblBaeTC NOPAZOK @ Kak HyJAA QYHKIHH
f(z) — A.

22. Teopema BeiiepmiTpacca kacaercsi guddepeHIUpOBaHUS pPo-
noB u3 rosoMopdHbBIX dyrKHuA. Kak M3BeCTHO, B HmelCTBHTENbHOM
aHa/nu3e NOwieHHoe Aud¢pepeHnupoBaHue panoB Tpebyer CXOIH-
MOCTH pfila B KaKOH-AM0O TOUKE H paBHOMEePHOH CXOZMMOCTH pfza
U3 NMPOM3BOAHEIX. B KOMIJIEKCHOM aHaJ/lu3e CHUTyalusi YIpollaeTcs,
Hmeer MecTo

Teopema | (Beitepmrpacc). Ecau pad

f(2)= Zfd@ (1)

us ¢ynxyuli, eosromopdrsix 8 Hekoropol obractu D, cxodurcs pas-
HOMEPHO HQ MOBOM KOMARAKTHOM NOOMHONCECT8E ITOL 064QCTU, TO

1) cymma aroeo pada f eoromopgra 6 D;

2) pad MONKHO nOwLeHHO Juppepenyuposats 6 kandold Touke D
At060e 4ucA0 pas. :

< [lyctb a— npoussoibHag Touka D; nocrpoum kpyr U=
={|z — a|<r}&D. Tax kak pan (1) no ycroBuwo cxoautca na U
paBHOMEPHO, a €0 ujeHbl HenpepuiBHH B U, To ero cymMma [ He-
npepsiBHa B U. O603HauuM 4uepes y OPHEHTHPOBAHHYIO TPAHHLY JUn-
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6oro tpeyronbHuka AcU. Tak kak pan (1) cxoaurcs Ha y paBHO-
MEPHO, MBI MOXKEM IIPOUHTETPHPOBATb €T0 INOWIEHHO BAOJb y:

ffdz=i ff,,dz.
Y

n=0vy s

Ho Ttak xak [, rosomopduel B U, To mo Teopeme Komiu Bce
HHTerpaJsbl B NpaBod yactu pabunl HyJlo. CienoBaresbHO, paBeH
HYJI0 M UHTerpaJs ot [ no y. Mbl MOXKeM HPUMeHHTh Tecpemy Mo-
pepnt, mo kotopoil f rosomophHa B U. YTBepKaeHune 1) nokasaHo.

I nokasaTesbcTBa 2) OnsiTh BO3bMEM NPOH3BOJBHYIO TOUKY
a=D, nocrpoum kpyr U={|z—a|<r}&€ D u o6o3HauuM dYepe3

=dU okpyxkHOCTb {|2—a|=r}. [lo ¢popmyne Kouwu pmis nmpous-
BOIHBIX HMeeM

) (g) = R (—Z% (=1, 2,...). 2

B cuny paBHOMepHOH CXOZMMOCTH Ha y, pAna

() fn(2)
(z— k+l _'Z (z— a)k+1 (3)

(ou ormyaercs ot (1) MHOXKHTeNEM, MOAY/Ib KOTOPOTO PaBeH ~pr

U1 BCeX 2Z&y,) MH MoxeM NoxactaButh (3) B uarerpan (2). Ilpu-
MmeHsig Gopmyan (2) K cpyHKuHHM fn, HallZEM

f(k) (a ) _ R fn (2) Zfl Z *®) (a)

2m (z

YrBepxkeHue 2) nokaszauo »

B ananuse oco6yio posib HrpaloT Psiibl, COCTAB/JIEHHBIE H3 MOJH-
HoMmoB. ITo TeopeMme BelfiepiiTpacca MoXHO yTBEPKIATh, UTO €C/IH
pAL H3 [OJUHOMOB '

f@)=3 Pu(2) @

CXOIUTCSl PaBHOMEPHO Ha KaXJOM KOMIIAKTHOM IOZMHOMKECTBE He-
Kotopoil obmacti D, To ero cymma f ronomopdHa B D.

Has npakTuku Baxna oOpaTHasi 3aflaya O NPHOJIMKEHUH TpPO-
H3BOJIbHOH GYHKuMY, rojomopduo#t B obmactu D, mocienosatesb-
HOCTbIO IIOJINHOMOB, NpuueM 00BIYHO TpebyeTcs, qTo6b1 TaKOe IpH-
OnuxeHue ObIIO PABHOMEPHBIM Ha KaXKIOM KOMIAKTHOM NOAMHO-
xecrBe D. IlpuBeneM TouHyi0 MOCTAHOBKY 3aJaid O PaBHOMEPHOM
DDHGMUKEHHU TIOTHHOMAMH. -
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Nycre 3anana o6nacte DC n dynkuus feH (D). Tpebyerca
oas jwoboro MHokecTBa K& D u m1060ro >0 DOCTPOMTHL TakoH
noaunoM P (2), yTo6ul

If—Pllg=sup |f(z)—P(2)|<e. (5)
zeK
dta 3ajavya pPaBHOCW/bHA 3ala4de NOCTPOCHHA psAJia U3 IMOJHHO-

MOB 2y P, (2), KOTOPHIl CXOZMTCH K [ DPaBHOMEPHO Ha KaXKAOM
n=0

KOMIIAaKTHOM NOJMHOXecTBe 00Jactd D. B camom jgese, eciu Taxoi
pAL TOCTPOEH, TO €ro YacTHYHble CYMMBl € AOCTATOYHO OOJBILIMMU
HOMepaMH, OUYeBHIIHO, YIOBJIETBOPAIOT
ycJaoBHAM 3afauyu. Jas  nmokasaredib-
cTBa 00paTHOTO YTBEpIKJAEHHS BOCMOJMb-

o) 3yeMcsl 1IeMMOJ O KOMITAKTHOM HCYepIIb-
BAHHH:

Jdemma. [Jas aroboii o6ractu D=C

Koot MOXCHO NOCTPOUTHG KOMNAKTHOE uc4ep-

noeanue, T. e. nocaedo8aTeAsHOCTy Ta-
kux samxHyTolx (8 tonoasoeuu C) mro-
acecrs K, uro

Puc. 37. KicK,=o...cK,<..., (6)
npuxem 6ce K,c=D u xawdas touka z<=D npunadaesxcur ecem K.,

o0
HAXUHAS € HeKOTOPO20 (D = U K,,).
n=1
4 B kauvecTtBe K, MOXKHO B3fTh MHOXKECTBa

K.={zeDnllzI<m: o oD)>+},

rae p(z, 0D) — paccrofinue OT TOYKH 2 IO rpaHulB 06jgacTu |
n=1, 2, ... (puc. 37) »

3ameuanue. PuUrCHPYEM TOUKY zooeD u o6o3nayuM uyepes G,
CBAI3HYIO KOMIOHEHTY OTKpHITOrO Anpa K,, cojepxXKallyio 2, (Hauu-
Hast C HEKOTOpPOro n=r, BCe OHU HemycTbl). Torma Mbl NOJAyuYHM
KOMIakTHOe ucuepnoisanue D objiactamu

GEGy... €EGE .., (7)

oo
npuuem Bce G, D u D= G,
n=1
Taxk kak ¢yukuus p(2, 0D) yrosnerBopsier ycioBuio Jlumunua,
T, e, AJs Beex 2/, 27D umeeM

1p(Z, 9D)—p(2", OD)|< |2’ —2"|,
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TO rpaHuubl obsacreii G, COCTOAT W3 KOHEUHOrO YHC/Ia CHpAMJAe-
MBIX KpHBBIX. Bosee Toro, nokpriBas GG, KOHEYHBIM YHC/JIOM KPYFOB
JAOCTAaTOYHO MaJIoro pajauyca, Mbl MOKeM NOCTPOUTh HOC/AeH0BaTe/]b-

HOCTb obJacrteli G,'z € KyCOYHO TJIAJKMMH TpaHUIAMH, TAKKe KOM-
NaKTHO ucyepnoiBaouyio D,

Haxounel, sametuy, uto eciau obaacth D ogHocsssHa, To u obaa-
ctu G, ee KOMIAKTHOTO HCUEPNBIBAHMS MOXKHO CUHTAaTb OZHOCBS3-
HBIMH.

BepueMmca k npepranHoMmy paccyxkieHuto. [Tosb3ysace JeMMo#,
HETPYNHO JloKasaTh, 4yTO ecau Mg obsacth D 3ajaua 0 paBHOMED-
HOM npubJHXKEHHH NOJHHOMAaMH pa3pelluMa, TO B HeHd Ji00yio
byaruuo f&H (D) MOXKHO NpeACTaBHTh PALOM U3 MOJHHOMOB, paB-
HOMepHO CXOZAUINMcs Ha KaxaoM K € D. B camom fene, nocTpouM

oo
KOMIIAKTHOe HcuepnbiBaHue D = U K., Kak B JeMMe, ¥ NOCTPOUM
n=l i
[I0C/1€J0BATENBHOCTE NOJHHOMOB P, TakHX, YTO

1= Palk,<5r (n=1,2...). ®
Torpa pan

Pia)+ 3 [Pay ) = Pu(2) )

Oyzmer UCKOMBIM. B caMoM zene, ero n-1 yacTHyHas cyMMma paBHa P,
H M03TOMY B CHAY (8) OH CXOAHTCS K [ paBHOMepHO Ha KaxaAOM
K &D (xaxnoe K& D npunamiexur Bcem K,, HauHHas ¢ HEKO-
TOpOro HOMepa, M, cjaenoBaTenvHo, |If — Ppllx<e A1 mwo6oro
>0, ecJiu 1 1O0CTATOYHO BEJIHKO).

Ecau ob6macte D mpeacrasasier co6oit kpyr U={|z— a| <R},
TO DOCTABJEHHYIO 3ajauy pewmaloT noJuHombl Tefiopa ¢yHgumu f
C LEHTPOM B TOUKE a:

P,)=fa)+f(a)(z—a)+ ... (a) " (z—a)" (10)

JleficTeuTesbHO, MBI 3HaeM, 4to [ npexpcrasasercsa s U pagom Teft-
Jopa, NPHYEM 3TOT PAJ CXOIAHTCH pPaBHOMEPHO Ha KOMIAKTHBIX
noamuoxecrsax U.

OnHako cTemeHHBE PAALI CXONATCH JHLIb B KPYrax, IMO3TOMY
nosuHoMbl Teliopa HenmpuroAHbl AAs Npubjmxenduss (QYHKUHH B
obsactax OoJee obuiero Buua. Bompoc o npubaukenun (QyHKuUHH
B OIHOCBAI3HBIX 00/1aCTAX pellaer

Teopema 2 (Pyure). [lycre ¢yrxyua [ eoromoppua s
o0rocsasnol obaacty DcC u K —npoussonssoe KomnakTHOE
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nodmuoscecréo D. Tozda 0aa 06020 >0 Haildercs noaurom P
TaKou, 4TO
If — Plix<e. (11)

< [TocTpouM oRHOCBA3HYIO o6aacTb G ¢ KYCOYHO IVIafKo# rpa-
Huuefi 0G=vy rtakylo, 4o K&E G €D (cM. 3aMeuaHue Iocie
aemmut). s moGoi Touku 2K 1o uHTerpanbHoll gopmysne Kouwn
HMeeM

(@)= [ { & a (12)
Y

HoxkasxeM cHauana, 370 f MoxHO npubausuTh Ha K pauuoHalb-
HelMu GyskuusaMu. Hdas sToro pasobbeM y Ha y4acTKH TOUKAMMU
¢, (v=1, ..., N), B3aTeiMu B nopsinke o0xoZa y, o6o3HayuM ue-
pes vy, y4acToK y MexXAy &, H Ty41, MOMOKHAM AL,=0,41— Ly ( MBI
CUMTAEM Gnyq=§) ¥ pPacCMOTPHUM palMOHAJBHYIO (DYHKIHIO

N
g @ =57 Y £l g, (13)

v=1

HmeeMm, ouesugHoO,
N
1 A v

FO-g@ = 3 | {18 L0 g (1)

v=1 Yy

Tak kKak QyHKIHSA gf_(éz) JIBYX KOMINVIEKCHBIX TNE€PEMEHHBIX 2 U { He-

MpepbiBHA HAa KOMIIAKTHOM MHOXKecTBe KXy 4eThpeXMepHOro mpo-
cTpaHcTBa (2, {) '), TO oHa paBHOMEpPHO HenpepwbisHa Ha HeM. [lo-
3TOMY A Jio6oro e>0 MOXKHO BHOpPaTh y, CTOJb MEJKHMH, UYTO

F@) _ Fw)

{—= Lv—z

<e

aas Bcex [ &y, u Bcex 2z < K. Iloncrasnss 3Ty oueHky B (14),
HalizeM

17~ g e <selvl,

rie |y| — AnuHa y. Bo3MoXHOCTh Npub/uKeHNs [ panuOHAbHBIMH
¢yukuusmu Bufa (13) pokasana.

Ocrtaercs mokasartb, 4YTo JOGylo QyHkuuio Buza (13) moxkHo
npub1u3uTh pasHoMepHo Ha K nmomuuHoMmamu. Haa storo mo-
CTATOYHO [0KasaTh, 4TO Ha K paBHOMEpHO MpHG/IHIKAETCA MOJHHO-

) Uepes AX B o6osnauaerca npoussefeHue MuoxecTs A u B, T. e. coBoKyn-
HocTb Beex nap (a, b), rnea=A u b B,
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1
Mamu mobas QYHKIus fo—zr TRe {,=0G — npou3BoJbHAsA TOYKA.
.

Hokaxem Gospuiee: nycTe G’ — ob6aactb Taxas, uto KEG' € G
H ponoanHedve A=C\G’ cBA3HO!); Torga MHOXKECTBO

. npubnuxaercd paBHoMepHO Ha K HOJII/IHOMaMI/I}

é"={aEA:

cosrnagaer ¢ A.
MuoxkecTBo & Henmycro, #60 OHO CONEpPKHUT BHELIHOCTb Kpyra
{|z| <R}, B xoropom uaexur K. B camom pene, mas JoGoro a,

la| >R, dyuknus —ToJIOMOpdHa B {|2| <R} u, cnepoparennuo,

paBHOMEpHO .npn6nmxaeTcsx B aToM Kpyre (a 3Haumt, u Ha K)
ceouMu noaupoMamu Tefsopa ¢ uentpom 2=0. MHOKecTBO &
3aMkHyTo (B Tomojoruu A), u6o ecau NocJelOBaTeNbHOCTh TOUEK
a,=& CXOQATCS K HEKOTOPOH TouKe A, TO M NOCJAEI0BaTEel]b~

HOCTb (YHKIHH paBHOMepHO Ha K cXojurca K Py (mpu
a=oco0 TOCJAENHIO Hafl0 3aMEHUTh TOXKAECTBEHHEIM HyJeM), a Tak.
paBHOMepHO Ha K NpuGauxKaloTcs MONHHOMAaMH, TO

KaK BCe

1
W —— — TaKxe. Ho B 10 e BpeMsi & H OTKPHITO: NYCThb @y & & U
a—Jaiobaa ToykKa M3 Kpyra
la—al< inf | gy —2];
zeK

nMeeM

. 1
npuyeM psjA CXOOHMTCH paBHOMepHO Ha K, a Tak Kak ———5 H, 3Ha-

UHT, oy npubnuxaoteas Ha K TNOJAHOMaMH, TO YaCTHBIE
o=

CYMMBI TOrO psiia — TOXe, T. €. aE&.

Takum oOpasoM, & sBJASETCsl HENYCTHIM H ONHOBDPEMEHHO 3a-
MKHYTBIM ¥ OTKPBITBIM HOAMHOMKECTBOM CBSI3HOTO MHOXKECTBA A;
no tTeopeMe 3 m. 4 & =A »

3ameuanune. [lo cyumecTsy TeM Ke MeTONOM HOKas3hbiBaeTcs,
uro JM06yi0 QYHKUHIO f, rOIOMOPODHYIO HA OTKPBHITOM (He 06M3aTedNb-
HO CBYI3HOM) MHOXkecTBe D Cco CBA3HHM JONOJHEHHEM,
MOXHO NpHO/H3HTH NOJMHOMaMH PaBHOMEPHO Ha Kaxiom K & D.

1} Takyio o6aactb G’ MOXHO HOCTPOMTH Ha OCHOBaHHM NOKa3aHHOH JIeMMbl
H OJHOCBSI3HOCTH oﬁ.nacm G,
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(Bropast yacTh HOKasaTenbCTBa HE MeHSeTCs BOBCe; B NepBoH ua-
CTH HYXKHO NOCTPOMTb OTKpHITOe MHOXecTBO G, K& G €D, ¢ rpa-
Huned y=0G, cocToAalled M3 KOHEUHOTO 4UMC/Ja KYCOYHO TJIaJKuX
KDHBEBIX, B 3aMeTHTh, uTo dopmyaa (12) pacmpoctpansiercs Ha ITOT
cayyai.)

C zpyrol cTOpPOHBI, AJ1s1 MHOTOCBA3HLIX ofjacrefl 3azada o0 Hpu-
OvKeHuu rosioMopdHBIX (yHKUME NOJHHOMamu, BooOlie roBops,
HepaspemumMa. IIpHUnHY 3TOrO MBI BBIACHMM mo3xke (cM. 1. 35).

§ 6. Paap Jlopana u ocoOble TOUKH

Panpl Telliopa nmpucrnoco6/eHBl IJs NPENCTaBJEHUST TOJOMOpGd-
HbIX QYyHKUHA B Kpyrax. 3Zech Mbl pacCMOTpuM OoJjiee obuiue Psinbl
N0 [OJNOXKHTEJNBHBIM M OTPHUATENbHBIM cTeneHsM (2 —a). Takue
PsLABl NPEACTABJSAIOT ToJoMOp(HBEe (QYHKLHM B KOHIEHTPHUECKHX
KOJIbIlaxX

V={z=C: r<|z—a|<R}, r>0, R<

Oco6eHH0 BaKHBl Pa3/fOKeHHAs B KOJbIAX C HYJEBLIM BHYTpeH-
HHM pPajHyCcoM, T. €. NPOKOJOTHIX OKPECTHOCTAX. DTH pas/IoKeHHs
NO3BOJAIOT H3YuaTh (PYHKUHH B OKPECTHOCTH TOYEK, TIE OHHU Te-
psitor rosoMop®HOCTh (0CcOBBIX TOUEK).

23. Psan Jlopana. Teopema | (Jlopaun). Jwbyw ¢yuk-
yuro f, eoromoppryro 8 koavye V={r<|z—a| <R}, M0OsxcHO 8 3TOM
KOAbye npedcTasuTo Kak cymmy cxodaujeeocs pada

o0

)= 2 culz—a), (1)
n=—oo
KO3ghuyuenTsl KOTOPO20 0npedessroTca no hopmysamn
1 f(5)dg
Cp=—> == (=0, x1, £2,...), 2
" omi (ot e} ¢ —a)™
2de r<p<R. -

<<DHKcnpyeM DpOH3BOJIBHYIO TOUKY Z&V U NOCTPOUM KOJBIO
={¢: r'<|t—a| <R’} Takoe, uto z&V’' & V. Ilo unterpa/ibHoit
cpopmyne Kowu nmeem

d 1 d 1 d
Fe) = ffé) ¢ _ .. féglf—-m féc_)zg, ©)
rl .vl
rZe okpyxuoctd IV={|{—a|=R"} n y={|{— a|=r'} opuentupo-
BaHbl IPOTHB YaCOBOH CTPEJIKH.
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Has Beex L =17 umeem Z:Z =¢g<1, nosToMy reomerpuue-
CKas MpOTpeccus
L 1 _\ _(e—a)
Sy (o= My

cxoZuTcs paBHoMepHo no { Ha IV, YMHoxas ee Ha orpaHuueHHyiO
dynkuno 5—f(f) (4T0 He HapymwlaeT paBHOMEpHOIl CXOAHMOCTH)
¥ HHTETPUPYsl NMOWIEHHO BROJb IV, mosyyaem

1 Yd
57 f(g C ch(z_a (4)

g

rae

1 d
e =5 (_Cf%)%l_ (n=0, 1,...). (5)
I‘/

Bropoi#t muTerpan B Qopmyne (3) npuiaercs pasjaraTb uHaye.

Tlpn Bcex {4y’ nMeem =g, <1, mosToMy Mu Mojy4aeMm

paBHOMEDPHO CXOASIIYIOCH Ha y' reOMEeTpPUYECKYIo IIPOTPECcCHI0 TaK:

1 1 N C—a

ISC (z—a)(l—g—i) —n=l (z=a)"

—a

' 1
CHOBa yMHOXKAst ee Ha OrpaHHUYeHHYI0 (PYHKUMIO —m—if(g) H HHTe-
rpUPys MOYJIEHHO BIOJB ', MoJydaeM

1 f(C)dZ.
T oni 2& (z-—a)" ’ (6)

v

rae

d"=2+;iff(§)(§‘a)"—ld§ (n=1,2...). (7)
P

3amenuMm Ttenepb B dopmynax (8) u (7) unmexc n, npoberaio-
muil sHauveHus 1, 2, ..., HBAeKCOM — 1, NpoGeraiolinM 3HAYEHUS

8 B. B. laGar
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—1, —2, ... (370 HUUErO He MeHAeT), U 0603HaunMm !) -

ta=d_p= 2mff@)(c "L (e=—1, =2, .. (8)

TOr'za pasnox(eﬂne (6) npumer Bun

1 d n ,
e [ ch(z_a) ©)

b4 n=-1

.

 Tenepp moacrasum (4) u (6') B (3); mosyuuM Hy:KHOE pasio-
KEHue (1):

oo

f@)= 2 calz—a),

n=-—oo

rie psg onpepenseTcs kak obwenuHenue panos (4) u (67).
Ocraetcs 3aMeTuTh, 4yTO IO TeopeMme 06 HHBAPHAHTHOCTH HHTErpaJa
B dopmynax (5) u (8) okpyxkuoctu IV u y MOXHO 3aMEHHUTB JIO-
601 Opr}KHOCTblO {It—a|=p}, rne r<p<R, u torza stu QopMynl
npumyt Bun (2) »

Onpenenenue. Psap (1), Koacbtpnunembl KOTOPOTO BBIYHC-
Jasiorest o dopMmynam (2), nasviBaercs padom Jlopawa dyukuuu f
B koJble V. COBOKYNHOCTh YJIEHOB 3TOrO pfila C HEOTPHIATE/b-
HbIMH CTEIEHSIMH Ha3bIBAETCSl €0 APABUAbHOU 4ACT6H0, & COBOKYII-
HOCTh YJIEHOB € OTPHUATEJNBHBIMH CTENEeHAMU — 2Aa8HOU 4ACTbio
(eCTECTBEHHOCTh Ha3BAHHII BBIACHHTCS B CAEAYIOLIEM INYHKTE).

PaccMOTpUM OCHOBHBIE CBOHCTBa PANOB MO HEJbIM CTENeHAM
z—a. Kak u BhIIe, MBI ONpeNedHM TakoH psaj

oo

ngw ¢, (z—a)" 9)
KaK ofbelnHeHue psAAoB
@) See-at u (@) SaG-a. (0

Pan (Z,) npexcraBnasier OOLIUHBIN creneHHoll psam; ero o6-
JIACTBIO CXOOMMOCTH siBasieTcst Kpyr {|z-—a|<R}, rme uuciao R
onpenensierca no gopmyne Komn — Anamapa

n

x=Im Vel (11)

n-> oo

1) 3aMeTsTe, 4TO ¢ ¢ OTPHHATEJbHB MK UHIGKCAMH A0 CHX HOpD He
ynortpebasiuch.
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Psan (Z:) npeacrasisier cTENEHHOH psJ OTHOCHTENLHO MEpeMeH-

1
HOoro Z = ———:

(Z2): nz; c-nZ". (12)

[Tostomy ero 06/acTbl0 CXOAHMOCTH SIBJISIETCSI BHEW HOCTH KpP Y-
ra {|{z—a|>r}, rae no dopmyne Koun — Anamapa, npumeHeHHOH
K pany (12),

r=1im Vicl. (13)

n-> oo

Yucao R He 06513aH0 ObITh GOMLLIMM r, MO3TOMY 06/acThb CXOZHMO-
ctu paga (9) moxer 6bITh nyctoli. OgHako ecnu r<R, To 061acTblO
cxompumocTH pasa (9) Gyaer komsuo V={r<|z —a|<R}. 3amerum,
YTO MHOXE€CTBO TOuek cxoauMocTu pafa (9) moxer otauyarbca
or V Ha HEKOTOPYIO COBOKYMHOCTb TOUEK, NpHHamaexaumux oV.

ITo Teopeme A6ens panx (9) cxoauTcs paBHOMEPHO Ha J0GOM
KOMTaKTHOM MNOAMHOXECTBe KoJbla V/, nostoMy no teopeme Befiep-
nTpacca ero cymma rosioMopopHna B V.

M3 3tux 3aMeuanuii cpasy BbITEKAET TEOPEMA €JHHCTBEHHOCTH
pasjoxeHus PYHKIMH B JAHHOM KOJbIE B PAJ MO TOMOMHTENLHBIM
H OTPHIIATE/JAbHBIM CTENEHSIM:

Teopema 2. Ecau pynxyua | 8 kossye V={r<{z—al <R}
npedcrasuma padom suda (1), T0 KoapPuyuentor 3T020 psda onpe-
Oeastorca no opmysam (2).

< BosbMeMm oKpyxHOCTh y={|2 —a|=p}, r<p<R. Pan

o

2 a(z—a)=f(2)

=00
CXOJHTCA Ha Hell pPaBHOMEPHO, U 5TO CBOHCTBO COXpPaHHUTCA HoOCae
yMHOXKeHus1 06eux yacTel Ha NPOU3BOJBHYIO cTenedh (22— a)~n!
(n=0, =1, *2, ...):

E Ck (Z _ a)k—n—l — f(z) .

(Z _ a)n+l

[TporHTErpHpPYEM MOJIYYEHHBIH Psij TOYIEHHO BAOMADL y:
oo
Y k-n-1 f(2)dz
2‘ ckf(z——a) " dz= f ———,
(z—a)
k=—00 ¥ v

H BOCNOJb3yeMcd TeM, UTO MO CBOHCTBY OPTOrOHAJbLHOCTH CTeneHei
(n. 14) Bce MHTerpaJbl B JeBoid yactu pasHbl 0, KpoMe onHOrO, AJs

S*
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KOTOpOro k=n U KoTophlil paBen 2si. Mbl nosayuyum

2nic,, =" ———f(z)de (n=0, =1, ...),
(z—a)
) ¥
a 370 coBnapaer ¢ (2) »
Teopemy 2 MomxHO chopMynupoBaTh TaK: BCAKHI cXomsaluiuiicsa
pAL MO NOJOXHTEJbHbIM H OTPHLATENbHLIM CTENeHAM 2-—a fB-
asercs paaom JlopaHa cBoell CyMMBEL
Qopmyanl (2) maa kosdbduuuenToB psga Jlopana Ha mpakTHKe
NPUMEHSIOTCS CPAaBHHUTEJNbHO penko, u60 OHH TPeOYIOT BBLIUMCIAEHHMS
uHTerpanos. Ha ocHoBaHuM QOKa3aHHOH TEOPEMBI €IUHCTBEHHOCTH
st TIOJYYEHHsT JIOPAHOBCKUX Pa3sOKEHWH MOXKHO MCHOJNb30BATh
JI0G0H 3aKOHHBIH TpHUEM: BCe TaKHe MPUEMBl NPUBEAYT K OLHOMY
HYXHOMY pesyJbTaTy
ITpuwsmep. Pyukuns

1
&= e-9

roaomoptua B komblax Vi={0<lz]<1}, Vo={1<21<2} n Vi={2<|z|<oc}. Oaa
MOJYYEHHS! JOPAHOBCKUX DPAa3jJOMKEHMH NpPeACTaBHM 3TY GYHKUMIO B BHAE

1
z2—1"

P )= oty =

B xoabue V; cjaraeMbie NPeaCcTaB/AIOTCS TaKUMU reOMeTpHYeCKHMH mporpec-
CUAMUL

-l n
z—12=_%——1——z=_% (-;-) (cxoantest mpu |z} < 2),
- - /
(14)
1 1 n
-—T==z= 2 (cxomures mpu [z] < 1).
n=0

[Tostomy B Vi dyukuus f npencrasisiercs psiioMm

oo

j@=3 (1= )

n=0

KOTOpPHIl COAEPXKUT /ML HONOXKNTenbHHe cTeneHn (psnom Tefnopa).
B kombue V, mepBoe passoxenue (14) npopo/ikaer cXOZMTbCHA, a BTopoe
HYXXHO 3aMEHHTDb Da3jioKeHHEeM

11 N
-S-T="3 = 2 2" (cxoputes mpu |z | > 1). (15)

n=-—1
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B 3ToM KoJblle, ciefloBaTedbHO, f npeacrasasercs psjaom Jlopauna
n
o= X4 3 (3.
n=-1

B koabue Vs pasmoxkenue (15) mpomosKaeT cXOQUTLCS, a NMePBOE Pa3joKe-
Hue (14) Hy>XHO 3aMeHMTb TAKHUM:

|
8

1
z—2

1 1 z\*
= =3 5 (cxomutea mpH |z | > 2).
1-=

P n

T@= Y (Qjﬂ - 1)z

n=-—1

CaenoBare/bHo, B Vi,

OrmeruM, uTo Ko3DduUHEHTH paAfa JlopaHa oOnpenensioTCss Mo
dopMysam (2) KOTOpble mpu 72> 0 COBMANAT C MHTErPa/JbHEIMH
dopMyaamn mias Koshduunentos psiga Tedsopa'). Iloropsis B
TOUHOCTU BBIKJAJKH, NPOBeleHHble B N. 19 npu BHIBOLE HepaBeHCTB
Kowu ans kos¢duuuenros paga Teitnopa, Mbl monyuum

Hepasencrsa Kowu (ana xosdduuuentos psaga Jlopaua).
Mycre ¢ynkyua | coromoppra 8 roavye V={r<|z—a|<R} u
Ha OKpyxcHocTy yo={|2 —a|=p}, r<p<R, ee modysv He npesoc-
xo0ur nocroaxxoi M. Toeda xosgpduyuenror psda Jloparna Pynx-
yuu | 8 koavye V y0o8.eT80pAI0T HepaseHcTeaM

lep 1< (n=0, =1, %2, ...). (16).

B 3akJioueHne OTMEeTHM CBA3b MexJAy panaMu Jlopana u ps-
namu Dypoe. Pad Dypve dyuxuun ¢, uHTErpupyemoii Ha OTpeske
[0, 2rl=R, onpenensercs Kak pax

‘;—0 + E a, cos nt -+ b, sin nt, (17)
n=1
rne

2n
an='21n‘f o (¢) cos nt dt, bn=%f ¢()sinntdt (n=0,1,...) (18)
0 0

1) Opnako Kosq>qmuuemu pana Jlopana Hesab3s mpeACTaBHTL Mo Autdepen-

nuajabHoOll thopMyne cp= f (a) X0Ts# Owm NOTOMY, uTo f, BOOGIle roBops, He

onpefeleHa npu 2=a.
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(mbpl cuutaem by=0), Takoil pag MoOXHO nepenucars B KOM -
JAexcHoit dopme. Hns sTOro BOCHOAB3yeMcs dopMmynamd Dif-
Jepa

nt pint _ g-int

. e
, sinat= 57

emt‘ + e—i

cosnl= D)

u, nojcraeus ux B (17}, Hafizem

oo

+ E ( an — gint 4 M —tnt) — 2 cneint’

n=-—oo
T[e NO0JOXKEHO

P4

n—.bn 1 -in —

cn=_a_2‘_=§;f oMeimtdt  (n=0,1,...),
0

. 2n

—n+ ib_ i i

o=t~ L[ g@emat  (n=—1, -2,...).
0

Pap

2 cpeint (19)

n=—o00

< Ko3hdUIHeHTaMH

= f o (f)eint gt (20)
0

1 npeacraeaser coboit paf Pypbe QYyHKUUH @, 3aNHCAHHBIA B KOM-
MJIeKCHOH (opMe,

[Monoxum tenepb e*=2z u ¢(t) =f(ei*) =f(z); torma psan (19)
AOPHUMET BHI

_2, c,2", (21)
a ero Kos(p¥LUeHTH
2n
1 ~in
_ﬁf f(eint)eitdt—___ f f(z n+1. (22)
0 fzl=1

Takum obpasoM, pad Pypee Qynrxyuu @(t), t |0, 2xn], sanu-
CaHHubL 8 KOMNACKCHOU opme, asasercs padom Jopana gynkyuu
f(2) =0(t), ede z=¢€, na edunuunod oxpyrcrocru {|z|=1}.

OueBHHO, YTO H oépamo pan Jlopana ¢yukuud f(2) Ha enu-
HHYHOH OKPYXHOCTH ABJAseTca psinoM Pypbe dyHkuuu f(e) =@ (¢)
Ha oTpeske [0, 2n].
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OrmeruMm, uTo, BOOOIIC TrOBOPsA, laxe B CJAyuyae CXOJAUMOCTH
paaa Pypbe K QyHKUMM @ B Kamxnaol Touke ortpeska [0, 2n] mns
cooTBercTBylonlero psaiaa Jlopana moxer moayuutbea R=r=1, Tak
4yTo0 00MacTb CXOLHMOCTH 3TOro pspa JlopaHa okaxercs MycTOH.
Jlule npu BecbMa OrPAHUYHTENbHBIX YCHOBHAX, HANOXKEHHBIX Ha
(YHKIHIO @, COOTBETCTBYIOUIUH pAx MMeEeT HemyCcTyio 06JacTh cXo-
JUUMOCTH.

ITpumep. Ilycts

asint
? ()=

—2acost+a? (laf <1).

Tlonoxus e**=2, HalimeM COOTBETCTBYIOULYIO (DYHKIHIO

1—22 1 1 1
f&)= =T H
Qi{zz—(a+-l-)z+l} 2 1—az 1-—-‘i -
a 2

1
oua rosoMopdHa B KOJblle {Ial <lz| < m} Kak B npeabaynieM npumepe,

NMOJYYHM ee JIOpAHOBCKOE pPasJjoxKeHHe B 3TOM KOJIbLe
oo

f(z)=—217 W a® (z”—--—l,,—>.

2

n=1

3aMenns sfech cuHoBa z=e', nosyuum pasnoxenne Pypve QyHkuum @:
00
o(t)= Z a" sin nt.
=1

24. HUzoanposanHble ocolble TOYKM. 31ech Mbl HAuHHAEM H3y-
yeHHe TOUEK, B KOTOPBIX HapyuaeTcs ronoMopdHoctb ¢yHruui, Pac-
CMOTPHM CHayaJsa npocrefilinil THI TAKUX TOUEK.

Onpenenenne l. Touka a = C HaswriBaerca u304UpPOBAHHOL
ocobod ToukoU ynxyuu f, ecan cyleCTBYeT TakKas NPOKOJaoTas
OKPECTHOCTb 3TOH TOYKH (T.e€. MHOXKecTBO {0< |2 — a| <r}, ecan Tou-
Ka @ KOHeuHa, uau MHOxecTBO {R<|2| <oo}, ecaiu a=o0), B KOTO-
poi#t ¢ynkuus f ronomopdHa.

B 3aBucuMoOcTH OT HoBeleHdss [ npu TNPHOAMIKEHMH K Takoi
TOYKE pasJUyaloT TPH THMA OCOOBIX TOUEK.

Onpenenenue 2. HMsomuposannasa ocobasg Touka a (yHK-
nuy | HaspiBaercd

(1) yerpanumoti Touxod, ecqn CyLLeCTBYeT KOHEUHBIH

lim f(2)=4;

z2>a
(I1) noarocom, ecau cyuiecTByer

lim f(2) = oo;
z>a
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(111)~ cywgecrsenno ocoboil Toukoti, ecnu [ He HMeeT HH KOHey-
HOTO, HH GeCKOHeYHOTro mpexena NpU 2~ d.

IMMpumeps.
[. Bce Tpu THma H30AMPOBAHHHIX 0COGHIX Todek peanusyworcs. Hanpumep,

uMeloT 2=0 ycTpaHuMo#t ocofoif TOUKOH | mJs BTOPOH u3

GbyHRIMK 2 U
HHX 3TO BUAHO M3 TOro, uto npu 2 % 0 cnpaBednHBO Da3jloKeHHE
sin 2 22

P =l“‘¥+a“"...,

sin z

13 KOTOPOro CJeayer, uTo cyliecTByeT lim

1
=1). Oyuxuuy —5, Tae 7 —
z2>0 v 2"

1

Liesioe HOMOMKHTEbHOE HHC/IO0, HMEIOT [0a0C B Touke 2=0. OyHkuus e® umeer
2=0 cBoell cylecTBeHHO 0COGO#l Touko#l, u60, Hampumep, IMPH CTPeMJEHHH
Z=X K HY/JIO N0 neficTBUTENBHOW OCU Npelebl CUpaBa H CjAeBa pasnudHbl (Ipe-
Jlel CnpaBa DaBeH OECKOHEYHOCTH, & CJeBd — HYJ/i0); IpH CTPEMJIEHHH Z=(Y

Y 1 1
K HyJqio 1O MHHUMOH ocu (yHKuMs e? =cos — —/sin — BOOGUle He uMeer
Y Y

npenena.
MoryT, KOHeYHO, CYIecTBOBaTh ¥ HEU3O0JHMPOBAHHB e 0cOOLE TOUKH.

Hamnpumep, QyHKIHT ——— HMeeT MOMIOCH B TOYKax 2= Py (n==x%x1,%x2...),
sin —
2

c/ea0BaTeNbHO, 2=0 sBASETCH A8 Hee HeU30JUPOBAHHOH 0coBOil TOUKOH — npe-

JeNbHOR TOYKOH MOJIIOCOB.
2. Bosee CNOXKHBIA IPUMED OCOOBIX TOYEK NOCTaBJSIET (PYHKLUS

f(z)=222n=1+22+z4+28+"" (1

n=0

Tlo ¢opmyne Kowu — Anamapa pang (1) cxomutcs B xpyre {{2|<1}, u, crenosa-
TeabHo, f ronoMopdua B atom Kpyre. Ilpu 2—> 1 mo nanpasieHUIO AeACTBHTE/B-
HOH OCH OHa CTPeMUTCs K GECKOHEUHOCTH '), csefoBaTenbHO, Touka 2=1 sBjseTcs

AJ Hee ocoGoi. Ho
(2 =14+244284.. .=f(2) — 22,

C/IeA0BaTeNbHO, f(2) =22+4f(22) crpemuTcst K GecKOHEYHOCTH M Korma 2->—I1 mo
panuycy Kpyra. Auanoruuno f(2)=22424+4f(24), caenoBartenbuo, f-> oo u Koraa
Z—> *i no paauycam xpyra. BooGuie

F(z) =22+.. .+z””+f(22”)

') D10 yTBepxueHHE He CJAelyeT u3 packoauMocTH psaa (1) mpu z=1
(BcnoMHHMTEe 3aMeuaHMe B KOHIle n. 14) u TpeGyeT 0co60r0 j0Ka3aTe/AbCTBA: HPH
N

n
z=x, 0<x<l, umeem f(x)> Z x¥?", rme N — npOM3BOJIBHOE HATypasbHOE
n=0

4ucno; mpefiesn mpu x-> 1 cymMmut B mpasokt wacTi pasen N+1, crenosaTennho,
nafigercs >0 takoe, uro f(x) >N npu | — d<x<1, crenoBareasuo, lim f(x)=
’ x> 1-0

= 00,
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AJs m0GOro HATYPaJbHOrO A, MOATOMY f-—>CO, Korjla 2 CTPeMHTCS 1O pajHycy
=

K JI0060H «IBOMUYHOH» TOYKe 2=e 2 (=0, 1, ..., n— 1) oxkpyxuoctu. Tar

KaK MHOXKeCTBO <«IBOMUHBIX» TOYeK BCIOAY INIOTHO HA OKpyXHoctu {lz]=1}, To

Kaxpaasi TOouKa STOH OKPYXKHOCTH aBjsieTcd ocoGoli nas f. Takum o6pasowm,

f uMeer HeaylO JHHMIO, COCT@BJCHHYIO U3 HEH3OJUPOBAHHLIX OCOBHIX Touek (0CO-

6yio aunuio).

XapaKkrep H30JHPOBaHHOH 0COGOM TOUKH Z=@ TECHO CBA3aH
C XapaKTepOM JIODAHOBCKOTO DPa3JjlokKeHus (GYHKUUM B IPOKOJOTOH
OKPeCTHOCTH 3TOH TOUKH (Mbl OyZeM KOPOTKO HasblBaTb €ro pas-
JOXKeHHeM B OKpecTHocTH a). Jas KOHeUHBIX TOYEK @ 9Ta
CBSI3b BBIPAXKAETCs CJAEIYIIUMMH TPEMS TEOpeMaMH.

Teopema 1. Hzoauposannas ocobas touka aesC pyuk-
yuu f asazerca YcTpaMumor 8 TOM U TOALKO TOM CAydae, ecau
AOPAHOBCKOE Pa3AoXceHue [ 8 OKPECTHOCTU @ He COOepiKur 2AasHol
uacTu:

o0

f@)= 3} eu(z—a)" @

n=:

4Heo6xoaumocth. [lyere a — ycTpanumasi touxa, torma
cyugectByer KoneuHwlit lim f(z)=A w, caemoBatenbno, [ orpans-

z->a
uena (nycrb |f|< M) B HeKOTOpOH NPOKOJOTOH OKPECTHOCTH
{0< |2 —a| <R} Toukn a. BospMmem mno6oe p, 0<<p<R, U BOCNOJIb-
ayeMcs HepaBeHcTBamu Komu

M
lcnl<";ﬁ (n=0, :tl,...).

Ecmu n<0, 10 npasas yacTb CTPEeMHUTCS K HYJIW npH p— 0,
JeBas e yacTh OT p He 3aBucHT. CiedoBaTenbHo, ¢, =0 npu n<0,
U rJaBHas yacTtb psiza JlopaHa OTCYTCTBYeT.

HJoctatouHocTh. llycTh B MPOKOJIOTOH OKPECTHOCTH TOUKH
¢ ¢yHKuus [ npeicTaBiseTcsl JOPAHOBCKUM pasfoxkeHneM (2) Ges
IJaBHOM yacTH, DTO pasjoKeHHe fABJAsieTcs TEHJOPOBCKHM, M, CJe-
JIOBATENbHO, CYILECTBYET U KOHEUEH '

lim f(2) = ¢,.
z>a

ITosTOMYy @ sBJAsAETCA YCTPAHMMOH TOYKOH P
Sameuanue. TeMH e paccyXIeHUAMM [0Ka3blBaeTcs W
Teopewma 1. Hsoauposannas ocobas Touxa a pynxyuu f
8 TOM U TOABKO TOM CAYHQe ABAAETCA ycTpawumol, ecau | oepa-
HUYEHA B8 HEKOTOPOU NpOKOAOTOU OKpecTHOCTU TO4KU a.
[Tpononkus GyHKuuoo [ B ee yCTPAaHUMYIO TOUYKY @ MO Hempe-
PBIBHOCTH, T. e. ToJoxuB f(a)=1im f(2), Mb moayuuMm OQyHKiHIO,
z>a
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ronoMopdHyl0 B Touke @ (T. €. yCTpaHuM OCOGEHHOCTb). DTUM H
ONpAaBILIBACTCH TEPMHH «YCTpPaHMMas TOuKa». B danbHefiieM Mol
6yieM CuYHT4aTb TaKHe TOYKM NPABHJAbHBIMH, a He OCOGLIMH
TOUKaMH (PyHKUHUH.

Teopema 2. Hszoauposawnasa ocobas Touka a= C ¢yuk-
yuu [ asaserca nOAIOCOM 8 TOM U TOABKO TOM CAy4ae, ecAu 2A08-
HAs 4QCTb NAOPAHOBCKO20 PA3AOXHEHUSR [ 8 OKPEeCTHOCTU TO4YKU a
codepocur AUUL KOHeuHOoe (U NOAONCUTEABHOE) HUCAO OTAUYHBIX
OT HYAS 4AEHO8:

oo

f(2)=n2N Cn(z—a)n’ N>0. (3)

-

<« Heo6xoagumoctn, Ilyetb a@—mnomioc; Tak  Kak

lim f(z) = o0, TO cyumecTByeT MPOKOJOTAsi OKPEecTHOCThL TOYKH a,
z>a
B KoTopo# [ ronomopdHa u ornuuHa ot Hy.as. B aTofl okpecTHOCTH

roaoMopdua Pyukus (p(z)=f—(—27, IPHYEM CYILECTBYET li_r)n o(z) =
z a

=0. CunenoBaTenbHO, @ SIBASIETCA YCTPAaHUMOH TOUKOH (HyJeMm)
GyHKUKH @ U B Halled OKPECTHOCTH CHPAaBE/JIMBO PAa3JiOKeHHe

p(R)=byz—a) + by ="+ ... (by #=0).
Ho Torna B To#l e OKPeCTHOCTH MbI HMEEM
1 1 1
f(2)= . , (4

92 (—a)V by +by, (z-a)+ ...
npuyeM BTOPOH MHOXKUTENbL aBAsSeTCS (PyHKuueH, rojomMopgHoi B
TOYKe @, W, 3HAUMT, AONYCKaeT TeHJOPOBCKOE Pas3NOMKEHHE

1
by tby, G-+ ...

=cyteyu—a)+... (c-N=-b1;7&o),

IMonacrasasa 310 pasnoxkenue B (4), HallleM

f(2) = (ZC-NN + C‘N;}V_l + ... +2 ¢, (2 — a)’.

—a) (z—a o
D10 — JOPaHOBCKOE passoxeHHe [ B TPOKOJOTOH OKPECTHOCTH
TOYKH @, H MBI BUIHM, UTO €ro TJIaBHAs YacTb COJEPIKHT KOHEWHOe
YHCJIO UJIEHOB.

HoctatounocTh, Ilyeth [ B TPOKOAOTOH OKPECTHOCTH
TOYKH @ TpelcTaBasieTcsl JOPAaHOBCKHM pasnoxenneMm (3), rias-
Has 4acTh KOTOPOrO COAEPIKUT KOHEUHOe UHC/O YJIeHOB; MyCTh eille
¢c_n+0. Torma [ rosomopdua B 5TOH OKPECTHOCTH, TaK Ke Kak H
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dyskuus @(2) =(2 —a)"f(z). Tlocaennss B HauweHd OKPeCTHOCTH
NPeACTaBASeTCS pPasfioKeHHeM

o(2)=c_n+c-yplz—a)+...,

H3 KOTODOTO BM/HO, YTO @ SIBJSAETCA YCTPaHHMOH TOYKOH M cymie-
. z
CTBYET llm @(2)=c.y 0. Ho rorma dyuxknua f(2)= (QQL)N
2 —da
CTpEMHTCﬂ X 6eCK0Hequcm Npy 2—>a, T. € @ ABJASIETCS MOJIO-
com | »
OTtMmeTHM ellle OIHH NpocToil BaKT O CBA3H TNOJIOCOB C HYJSIMH,
Teopema 2'. Tourka a ssanercs noswocom ¢yrxyul f 8 Tom

1
U TOAbBKO TOM CAYyuae, ecau PYHKYuUs P=7, 0= 0, 2040m0pPH2

8 oxpecrrocty a u @(a)=0.

< Heo6Xx01UMOCTh YCNOBHst NOKa3aHa NPH J10KA3aTesNbCTBE TEO-
pembl 2. [loxkakeM ero noCTaTo4yHOCTb. Eciau @=%0 ronomopdua
B Touke @ # @(a)=0, To no Teopeme exuHcTBeHHOCTH (1. 21) cy-
[eCTBYeT NPOKOJOTasi OKPEeCTHOCTh 3TOH TOUKH, B KOTOpOH ¢=0.

o 1
B a2r10il oKpecTHOCTH GYHKLUA f=$ ronomMopgHa, creioBaTtesbHO,
a sBjadercd H30J4HpPOBaHHOH oco6off Touko#t f. Ho limf(z)=cc
2>a

cJIeOBATEABHO, a ABJseTcs NoJgocoMm | »
YcranosneHHas ¢BA3b Mo3BosseT chopMyJHPOBATH
Onpenenenne 3. [lopadkom noswca a GyHkunu [ Hasb-

BaeTCsl MOPSANOKsITON TOUKH KaK HyJs QYHKUHU P=7-

Uz pokasarenbctBa TeopeMbl 2 BHAHO, UYTO NOPSAOK MNOJIOCH
coBnazaer ¢ HoMepom N cTapuiero 4jieHa TIJIaBHOH YaCTH Jiopa-
HOBCKOTO DPa3soXeHusi (QYHKIUHM B TNPOKOJOTOH OKPECTHOCTH NO-
Jroca.

Teopema 3. Hzoauposaunas ocobas Touxa a Gyuxkyuu [
ABAAECTCA CYYLECTBEHHO 0CO60L 8 TOM U TOALKO TOM cay4ae, ecau
2A08HAS YACTb AOPAHOBCKO20 PA3AOKEHUSA | 8 OKPECTHOCTU TOUKU
codepacur 6eCKOHEUHO MHO20 OTAUYHbLX OT HYAS 4AEHOS.

<« TeopeMa, 1o cyllecTBy, yKe conepurcs B Teopemax | u 2
(ecsu raBHas YacTb CONEPHKUT OGECKOHEUHOE UHCJIO UYJIEHOB, 0 4
He MoxeT OBbITb HM YCTPAHHMOH TOUKOH, HM MOJIIOCOM; €CJH @ — CY-
ecTBeHHo ocofas TOYKa, TO [J1aBHasd 4acTb HE MOXKET HH OTCYT-
CTBOBAaTh, HU COEPKaThb KOHEUHOE YMCJIO HJEHOB) W

Hoseneﬂﬂe (OYHKUHM B OKPECTHOCTH CYIIEeCTBEHHO 0cOGOH TOUKH
XapaKkTepH3yer cilelywllas HHTepecHad

Teopema 3’ (IO. B. Coxoukuit). Ecau a asaserca cy-
uecrgenHo o0cobold Toukol ywkyuu f, TO 0O0as moboeo uucaq



124 CBOVICTBA I'OJIOMOP®HBIX PYHKIINF [ra. ir

A =C moxHo HalTU NOCAE00BATEAbROCTL TOUEK Zp—>a TAKYIO,
4TO
lim f(z,)=A. 5)

n->oo

< Ilyctb A=o0. Tak kax [ no teopeMe 1’ He Moxer GbiTb
OrpaHHYeHHOH B mpokosoToll oxpectHoctH {0<|z—a|<r}, 10 B
3TOli OKPECTHOCTH Halercss Touka 2i, B Kotopod |f(21)|>1. Touno
Zy—4a

TaK XKe B {O<lz—al<—'—’——l

2
[z21—a]

If(z2)|>2,ur 0, B {0<|2—a!< -
B KOoTOpo# |f(2,)|>n. OueBuano, 2, —>a u

lim [ (z,)= oo.
n->o

HaliieTcsl TOukKa 2, B KOTOpPOW

} Hafjercs TOUKa 2,

Iycrs Teneps A=oo. JIu6o A-tourku dyHkuuu [ umeoT a csoeft
npeleJbHON TOYKOH, H TOTHA K3 HUX MOXHO BHIGpaTh NOC/IegOBa-
TENLHOCTh Zp —> @, Ha KoTOopo# [(2,)=A, au6o cyulecTByer mpo-
KosoTasi oKpectHocth {0< |2—a| <r’}, B Kotopo#n [(2)+A. B sroit
OKPECTHOCTH roJloMopPHa PyHKIHUA

1
(P(2)=m,

JIJ1 KOTOpPOH a TakXke sIBJSeTCd CYLIeCTBEHHO 0Co60# Touko# (HGo

1
f(z)=A+W

unn GeckoHeuHoMy npeneay, To f—rtakke). Ilo moxasanHomy
CyLIecTBYeT NOCAEA0BATENbHOCTh Zp —> &, N0 KOTOPOH @(2,) — oo;
HO 10 3TOH NOCJeN0BATENbHOCTH

lim f(z,)=A+ lim L

n->» oo n—)ooq)(zn)

u ecay Ghl @ IPpH 2~—a CTPEMHUJACb K KOHCUHOMY

=A»

COBOKYNHOCTb NPEAEJNbHLIX 3HaueHHH QYHKUUH [ MO pasnuuubiM
MOCJAeN0BATeNbHOCTAM TOUEK Zn — @ HA3bIBAIOT MHOMECTBOM He-
onpedenennocry dyukuuu [ B Touke a. Ecau a ABasercs yeTpaHu-
MO# TOUKOH HJIHM TOJIOCOM (QYHKUMHM [, TO ee MHOMXKECTBO Heompeie-
JIEHHOCTH B 3TOH TOYKE COCTOHT H3 OAHOH TOYKH (KOHEUHOH Had
6eckoneunoii). Teopema CoOXouxoro yrBepxzpaer, yTo AJasd CyIe-
CTBEHHO 0cOoGOH TOUKM peasnsyercs JApyrod Kpaluuil cuayuaii;
MHOKECTBO HEOMPE/EJeHHOCTH B TaKOH TOYKE 3aMOJIHSET BCIO 3aM-
KHyTyHo miaockocTb C.

Heckonbko cioB 006 H30JHPOBAHHBLIX OCOOLIX TOUKax B GECKO-
neuHoctd. Kaaccudukauus u teopemb 1’—3’ nepenocstcs Ha cay-
yafi a=oo asroMarnuecku. OJHako TteopeMsl 1—3, cBs3aHHbIe
C XapaxkTepoM JOPAHOBCKHX pas3JOXEeHWH, HYXIaiTcd B H3MeHe-
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Husx. eso B TOM, 4TO B KOHEUHBIX TOUKAX XapakTep 0coOEHHOCTH
ONpeeNsioT rAaBHBIE YacTH JOPAHOBCKHX DPasloKeHHH, cojaepxa-
IIHe OTpPHIAaTeJbHBIEe CTENEHH Z— 4, KOTOpbie HMEIOT OCOo-
GeHHOCTL B 3THX Toukax (OTCIOa M TEPMHH «TJjaBHasg YacTh»).
B 6eckoHeuHOCTH Xe OTPHLATEbHbIe CTeNeHU MPaBHJAbHBEL U 0CO6eH-
HOCTb ONpeJe/IsSIeTCA COBOKYIHOCTBIO MO OXMWTEJbHBIX CTene-
Hell, [losTomy ecTecTBeHHO Ha3BaTb V1aBHOH YacCThio JIOPaHOBCKOTO
pasnoxeHHss GYHKLUHYM B NPOKOJOTOH OKPECTHOCTH 6eCKOHeYHOH TOY-
KM COBOKYIHOCTb UJIEHOB 3TOTO Pa3/ONKeHHs C TOJOXKHTEIbHBIMU
creneusiMu. [locse Takoro usmenenus teopemnl 1—3 6GyayT cnpa-
BEIJIUBBIMU H [J5 CAydasi a=oo.

DTOT pesyabrart cpasy NoJydyaeTcss IPH NMOMOLIHM 3aMeHbl mepe-

MEHHOTO Z=—-1 eCl 0003HaYUTb

@ =f(3) = o)

TO, OUYeBHAHO,

lim f(z) = lim ¢ (w),
Z-> 0o w->0

M 103TOMY ¢ HMeeT B Touke w=0 Ty xe ocobennocth, uto [ B
TouKe Z==oo, Hampumep, B ciayuae moJioca ¢ umeer B {0<|w|<r}
passoxeHHe

b b X
cp(w)=—;%+...+7f‘—+z bow"  (by 7 O);
n=90

1
3aMeHsida  31€eChb w=-z—, IoJy4yuM  pasJjoxKeHue f B KOJbIie

{R<|z|< oo}, R=-:

)= B e tegtezt ... Foyah,

n=—

rie Cp=>b_,, cxy+0. Ero riaBHas 4acTb COAEPKHUT KOHEUHOE YHCJIO
yJIe€HOB. AHaJOrMYHO PacCMaTPHBAIOTCS CJyyYau YCTPAaHHUMOH M cy-
LIECTBEHHO 0COB0H TOUEK.

B 3akmiouenue npuseneM KiaaccUPURANMIO NPOCTEHINHX TOJNO-
MopdHBIX QYHKIHHA 0O HX ocoOLIM TouKaM. Corsnacuo teopeme JIny-
B QYHKUMM, COBCEM He MMewollne ocolenHocTedt (T. e. roso-

mopduete B C), sBasiorcs korcrantamu. Chaeayomuil no npocrore
KJaCC COCTABJSIIOT Hesable QYHKIUU.

Onpenenenune 4. Lenroti nasviBaercs QyHkuus, rosomopd-
Hasg Bo Bceit muockoctd C, T. e. He HMeIONIas KOHEUHEIX OCOOBIX
TOYEK.
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Touka a=oco sBJsAeTCA, CAEAOBATENbHO, H30JHPOBAHHOH 0CO6Ol
toukoil menoit ¢yukuuu f. Ecaum 310 — yeTpamuMmaa Touka, ToO
f==const. Ecam 3710 —modioc, TO rjaBHas 4YacTb JOPaHOBCKOTO
pasnoxKeHus [ B OKPECTHOCTH GECKOHEYHOCTH NpeAcTaBjsieT co6oil
noJsuHoM g(2) =ci2+ ... +cnzN. Boiunras u3 [ Ty raagHylo uacTs,
NOJYuUM Takxke Lenylo (yHKIHIO, f—g, HO yxe ¢ ycTpaHUMO#H
TOUYKOH B OeckoHeuHocTH. OHa siBAsieTcss KOHCTAHTOH, U CJenoBa-
TeJbHO, Yeaas PYHKYUSL ¢ NOMOCOM B8 BECKOHEUHOCTU HenpemeHHo
28A8ETCA NOAUHOMOM.

Lenvie QyHKUEY C CyIHIECTBEHHOH OCOGEHHOCTLIO B GecKOHeu-
HOCTH Ha3biBAOTCH YeAbiMU TPAHCUEHOEHTHbIM!I (QYHROMAMH (Ta-
KOBBI, HanpuMmep, QYHKIUH €%, sin 2z, cos 2).

Onpengenenune 5 ODyHKUHSA, He UMEOUlas B OTKPbLITOH MJO-
ckoctd C apyrux ocoGeHHOCTEH, KPOMe MOJIIOCOB, HAa3bHIBAETCH MEpO-
mopHoil. .

Lenrie GyHKUIHH COCTABJAAIOT NMOIKJAACC Kjacca MepoMopdumux
¢yuruni (OHM BoBce He uMeloT ocobennocrelt B C). Tak Kak Kaxk-
IBIf  TOJIOC — M30JMPOBaHHaa ocobaa Touka, TO MepoMmopdHad
¢yukuus He Moxer uMetb B C Gosee ueM cueTHOe MHOXKECTBO
nomocoB. B camom gene, B kaxaoM kpyre {|z|<n}, n= 1, 2, ...,
MOJIOCOB MOXET ObIThb JHIIb KOHEYHOe YHCHAO (HHAaye CylecTBOBaia
6Bl ¥X KOHeuHas NpefedbHas TOUYKA, KOTOpas SBJISAETCA HEH30JH-
poBaHHOH 0co0OH TOUKOH DYHKLWH, & He IOJIOCOM) W BCE MOJIOCH
MOXKHO NepecunTaTb. IIpuMepamu MepoMopdHBIX (GyHKUMHA ¢ Gec-
KOHEYHBIM UHCJIOM MOMIOCOB siBasoTcA tg 2 u ctgz.

Teopema 4. Ecau mepomoppran dynxyua [ 8 Geckoreuno-
CTU UMEeT YCTPAHUMYIO TOukKy uau noaroc (r. e. ecau owa 6 C He
umeer Opyeux 0cobeHHOCTel, KPOMe NOAIOCO8), TO OHA ABAAETCA
payuoHarbHol GynKkyued.

< Yucno scex nonocos ¢ynKuuM [ KOHEYHO, HOO B MPOTHBHOM
cayuyae B cuny kKommaktaoctH C cymiectBoBana Obl mpelesbHas
TOUKa MOJIOCOB, KoTOpas fABJAAETCAd HEeH30JHUPOBAHHOH 0coboi Tou-
Koii, a He noawcoM. O6osnaunMm uepes a, (v=1, ..., n) KOHedHHle
noJioch f u uepes

o &
gy ="+ ...+ (6)
gV( (z— av)Nv 2Ty

rJaBHYI0 4acTb JOPaHOBCKOTO Da3foXeHHsl f B OKPEeCTHOCTH MO-
Jatoca a,. O6o3HauuM emre -

g(2)=cz+... +cn2y (7)

rJ1aBHYIO YacTh JIOPAHOBCKOTO PasJOXKeHUsl [ B OKPECTHOCTH @=o00;
ecan a=oo0 ABjsfeTcss yCTPaHMMOH TOYKOH f, monoxuM g==0,
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PaccMorpum ¢ynKuUKIO

0@ =g (@)~ 3 2.

oHa umeer Bce Toukd z& C mpaBuibHBIMH, U MO Teopeme Jluy-
BUANA @ (2)== co. Taxkum oBpaszom,

[ =cotg@+ 3 au(a) ®

T. €. sBJSeTcd PalUOHAILHOH (PyHKIHeH P

Sameuanue. Dopmyna (8) mpencrasnder co6oit pasjoxe-
HHe paunuoHanbHOH OyHKUMM [ Ha uedyld uyacTe M OpoOCTeHlIHe
Apo6u. Hawe paccyx/eHue gaetT NpPOCTOe A0KA3aTeJbCTBO CyIUe-
CTBOBAHHS TaKOTO passoxKeHus.

Muormpa mel 6yAeM ynotpebnsaTb TepMHH «MepoMopdHas (GyHK-
us» B 6osee ob6weM cMmuicae, MiMeHHo, 6yaeM rOBOpHTH, 4TO PyHK-
uus f mepomoppra 8 obaactu D, ecnin ona He umeer B D gpyrux
ocofeHHocTell, KpoMe nosmocos. Y Takas QyHKUUA HE MOXKET HMEThb
6oJiee UeM CUeTHOe 4uca0 nonaiwocos. B camoM pese, Mbl MOCTPOHM
KoMnakTHoe ucuepnuiBahve {G,} o6aactu D (cM, semmy B n. 22)
M YBHAMM, 4TO B Kaxno#l G, OyHKUHS [ MOXKET WMeTh JMIIb KO-
HeyHoe YHCJI0 MoJocoB. Ecad uucao moaocoB GyHKUMH f, Mepo-
MopdHoit ob6nactu D, GeckoHeyHo, TO Mpele/bHble TOYKH MHOXKe-
CTBa MOJIOCOB NMpUHalJexaT rpanuue 0D.

25. Bpidersl. DTO 3BYUHT MapajoKcanbHO, HO HauboJee HHTe-
PECHBIMH TNPH H3YYeHHH rOJOMODPQHHX (PYHKUHUH ABAAIOTCA TOUYKH,
B KOTOPBIX (PYHKHHH TepecTaloT GbiTh rosoMopPHBIMH — HX 0co6ble
Toukd. B panbHefimem Mbl Oyldem uMerh MHOro (akToB, yOex-
JaloMUX B TOM, YTO B 0COOBIX TOUKAX H TVIaBHHIX YacTAX JOPaHOB-
CKHMX PpassioXeHH#l B HMX OKPECTHOCTAX COLEPXKHUTCH OCHOBHAA HH-
¢dopmanua o ronoMopPubx QYHKIHAX ).

M npouaMloCcTPUpPYEM 3TO YTBepXKJeHUe 3ajaueidl O BBIYHCE-
HUH HHTerpanos oT ronomopdueix ¢yuruuit. Ilycte dyukuua f
ronomopdra B o6aactd D BCIORY, 32 HCKJIIOYEHHEM H3OJHPOBaH-
HOTO H, CJIel0BaTeNbHO, He GOJiee YeM CUETHOTO MHOXKeCcTBa 0coObiX
touek. [lycth obGmacts G & D u rpanuua 0G cOCTOUT M3 KOHeu-
HOTO YHCJAa HeNpephIBHBIX KPUBBIX U HE COLEPIKHT OCOOHIX TOUEK;
oco6nle TOYKM, nonasiine B (, Mbl 0603HaYUM @y, ..., Gn (MX

1) 3te yTBepKieHHe AONycKaeT (HU3MUECKYI0 uHTepnperausio. Eciau TpakTo-
BaTb FOJOMODOHYI0 GYHKUHMIO KaK KOMIWIEKCHEHIN [OTEHUHasJ BeKTODHOro moJs,
CKaXKeM TI0JI CKOpOCTell TeueHHst KUAKOCTH (cM. M. 7), TO ocobbie TOUKH GynyT
HHTEPNPETUPOBATLCS KaK HCTOUHHKM, CTOKH, BUXPU H JAPYIHe 3JEMEeHThl, Omnpene-
astiomue 310 moge. O6 stom cM. M. A, Jlaspeutbes u b. B. lllaGarT, nur.
Ha cTp. 42.
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KoHeyHoe uucao). [loctpoum okpyxuoctH y,={|2—a,|=r} crons

MaJoro paguyca f, uTo Kpyru U,, HMH OrpPaHWYeHHbie, He Ie-

pecekatotcsi Apyr ¢ Apyrom u cogepxkarcs B G. Ilycerb y, opuen-

TUPOBAHB NpOTHB 4acoBod crpeakn (puc. 38). O6osnaunm
n

obnacts G\ {J U, uepes G,; dyuxumsa [ rosomopdua 8 G,, cre-
va=] .
JOBATEIbHO, N0 MHTErpPajbHOi Teopeme KoM A/l MHOrOCBASHEIX
obaacredt

[ faz=o0. (1)
oG

Ho opuenTtupoBanuas rpamuna O0G,
cOCTOHT H3 G W OpPUEHTHPOBAHHHIX OT-
puUaTeNbHO OKpYXHOCTEH y; (v=1, ...

.y M), ¥ NO CBOACTBAM HHTETPAJOB MbI
nosyuaem

n

Puc. 38, ffdz‘—‘ by ffdz- @)
- aG

v=11v,

Taxum o6pasoM, BhlYMC/IeHHE HHTerpasia oT rojoMopduoi dyuk-
WK 70 TpaHHIe 06JacTH CBOAUTCS K BBHIYHCJAEHHIO €€ MHTETPaJoB
TI0 CKOJIb YTOJHO MAaJbIM OKPYXHOCTAM C LEHTPAMH B OCOGHIX TOH-
Kax dyHRUHH.

Onpenenenue 1, Huarerpan or ¢pyHkumm f no pocratouno
Masoil OKPYKHOCTH Y,={|2—a|=r} ¢ UEHTPOM B M30JHPOBaHHOI
oco6oil Touke a & C 3TO#H GYHKUUM, AeNeHHBIH Ha 2mi, Ha3bIBaeTCH
gbiueTom [ B Touke @ U 0603HAYAELTCS CUMBOJIOM

Y§Sf=?i?i—vj‘fdz' (3)

Ilo TeopeMe O HEM3MeHHOCTH WHTErpaja INpu TOMOTONHOH He-
(dopMaluuu KOHTYpa BBIYET He 3aBHCHT OT BeJHYHHBI 7 (IpPH r J0O-
CTAaTOYHO MaAbiX) H ONpelessercs JOKaJdbHHIM NOBejeHHeM [ B ee
ocoboil Touke.

HoxaszaHHoe BHIIE COOTHOUIeHHWe (2) BBIpa)KaeT Tak Ha3biBae-
Mylo Teopemy Komu o BoueTax.

Teopema 1. [ycTe ¢pynxkyus [ eosomoppra e obaacru D
8c100Yy, 34 UCKAIOUEHUEM U30AUPOBAHHOZ0 MHONMECT8A OCODbIX TO-
wex, u obaacte G&D, a ee epanuya 0G He codepawcuT ocobouix
TOHeK; To2da

f fdz=2mi 2 resf, 4)

aG Gy
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ede cymma pacnpocTparaerca Ha 6ce ocoboie Tov: a, Pyrkyuu |,
npunadasexcawue G

Drta TeopeMa uMeer GoOJbIIOe MPHHUUNHAJABHOE 3HaueHue, HOO
OHa CBOJHUT BhHIUHC/IeHHe TJA00aJbHOMW BeIHUYHHBL, KaKoH 4B-
nAeTcs MHTerpas oT rosoMopgHol GYHKIMH 1O rpaHule o6AacTH,
K BLIUMCJEHHIO BENUUYUH JIOKAaJbHBX—BblYeToB QyHKUHM B ee
0co6bIX -TOUKaX.

Kax Mbl cefiuac yBUAUM, BblueTbl PYHKIHHU B ee OcOGLIX TOUKax
MOJTHOCTBIO ONPENeNsIOTCA IVIABHHIMH YacTIMH JIODAHOBCKHX pas-
JIOXKEHUH B OKPECTHOCTAX 5THX ToueK. TeM caMbiM 6ylneT yCTaHOB-
JIeHO, 4TO B 3aJaue 0 BLIYHCJIEHHH HHTETPAJOB OT roJoMopQHOI
GyHKUHY [OOCTATOYHO HMeTb HHPOpMauuioo JHUWL 00 ee 0CO6BIX
TOUKaXx M IVMIaBHBIX YacTAX B HHX.

) Teopema 2. Buwuer ¢pynxyuu [ 6 uzoruposanxoti 0cobod
rouke a = O pasen Kosgpuyuenty npu Mmunyc nepsol crenenu
Z—a 8 ee NOPAHOBCKOM PA3AOKEHUU 8 OKPECTHOCTU a:

r«zs f=c_. (5)

< B npokoJoTOl OKPEeCTHOCTH TOUKH a (yuxkuus [ mpexcras-
asercst psgoMm Jlopana

o]

@)= 2 c.(z—a),

n=—oo

NpHYeM Ha OKpPYKHOCTH y,={|z — a|=r} npu MocTaTOYHO MAaJIbIX
r 3TOT PsA CXOAHUTCS paBHOMepHO. IHTerpupys psii NOUNEHHO BO/b
Yr H TIONb3YSICh OPTOTOHAMBHOCTBIO cTeneHel (m. 14), Mb Halimem

j fdz=c_, - 2ni.
vl’
BcnomuHas onpepeneHne BbveTa, Noaydum (5) W

Canengcrsue. B ycrpanumoid rouke a= C swiuer ynxyuu
pasen Hyato.

ITpuBeneMm QopMynnl AJs BHIYHCAEHUS Bbluera GYHKUMM B II0-
moce. ITycts cHavana a— moJwc nmepBoro nopsiaka. JlopaHosckoe
pasioxenne (PyHKUHM B €T0 OKPECTHOCTH HMEET BHJL

Fe)= +z culz — a)".

Orciona cpasy nonyqaeTc;I tdopMyna Ans BLIYHCAEHUS BbIUeTa
B MOJIIOCE TIEPBOro MOPsAKa:

e =lim (z—a)] (). (6)

9 B. B, WaGary
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OcoGenno ynobua /Aas BuYHCAeHHE HeGonblias MoauHKanus
3T0H ¢opmyasl. IlycTh B oKpecTHOCTH TOuKH @

=9
f(Z)—— w(z)y
rae ¢ H ¢ ronomMopdun B a, npuuem ¢(a) 0 u P(a) =0, ¢’ (a)*0
(oTCI0[a cleqyeT, yTO @ — MOJIOC NEPBOro nopsaaka ¢yskuuu f).
Torna no dopmyne (6)

o (2= e() 9(2)
6= lim === lim EEIOR
2—0a
T. €.
_ () ,
ST V@ ®)

Tlycth Tenmepb [ uMeer B TOUKe a MOJIOC N-TO MOPfAIKa; TOrAa
B [IPOKOJIOTOH OKPECTHOCTH @

N
cp(z—a)*

fR)=Gtm+ .. +

VMHOXKHM 06 4acTH 5TOrO pa3foxKeHns Ha (2 —a)™ Aad ycTpa-
HEeHHs1 OTpPHUATe/]bHBIX CTeNeHeHd B NpPaBOH 4acTH, 3aTeM npoaud-
tepenuypyeM 1 — 1 pa3 (uToOBl BBIIEJNTHL CPaBa C.;) H mepeiiiem
K mpeieny npu z—4a. Mbl nonyyum ¢opMmyny AN BBMHUCACHHS
BbIUeTa B MOJIOCE f-TO NMOpslKa:

o=t (e~ a0l f @) (7)

(n=1) 29 dz""

Jlns BbIUMC/EHHSA BBIYETOB B CYIHIECTBEHHO OCOOBIX TOYKaX aHa-
JNOTHUHBIX QOpPMYJ He CYIeCTBYET, U HaJO HAaXOAUTh rJaBHBIE YaCTH
JIOpaHOBCKOr0O PasJioXkeHus.

Heckosbko ¢/10B 0 BhlucTe B GeCKOHEUHOCTH.

Onpenenenne 2. Ilycts dynkuus [ umeeT oo cBoeil usonu-
poBaHHON 0cOGOi TOUKOH; ee BoiueTOM 8 OECKOKEHHOCTY Ha3bIBACTCA

BE&JIHUYNHA

[

roeosf=—2%g ffdz, (8)

TAe Y — okpyxHocTs {| 2| =R} nocratouno Goaboro paanyca, npo-
XOAMMas MO 4YacCOBOH CTpelke,
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Opuenrauus y; BbiGpana Tak, 4To6bi BO BpeMs ee o6Xojla oKpe-

CTHOCTb GeckoHeuHo# Touku {R< |z|< oo} ocraBanack caesa. Hanu-
uieM pasjoxenne Jlopana QYHKUMH [ B 9TOH OKpPeCcTHOCTH:

f(Z) = zm ann-

n=-—

I/IHTel‘pHpYH ero nNOo4YJe€HHO BAOJb y;e U NOJb3ysICb OPTOIrOHAJAbHOCTLIO

‘cTeneHel, MBI HaligeMm
resf=—c_. (9
. .

Yiensl ¢ OTpPHUATENBLHBIMH CTENEHSAMH BXONAT B MpPAaBHJBHYIO,
a He B IVIaBHYIO UacCTb JIOPAHOBCKOTO PasiyioKeHusl B 6eCKOHEYHOCTH.
TTosToMy, B OT/iHYHE OT KOHEUHBIX TOYEK, BblUeT B GECKOHEUHOCTH
Moxer OblTh He pDABHbIM HYJIO W B TOM CJydae, KOrga 2=o00 fB-
JgeTcs NPaBUAbHOH TOYKON (DYHKIHMH.

[IpuBengem eule NPOCTYI0 TeopeMy O MOJHOH CYMMe BhI-
yeToB.
~ Teopewma 3. [Tycre pynxyus | eonomoppra scrody 6 naocko-
cru C, 30 uckArovexHuem KOHewHO20 uucaa Todex a, (v=1, ..., n);
TO20aQ CYMMQ €e Bbl4eTO8 B0 8CeX KOHEUHbLX OCOGBLX TOYKAX U 8bl-
4eTa 8 DECKOHEUHOCTU PABHA HYAIO:

n

> resf+resf=0. (10)

v=1 a, oo

<« INocrponm orpyxuocTs yr={|2| =R} crosp Gosbloro pa-
JMYCa, YTO OHA CONEPIKHT BHYTPH BCe KOHEUHBble 0CO6ble TOUKH 4,
NyCTb Yr OPHEHTHPOBaHA MpPOTHB 4acoBoil cTpeaku. Ilo Teopeme
Kouws o BblyeTax

1 \'
— | fdz= z resf;
2ni YJ o= ay ’

R
no teopeMe 0 roMoroluu (m. 16) BenHYMHA B J1eBOi YacTH paBeH-
CTBA He MeHseTCA NpH JalbHedlleM yBeauueHHH R; caeloBaTeNbHO,
3Ta BeJMYHHA paBHa BblyeTy [ B 6eCKOHEUHOCTH, B3AITOMY CO 3Ha-

KOM MuHyc (yuTuTe HanpasjeHue ob6xona). Takum o6pasom, no-
cjegHee paBeHCTBO paBHOcHIbHO (10) P

Il pumep. Ilpu BeuKMC/IeHHK HHTErpasna

HeT HYXJb BBIUACAATH BBIUETHI NOJMHTErPA/bHON (YHKUMM BO BCeX ee BOCHMH
HoJ0cax BTOPOrO NOPAKKA, MeXaUHX BHYTPH OKpYKHOCTH {|2|=2}. K 310it dyHKuMM

9* -
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NpUMEHHMAa TeopeMa O MOJHOH CyMMe BHIUETOB, IO KOTOpOR

8
1 I
)) e TS Eer T

V=

Ho ¢yHruua umeer B 6€CKOHEUHOCTH HYJb ILIECTHAALATOrO MOPSAKA, IOSTOMY €€
JIODAHOBCKOE PAa3/OXeHHe B OKPECTHOCTH Z= 0O COAEPIKUT JIMIb OTDPHIATE]bHbIE
crenenu, HauuHasa ¢ 2715 Tlo3TOMy ee Bhluer B GeckOHeyHoCTH pased 0, cienoBa-
TeJbHO, paBHa HY/JMI0O H CYMMa BLIYETOB B KOHEUHBIX OCOGBIX TOukax, T. e. [=0.

B sakJioueHne npuBejgeM TPUMep NPUMEHeHHs TeopeMbl Koun
0 BbIYETaX K BbIYUCJAEHHIO HecOOCTBEHHBIX HHTErpaJjoB OT (yHRuUUI
JNEeHCTBHTENLHOTO [1epeMEeHHOTO. BBIYHCIHM

HHTErpaj BAOJb JeHCTBHTENBHOH OCH
TSN .
L ¥4 7 eitx
p(t)= jf‘mdf, (11)
—_— 00 .
"/?\ //?
\\ *- },/f, rae f— neficTBuTeabHOe uMcao (oH abco-
S JIOTHO  CXOAMTCS, HGO  MaxKopupyercs
CXONAUMMCH  HHTErpajoM oT (yHKIHH
Puc. 39. _1_)
1+x2)°

Meronuka npuMmeHeHusi BbiueToB Takosa. [lpogomkaem momwu-
TerpanbHyo QOYHKIHIO B KOMILJIEKCHYIO IJIOCKOCTD

eite
H&) =577

3aTeM BBIGHpPaeM 3aMKHYTBIH KOHTYp Tak, 4TOOH OH comepxkaJ
oTpesok [—R,R] npsMofi HHTErpHPOBAHMA M Kakywo-n1ubo Iyry,
COEMHAIMIYIO KOHLIBI oTpe3ka. K 3ToMy 3aMKHYTOMY KOHTYpY HpH-
Mmensiercs TeopeMa Koiuu o BhiyeTax, a 3arteM JeJaercss Hpelesb-
HBIH nepexon npd R— oco. Ecau npu 3TOM yaacrcd BRIYHCIHTH npe-
JRJ MHTErpaJa 1o AONOJHUTENbHON Ayre, TO 3afaua GyAeT pelieHa.
[Tycts z2=x+iy; yuuTbiBasi, uTo |e#|=e~¥! Mb GygeM pas.u-
uaTh ABa caydas: t2>0 uy £<<0. B nepBOM ciyuae Mbl 3aMKHEM OT-
pesok [—R, R] BepxHell MOJYOKPYXKHOCTBIO Vg, NPOXONMMOH MPOTHB
yacoBo#l crpeaxu (puc. 39). Ilpu R>1 BHyTpu oOpasoBaBierocd
KOHTYpa JIeXKHT ONHH TOJIOC [ NepBOro nopsajgka 2=1i, BbIUET B KO-

TOpOM JIeTKO Haxonaurcs no dopmyae (67):
izt ot

S TEE T



§ 6] PAH JJOPAHA U OCOBHIE TOUKU 133

ITo Teopeme Kowu o BhiyeTax uMeeM, ClAef0BaTeNABHO,

R
[ Fydx+ [ Flz)dz=mne. (12))
~R \?1/'2
Tax. kak npu ¢ >0 Ra v} umMeeM leitz|=e L]l n |22+ 1>
> R?*~—1, To gnq MHTErpaja MO Y, CIPaBEeAJHBA OlleHKa

izt

e 7R

fmdz S®E-T (13)
4
VR

#3 KOTOPOH BWJIHO, UTO 3ITOT HMHTErpaJ CTPEMHTCA K HYJI0 NPH

R — co. Tloatomy, nepexonss B (12’) k npemeny npu R -— oo, Mbl
noayyaeM npu ¢ >0

Jf(x) dx =me™, (14)

[Tpu £<0 ouenka (13) necnpasensnuBa, uGo |eit|=e-¥ cuabHO
Bo3pacTtaer INpuH y-—> +oo, [TosTOMy MBI 3aMeHHM Oyry V;e oy-
roit yz HuxHedl noayokpyxuoctu (puc. 39). Ilyctp oma npoxo-

IOUTCS MO 4acoBOH crpenke, Torga no teopeMe Komu o BblYerax
npu R>1

R
‘f f(x)dx + J f(2)dz= — 2nires f = e’ (127
—R V! -t
R
Tak kak npu {<0 Ha y; HMeeM |et#t |=e <1 u|2+1|>
= R?—1, To uuterpan or f mo yg Takke CTPEMHTCH K HYJIO MPH
R— oo, u u3 (127) B npenene noayyum

| Pl dox =met. (147)

QO6neaunsia Gopmyasr (14°) u (14”), noayuaeM OKOHYATENLHBIH
pesyJubrar:

o0
itx

o) = J e dx = et (15)

~00
B paabneiilieMm Mu He pa3 6yJeM NOJb30BATbCS BhIUETAMHU OJd

BBIYUCJACHUA Pas3JUYHbIX HHTErpaJios. HpHBeILEM B 3aKJuYcHHe
JieMMYy, MOJEe3HYI0 [IPH TAKUX BBIUHUCJACHUAX. '
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JdJemma (Kopnau). [lycre ynxkyus [ eosomopgra 8
{Imz2>0} 8crody, 3a uckarouenuem u30AUPOBAHHOZ0 MHONMECTBA
ocoboix  Touex, u M(R)=max|f(z)| Ha noayokpyscrocTy
ve={|2| =R, Imz 2> 0} CTPeMUTCA K HYAIO npu R— o0 (usu no no-
caedosarenvrocTu R, — 0o Taxod, uto yg He codepofcaT ocoboLx

rouek f). Toeda 045 awboeo 1>0

J f(z)e**dz (16)
r

CTpemMuTca K Hyaro npu R — oo (uau no coorsercrsyrotiet nocae-
dosarensbrocTu Ry — o).

(CMblcat leMMBI COCTOMT B TOM, uTo M(R) MoOXKeT cTpeMHTbCH
K HYJIO CKOJIb YTOAHO MeIJIeHHO, TaK 4TO HHTerpas ot [ fo yp He
06s13aH CTPEMHUTbCS K HYJI0, YMHOXEHHe Ha 3KCNoHeHTY ef*? ¢
A>0 yOnicTpsieT cTpeMJieHHe K HYJIO.)

< OGo3nayuM uepes v;={z=Rei‘P: O<cp<g—} HPaByO M0+
S
JIOBUHY Yp. B CHJY BBIIYKJOCTH CHHycCa IIpH cpE[O, %] HMeeM

i >2 Y bz | —
sin@Z=—@, ¥, 3HAYWT, Ha Yy CNpaBEeJIMBA OUEHKA | et*2|
_2MRgQ
= g MRsin¢ L p T+ Tlo3TOMY

_2MRg . )
e = Rd(p=M(R)—2—x(1——e"~R),

[Hereraz|<m®)
le

Tl

/’
¥ MHTErpa/jd mo Ygr CTPeMHTCS K HyJio npu R — oo, Quenka nnaa
Y =Yg \ Y MPOBOANTCS aHAJIOTHYHO W

Kax BHIHO H3 J0Kas3aTeJbCTBa, yCJoBUe rojoMopdHocTH | B
3TON TeopeMe He CYILECTBEHHO.

3A0AUH
1. WurterpanoM Tuna Kollin Ha3elBaeTcst MHTErpaj BHAA

Fay=_L [ 1@ad

2rti t—z
Y

The y—Taagkas (Wi cupsiMaseMas) KpuBasi, a [ - HenpepuiBHasi (HJIH CYM-
mupyemasi) ua vy Qynxkuus. Joxasats, uro F aBiserca ByHKuued, rc;aoMopdHOR
B C\\V 1 paBHOil RY.JIO B 6€CKOHEYHOCTH.
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2. Tlycte vy —rolafxas 3aMKHYTas KOpHaHoBa KpuBad, D — o6iacTs Taxas,
uro y=9JD n feCl(y). [lokasaTb, uTo npu nepexoje uepe3 y HHTerpaj 'Tuma
Koum ucnbiThiBaeT cKauyoK, paBHBN 3HaueHMI0 [ B Touke nepexona. TouHee: ecaH
Zosy, a 2-> &y, ocraBasch cootBeTCTBEHHO BHYTPH™ D miu BHe D, 1o F(z) umeer
npegenbHnie 3nauenus F* (&) u F(§), npuuem

F(Zo) = F (L) = (Zo)

(dbopmyna 0. B. Coxouxoro). [Ykazauue: npeactaButs F(2) B BHIe

. L [ 1®)=]() [ (Zo)
F(z)_mvf T & dE 4+ 1522 fg ]

2mi

3. B npeanonoxenusx npeawiayuledl 3agaud J0Ka3aTh, YTO KaXKaoe M3 cje-
AYWOUIHX YCJIOBUA HEOOXOAMMO M JOCTATOYHO AJS TOrO, YTOGL HHTErpaj THia
Kouu 6wt uurerpajsom Kouwin:

a)ffC)dC 0 s Beex ze=C\ D;

6) J LF(L)dL=0 nan Bcex n=0, 1,2, ...
v
4. Hoxazatrb, 4TO HHTErpasn

z>~——ff f(:)dgdn ()

rae ¢=Et-in, D —koMmnaxtnas o6aacrts, a .J—raagkas B D orpaHuuenHas

DYHKUHA, a) ABJAsTeTCH roJoMopdHON B (,\D dyHKUHeH, paBHOA HYJMI0 B GeckKo-
HeuHocTH, 6} B moGoi Touke z=D uMeem
oF

e (2).

[Peirenne. YTBepxkIeHue a) HpoBepsiercs HerocpencTBento. as A0Kasa-
TeJncTBa 6) MpeANonoKUM cHauanaa, uto J&C(D) u uto f=0B oxpectdocTn JD.
Mpoponaxum | HA Bcio MJIOCKOCTb, CYHTAS ee paBHOfl HYMO BHe D, W Gynem cuu-
T4Th, 4TO B (*) HHTErpPHPOBaHHE PACIPOCTPAHAETCS HA BCK [JIOCKOCTB, 3aMeHofl
nepemMeHHoro §—> {+2 noayuum, uTo

__ 1 f(z4+ ) dE dn
F(z)——n ff——————-———Q .

B npumATHIX YCAOBHSIX 3aKOHHO JHGdEepeHUHpOBAHHE TIOL 3HAKOM HHTErpana,
n03TOMY B ni060# Touke 2 €D cylecrnyer

SYIE L

(Mbl BepHYaHCb K NpeXHeMy epeMCHHOMY WHTerpupoBaHHs). Bo3bMem Teneph
obsacts G & D rak, uto6u Bciony Ha 0G GwLio f=0, Toraa no hopmyae Komu —
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I'puna u3 n. 18 nosyyum, 4To HHTErpan B 0paBoi uacTu paBed f(z), — B pono-
HHMTeJbHLIX YCJAOBHSIX YTBepXKIeHue NOKazaHO. B oflieM ciyyae HYXHO BOCHOJb-
30BaTbCsl TeM, YT0 JI06yl0 raagkylo B D GYHKUHIO MOXHO NPHGIH3HTH
PaBHOMEDHO Ha MI060M KoMNaxTe 3 D (YHKIHAMH, YIOBAETBOPSIOMWMMH HAaUIuM
JONOJHUTEIbHBIM YCJIOBHﬂM.]

5. Ilycrs f (2 E an?” ronomopdHa B 3aMKHYTOM Kpyre U= {lz|<<R}
n=0

¥ ao ¥ 0. JlokasaTh, 4TO TOrAa [ OTJIHUHA OT HYJAS B Kpyre {lz | < %},
0
rge M= max |[f(2)].
z€E9U

6. Jlokasarh, 4TO CTEHEHHON PAA He MOXeT CXOAHThCH HH B OQHON rpaHuy-
HOH TOYKe KDYyra CXOZMMOCTH, eCc/IH TaM HMeeTcsl XOTs Obl OAMH MOJIOC paajarae-
MO# B pAA (QYHKIHH.

7. IlokasaTh, uTO awo6ag Uejas GOYHKUEA [, He NPHHMMAIOWias 3HAYeHHA H3
NpPaBoil MOAYIJIOCKOCTH, HOCTOSHHA.

8. BriBects Teopemy Coxoukoro njs Ueabix GYHKUHA 43 TeopeMbl JIHyBHINA.

9. [Tycte @ gBaseTcs cylllecTBeHHO ocoGOR TOUKOW QYHKUHM [; dem MOKeT

1 .
cAYXuTh @ paa QyHkuud —? (OTBeT: mpelesbHOR TOUKOH MOIIOCOB HJH CYIle-

f
CTBEHHO 0cOGOf TOYKOH.)
10. Hoxasar, teopeMy COXOUKOrO a5 MPefeqbHOA TOUKH ITOJIOCOB.
11. Mycrs | ronomopdua B kpyre [2/<1 u pan

F@)+F @)+ (2) +

cxomutcs B Touke 2=0. IToKaxuTe, 4TO [ MOXHO NPONOMNKHTBL HO HeJOH (yHK-
LMK, TPHYEM YKa3aHHBI PHJ CXOAHMTCA DAaBHOMEDHO Ha BCAKOM KOMIAKTHOM MOA-
MHOXecTBe JIOCKOCTH
12. Ecot f romoMopdHa B paBHOMEPHO OTpaHHYeRa B MPABOH MOAYMIOCKOCTH
u ecad f(n)=0 nas moGoro ueaoro n > 0, To } =0.
13 (B. U, Taspuunos). Ecm f(2)=2+ E anz" ronomopdHa u oxHO-
nz2

n
mictna B {|2] <1} n |azI<<n nas Beex n, 10 [ u Bee f, () =2+ D, a2®

k=2
omnoanctael B kpyre {{2[< 17}, rae T — meflcTBHTE/bHBIH KOpeHb YPaRHEHHSA

2(1—=7)p—(1+1)=0
Ouenka T JOCTUrAeTCH JJS N

f0(2)=22—"—-f—z)—2=2—222-323— cees

(1
[Vkasanue: BOCHO/MBL30OBATRCH TEM, UTO

—y

f_(fi___(_zﬁ_l>1 2,12,""=2_._1'HT mpr 12, 12 1< r
-2 (1—r)

nz2

3ameTuM, uTO 3HaMeHHTas runoTesa DBu6epbaxa, nmo KoTOpPoH nJaa ¢yHKUME
F(2) =2+ D) azz" roromopdunx B {|z| <1} 1 ogHoMMCTHHX TaM, |a;|<n

: nz=2
LA BCEX A, A0 CHX NOP He AOKa3aHa 4 He OIPOBEprayra.}



TTABA III
AHAJIUTHYECKOE NPOIOJHKEHHUE

B 3Tofi ryiaBe ME PACCMOTPHM ellie OJHO M3 CaMBIX OCHOBHBIX
JIOHATUH KOMILIEKCHOrO aHaJM3a — IICHATHE aHAJHTHUECKOro IIpo-
noaxennst. OHO TO3BOJIMT HaM, B YACTHOCTH, BBECTH TaK HasklBae-
Mble MHOTO3HAUHbIe aHAJUTHUYECKHE (PYHKLHH.

CaMbie mpocThle 3a7a4H OPUBOAAT K HEOOXOAMMOCTH paccMart-
puBaTh MHOrO3HauHule pemenus. Hanpumep, ypaBHeHHe z=w? npH
Jlo6oM GuKCHpOBaHHOM 20 HMeeT NBa pelueHHs, OTIHUAIOLIHECS

3HakoM. COBOKYMHOCTh 3THX pelIeHHi — Mbl 0603HauuM ee } 2z —
He/b3si pacCMaTpuBaTh Kak PYHKIHIO OT 2, u6o QyHKIUS IO Onpe-
JeneHH oJHOo3HayHa. [lombiTKa OTKA3aThCsl OT YCJOBUS OJHO3HAU-
HOCTH B ONpefeseHHr QYHKIMU cpa3y NMpHuBejia Obl K 3HAUHTENbHBIM
HeynoGcTBaM. B caMoMm fejle, KaKOi CMBICH, HANPHMepP, HAlO BJO-
KHUTh B cyMMy V 2z + V2, ecsin Kaxkioe cjaraeMoe IPUHHMAET 1B
3HaueHnsi? CaMbie NMPOCTHIE AEHCTBHA aHaAM3a C TaKHMH «MHOTO-
3HAYHLIMH (QYHKIHAMH» OKazajuch Obi BECbMa 3aTpPyIHEHHBIMH !).
TlonatHe aHAIUTHYECKOTO MNPOAOJIKEHHS I03BOJSET CHSITh TAKOTO
pona 3aTpy/HEHHS.

§ 7. HNoHgaTHe aHAJTHTHYECKOro MPONOJKEHHS

26. daeMeHTH aHaAUTHYeCKHX (GyHKUHH. Mbl HauHeM ¢ H3yue-
HHS MOHSATHS AHAJTHTHUECKOTO IMPOAOJKEHHs, OCTaBasiCh B pPaMKaX
TEOpHH OAHO3HAUHLIX (rosoMopdHHX) OGyHkuuid. C 3T0f TOUKH
3peHHs NOA aHaauTuweckum npodoasceruem GyHKRuHE fo, 3aZaHHOM
nepBOHAaualbHO Ha HekoTopoM MHoxectBe M < C, Mbl Gyaem no-
HAMAaTbh [0oNpenesenne ee a0 GYHKUMM f, 3aJaHHON B HEKOTOPOWH
o6aactu DM, rtaroe, uro f rojsomopdra B D, a ee cyxKeHue HA
MHoOxKecTBO M coBnagaer ¢ fo

f‘M=fO'

'y Ecau ckaagbiBaTh Vz+ V 2 Xak cOBOKYMHOCTH, TO 3Ta cyMma OyJAeT yxKe
TpexaHauHo#i (ee 3Hauenmst: 2w;, —2w; u 0, rie w;-— OAHO H3 ABYX 3HaueHHH

Ve ). CkaansiBaTe AHUIL 3HAYEHHS ¢ «OJHHAKOBEIM» sHakoM? Ho 3TO0 B KOM-
fI/IEKCHOM aHaJiH3e coBCeM OGecCMBIC/IEHHO: MYCTh Vzl == (141i), a sz ==+ (l-
~— i); KaKHe 3HAKY caaraemuix B cymme V z; + V 2, opunakosu?
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Takyo 3afauy MOXKHO pelliaTh CAMBIMK pa3ju+HBIMH cnocoGamH. B nepsoi
riaBe, HalpUMep, MBI AHAJTHTHUECKH NPOROIKAMH (PYHKuUMM €%, sil X H APYTHE,
3ajlaHHble Ha JeficTBHTeNbHOH ocd R, Ha Bcio KoMmaekcHyio miockocts C. @ynk-

sin z

uMs sapana B o6nactu O\ {0} (osa ue onpeneneHa npu z=0); Hanucas

€e pasyoKeHue B Psil 10 CTENEHIM 2!

sin 2 -1 22 + 2!
z 31 b e
Mbl TIPH €r0 IIOMOLIH [OAYUMM IPOJOKeHHe 3Tol (YHKUMH Ha BCIo mIockocTs O
(Takoe npojoJiKeHHe PABHOCHJABHO HOOMpefeseHdio B Touke 2=0 neo HenpephiB-
HOCTH). .
HanpoTus, cyMma pdaa

fo(@)=1+2+22+ ...

onpenenena (u roaomopdHa) muws B kpyre {|2/<<1}. u6o npu 2| =1 psa pacxo-
nutes. OpHako OpocyMMHPOBAB 3TY TeOMETPHYECKYIO NPOrpeccHlo, Mbi HalijieM,

gro [y (2) = , U nosyueHHass GdopmyJa gaeT aHAJIATHYECKOE TPOAOKEHHE

dyukuun fo B o6aacrs C\ {1}.

PaccMOTpHM MeHeée TpPHUBHAJbHBIH mnpumep. [amma-Qyuryus
Ditiepa npu Rez>0 onpenensiercss HHTErpajoM MO TOJOKUTENb-
HOH TOJyocHU

00

I'a)=[ e’ a1, (1)

0

rie mol £ masa t>0 nonuMaercs et QyHxuUM

oc

F,(2)= fe’tt’:"ldt (n=1,2,...)

1

n

— neJble, 60 uHTErpans MoxkHO AuddepeHUHPOBATH MO NapaMeTpy
B 110007 ToUKe maockocTd. Tak KakK Ha J00O0OM KOMIAKTHOM I0j1-
MHOXKeCTBe npapoil noaymiockocTd {Rez>0} mocsaenoBaTenbHOCTS
{F».} paBHOMepHO mO 2 cxoAHTcsi K I'(2), To mo Teopeme Beiiep-
mrpacca raMma-QyHKUUsS roJoMopdHa B MIPaBOH NOJYIIOCKOCTH.

Ecau x=Rez <0, 10 nurerpan (1) mepecraer cXOXHThCS H3-3
TOTO, UTO MOAUHTErpajbHasi QYHKIHUS CJAHIIKOM OBICTPO BO3pacTaer
npu t—0 (y Hac [f#!|=eRele-tint=fx-1" g e~t ] npu {—0).
Mpl yayuliuM cxomnuMocTb npu {=0, ecqiu BhUTeM M3 e~! Hayab-
Hble U/ieHbl ee TeHJOPOBCKOICG Pa3JjioKeHHs B HyJe M TeM CaMbIM
NMOJYUHM MHOMKHTeb, cTpeMsluuiics K Hyamo npu {—0. llpu
Re z>0 MLl noJayunM Ha 3TOM IYTH

. nk g T
P(Z) = J‘ et — zg_:k% fk tZ‘l dt-+ (=1 J‘tk+z-l dt+je—ttz—l dt
0 1

k!
0 k=0 k=0
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HJIH, BBIUHCJAS 3JE€MEHTapHble HHTErpaJel,

\' (=D 1
NOED) kU 2tk

k=0

1

-3

0

tk) 7 dt + f e dt (@)
1

B srom paBeHcTBe BTOpOIl MHTerpan crnpaba— Lenast QyHKIHUS
{cM. Bhille), MEpBBIH HHTErpaj CXOAUTCS PABHOMEDPHO MO Z Ha JIO-
6om KOMHaKTHOM MOAMHOXeCTBE nosnynaockoctn {Rez>—(n-+1)}

» (—1>k (=1F l)k k
(n6o et — 2‘ 2 1* cTpeMuTcs K HyJs0 npH f—0
k=n+1
co cxopocmo Z‘"+1) H, 3HAYHT, NpeAcTaBaseT co6o# QYHKIHIO, T0J0-
MOpdHYIO B 3TOH HOJYIIIOCKOCTH,
Takum 06pazoM, paBeHCTBO (2) MO3BOJseT AHANHTHUECKH MIPO-
n

JIOJXKUTh  PAa3HOCThb I‘(z)—~2 (k,l) E‘j—_k B MOJYILIOCKOCTb
k=0
{Rez> — (n+1)}, a cama I'(2) okasbiBaercs NPOLOIKEHHOH 10
yHxkuuu, MepoMopdHOil B 3Tolf modymiaockocTH. Tak Kak B kKaue-
CTBE 1 MOXKHO B34Th JI000e HATypaJbHOE HUHCJIO, MBI NoJgydaem
MepoMOp{HOe NPOJOJXKEHHe ramMMa-QOyHKUHH Ha BCH IJIOCKOCTb.
MB!I BHIHM TaKXke, YTO NPOJOJIKEHHas (YHKUUS HMeeT B HyJe il
OTPHUUATENbHBIX LeJNbIX TOUKaX MOJIOCH [E€PBOTO MOPSAAKA, NMpHUEeM

BBIUET B MOJIOCE 2=—Fk paBeH (_kl!) (=0, 1, 2, ...). Ha puc. 40

NpHBejeHa MOBEPXHOCTL MOAYJSl ramMMma-QyHKLHH, Ha KOTOpO# Ha-
HECEHB! TaK¥Ke JHUHUH PaBHOTO MOAYJS M apryMeHTa.

Meron yayulieHHs CXOZHMOCTH, KOTOPBII 3aech HPOJEMOHCTPH-
poBau, HaswmBaercs merodom Koww; B ra. V Mal ellle pa3 Oyaem
HM [0JAB30BaThesi (cM. m. 42). 3aMeTHM, 4TO MepOMOp¢Hoe Mpo-
JoJ:KeHne raMMa-QyHKIHE B JIeBYI MOJYIJIOCKOCTh MOXKHO OCylie-
CTBHTb TaKiXe, NMOJAb3YsICh (QYHKUHOHANBLHMIM yDaBHEHHEM

I'z+ DH)=2I'(2),

KOTOPOMY yIOBJETBOPsieT 3Ta GyHKIMs npu Re2z>0. B camom zene,
npu Re 2z > 0 Mbl MOXKeM HAamHCATh
F(Z) — r (Zz+ 1)

I

a MOTOM 3aMETHTh, UTO NPaBas 4acTh 3TOTO PABEHCTBA ONpejeseHa
npu Rez> —1, 2 0. lloBropas 3T0T npueM OCTATOUHOE UUCJIO
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pa3, Mbl APONOJXKHMM TraMMa-QyHKOulO B Ji06yil0o ToOuky 20,
-1, =2, ...

KoneuHo, 3afaua aHaJIUTHYECKOIO NPOLOJIKEHHS He Bcerga pas-
pemtnma. Benomuum npumep u3 m. 24: ¢yukuus

o0
fe)=22"
n=0
rosomopra B exunuusoM Kpyre U={|z|<l}, HO oOKpyX)HOCTH
{lz| =1} aBaserca ee 0co60ii JHMHHEH, M TNO3TOMY AHAJMTHUECKOE
npofosKeHne [ HU B Kakylo o6aacTb, ¢Tporo cojepxaiyio U, ne-
BO3MOXKHO,

Puc. 40.

Ecan ¢ynruus f (Kak B 3TOM mnpuMepe) rojoMopdra B HEKo-
Topolt o6aactd D U He NPOAOIIKAETCS AHAJUTHUECKH HH B KaKkyio
o6aacrte, cTporo cofiepxainyio D, To Mu 6ygeM HaswiBatek D o06-
A0CTor0 2onomoprocTy pynxyuu f. B m. 43 MBl JoKakeM, uro
Kaxtas o6nacte D < C siBasiercs 06JacThiO TOJOMOPQHOCTH He-
KOTOPOH (PyHKIUH.

Cefiluac MBI pacCMOTPHUM MpUMep, KOTOPHH 3aCTaBUT Hac pac-
IUMPHUTh [IPUHATOE IOHATHE AaHAJMTHUECKOTO NpojonxKeHud. Ilyctb
o6nacte D mpencrasaser coGoit mnockocts C, paspesanHyio BI0Jb
oTpullaTeNbHOR mnoayocH: D={z=re?: —a<ep<m, r>0}, B sroit
obaacru onpeseseHa QyHKUUA

L
2

w=f2)=Vre 2, —a<e<n, 3
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B3aHMHO OJHO3HAYHO OTOGpaxkamuiaa D Ha IpaByio NOJYINIOCKOCTh
; T n .
D*= { w = pe'V; —5<tp<5,0> 0}. Mbl uMeeM w?=rei®=z (1aK

uto fy(2)=Vz) u B cuny rtoro, uro 0TO6paKeHHE fo: D —D* B3a-
HMHO OJHO3HAYHO, MOXKeM BOCIO0/1b30BaThCsi MpaBuaoM Juddepen-
uMpoBaHua o6paTHHIX GYHKIHE!),

no KOTOPOMY B KaxXkAoil TOuUKe g
ze= D cyuectByer

(w)

Takum oGpasoM, byHKUus fo roJo-

mopdua B D.
PaccMOTPUM  Telepb  CeKTOp
S={n<p<n+8}, rIe >0 Prc. 41.

(puc. 41). dynruua fo, Hemocpen-

cTBeHHO QopMyJso (3) mnpomosKaercs B 3TOT CekTop. Tak Kak

npd 3ToM S B3aHMHO OJHO3HAaUYHO OToOpaxaercsi Ha CEKTOP
3 n+d

S*={§ <¢<—2—}~ IJIOCKOCTH @, TO HO TeM K€ Coo6paxKeHHsAM,

4YTO W BHIIE, IPOJONKeHHasT $yHKIUA

f(z)=Vr—ei% nLe<n+9, (4)

ronoMoptra B S. OgHako [ Heab3s paccMaTpuBaTh KaK aHaJMTH-
geckoe mnpoponxenue fo u3 D B obaacts DUS={—n<ep<n+6}
no Tofi NpUYHHEe, uTo [ He siBAsieTcs GYHKHUEH B 3TOH
o6nacrtu, u6o oHa HeopHosHauna B DUS. B camom gene, Ji06oii
TouKke 2o M3 nepeceuenus D()S oua comocTasjsier Ba 3HaYeHHd W:
ecaM CcuHTaTth, 4T0 =D, TO 2y HYXKHO CONOCTABHTL 3HAUCHHE

1) B caMoM jmese, B CHJIY OJHOJHCTHOCTH OTOoGpaxeuus z—>w npu Azs=0
umeeM Aw 5= 0 u, CJeA0BaTEJLHO,

Aw 1
Az Az (+)
Aw
B cusy HenpepHBHOCTH STOro OTOGpaxkeHus Aw ->0 nmpu Az— 0, ¥ ecan cyme-
. Az dz
CTBYeT Agzo o Ta # 0, 10, mepexofa B () K npereay npd Az -> 0, nosay=-
: Aw .
uuM, 4TO cyulecTByer lim —=_, paBHbIf
yi y Az—>0 Az P
do 1
dz dz *

. dw
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Po .
— i—-
fo(2)) = Vrge 2, e —n<gy<—m-+9; eciu Ke cumraTh 2 &S,
TO 3TOH TOUKe HafO NPHIOMCATh apryMeHT g=@o+2n (n<e<mn-+3§)
H, CJIeI0BATENBHO, 3HAUEHNE (PYHKIIHH

Flz)=Vree 2 =—lo(2) (5)

(B 06ouX cayuasx y Hac ro=|2o|).
Mexay TeM ecam paccMaTpHBATh fo TOMBKO B BepXHeH moJo-
suge obaactu D, T. e. Bepxueit noaymiockocta DY ={0<q@<n}, TO

(pyHKLIUS
i L
2

f)=Vre 2, 0<@<n+d, (6)

Oyner aHaJdUTHUeCKHM MpOJOJKeHHeM f,, u60 oHa rosomopoHa B
D*US u f|p+=[o. BosHukaer HacrosTesbuas mnoTpe6HOCTH 0606-

LIHTL TOHSITHE AHAJIMTHUECKOr0 HPOAOJKEHHS Tak, UToOGBl OHO CO-
LepXKajgo W pacCMOTpeHHOe Bbilie mpojfoskeHue fo w3 D B DUS,
HO He TpeGoBano BBeHeHUS MHOTO3HAuHBIX QYHKUHI.

3aMeTuM, 4TO I[pH AHAJUTHUECKOM IPOAOJKEHHH OJHO3Hau-
HOCTb Hapyllaercs B TOT MOMEHT, KOI'Ja paclupsioiiascs o6aacTb
ompeenenust QYHKUHH HauuHaeT «Haje3aTb» Ha celd, MOKPHIBATh
ellle pa3 HEKOTOPYIO CBOW0 uacTh (NM0oZ0oGHO TOMY, Kak B HallleM
npuMepe cekTop S HokpbiBaer dacTh obaactu D, cm. puc. 41). Us
sToro Hab/ofaeHusT B TeopUM GYHKUMHE BO3HHMKJIA HAes (BOCXOns-
mas eme kK b. Pumany u K Befiepmrpaccy) orHocurs
NOSIBJAIINECT [PH TIPOACJKEHHM HOBbie 3HaueHHs QYHKLIHH He
K crapoit obaactu, rae GYHKIHUS yiKe olpedeneHa, a K HOBO# ofna-
CTH, MOKPhIBAWILEH CTAPYIO.

Tak, B HaweMm npnMmepe suadeuus [ B mepeceuenun DS, rue
yXKe onpefeneHa GyHxuus fo, Mbl 6yaeM OTHOCHTHL He K obaactu D,

a K cekTopy S (TouHee, X S, u60 S COAEPEKHT TpaHUUHBIE Jyu
{p=mn} n ne sBasierca obnacteio). Takum o06pa3oM, Ha TNepeceue-
ung D[1S mMb Gynem paccMaTpuBarh aBa ofbekra: 1) wacth obaa-
ctu D —cekrop Do={—n<@p<—n+6} —c roroMopdHoii B Heil

dyukuueit fo u 2) cexrop §={n<cp<rc+6} ¢ ronoMopdHOE B HeM.

¢oyukuueit f. Xors o6aactu Do 1 S reoMerpHueCcKH COBIAZAIOT, HO
¢yuxuun [ u fo, UM OTHeCeHHBIe, PasjMuHLl (OHH, OYEBHIHO, OTIIH-
YalTCs 3HAKOM), NO3TOMY 3TH OOBEKTHl CjaeldyeT CUUTATh pasiuy-
HLIMH,

Wrak, njes 3akjamodaercs B TOM, UTo BMecTO GYHKIMH paccMar-
puBaeTc HOBBII OOBEKT— DN ap a, cocTaB/JeHHas H3 00JacTd H
3ajaHHOH B He#dl GyHKUMH. [lepexo[ WM K TOUHBIM ONpEAETCHUNM,
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Onpenenenue 1. AnasutTuueckum 3/1emeHTOM WIH, KOPOUE,

54eMeHTOM HasbiBaeTcs COBOKYNHocTh o = (D, f) o6nactu D<= C
d rojgoMopdHO# B 3710k 06aacTe PYyHKIHH f.

Onpenenenune 2. FoBopar, uro ABa siaementa of | =(Dy, f))
0 F o=(Dsy, [;), 006gacTH KOTOPHIX HMeIOT HENyCToe Mepecere-
aue DD, ABasoTCs HenocpedcTeeHHbIM AHAAUTUYECKUM NPOODA-
sicenuem Opye Opyea wuepez obaacte A—
cBsi3Hylo komnoHenty D;1D;-—ecau Bcio-

Ly B A
fi(2) =1,(2) (M

(npu >TOM 3HaueHus f; u f» B APYTHX KOM- 2,
nonexntax nepecevenus DD, He o6azausl
coBnagarh, CM. puc. 42).

Tak, B paccCMOTpeHHOM BBIlIe NpHUMEpE
3JIEMEHT oF o, KOTOPBIH COCTOMT M3 0BJaCTH Puc. 42,
D={—n<ep<n} u ronomopdHo#i B Heil
QyHkuuH fo, ONpedesieHHON paBeHCTBOM {3), H 2/MeMEHT oF |, COCTOd-

o 3 o
wHui u3 obaactu D= {g-<cp<—§“—} (n1eBol TOAYIIIOCKOCTH) H T'O-

.
. . iH m 3
JoMopduoil B Hell pyuxkuunfy(2)=Vre 2, 5 <9< —251 , COCTaBsI-
10T HeNoCPeACTBEHHOe aHaMUTHUECKOe IPOJOJIAKEeHHe APYT Apyra ue-
. n .
pes BTOpOil kBagpanT A = {7 <p< n}, HO He yepe3 TpeTuit xkBaApanTt

3n

N ={n<cp< 5 }, H60B A’ 3Hauenus fouf; pasauuns (puc.43).

Puc. 43. Puc. 44.

Onpenpeaenne 3. Tlosopar, uro snaeMmeHtn & =(D, [} u
& =(0, g) SBISIOTCS QHOAUTUYECKUM npodoaxceruem )  Apyr
gpyra uepes obaacru A, (v=0, ..., n—1), ecau cyumecrsyer Ta-
Kas Lenouxka 3jJeMentoB oF ,=(D,, f,), v=0,..., n, uro: 1)
Fn=F , F n=35; 2) obaactu D, u D, UMEOT HemycToe Mepe-
ceuenue u A, ABasercs OJHOH H3 €ro KOMIOHeHT (v=0, ..., n—1);
JIEMEHT oF yt1 SBJASETCA HENOCPEACTBEHHLIM aHA/JIUTHUECKUM MO~
goaxenueM o , (v=0, ..., n—1) uepes A, (puc. 44).

1) Yxe Ge3 cioBa «HeNOCPEACTBCHHOES,
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Mpumep. Iycrs D — Bepxuss MO MI0CKOCTD {Ilmz>0} u B Hedi 3ajaHbl
nBe QYHKUHH

3_ i(l
w=f@)=Vre 3, 0< @ <m,

3__ ;% .
w=g((@)=Vre 3, m<9<3n

(z=re'®). Oup B3anMHO OJHO3HAUHO H HempephiBHO OTOGpaxcalor D COOTReTe
) 1
CTBEHHO Ha CEeKTOpH D*={0 <p< ?} H G*={—'3—< P < n} (MB1 mosa-

raem YP=arg w). OGe QJyHKuLm ofpawanT GyHKnuo @wi=2 (Tak 4TO HX MOXKHO

CUATaTh 3HAYECHHSMU Vz/ 4, 10 IpaBuiy ,an(p(pepeﬂuupotaaﬂuﬂ 06paTHbIX yHK-
uuit, rosomopbuel B D. Takum o6pasoM, napw & = (D, f & =(D, g) sB-
JASIOTCSA aHaJHTHUECKHMU 3JE€MeHTaMHU.
Onn sBaASIOTCS aHAJINTHUYECKHM TMPOTO/UKeHKMeM ApYT APyra. B caMom jene,
paceMOTpIIN, HaupHiep, obmactu Dl—{0<(p<2n} " Dz—{m<(p<3n} H B HUX CO-
(P

OTBETCTBEHHO rosoMopoubie Qynxuin fi (2) = Vr e P (0<p<2n)u fo(2)=
3 . @

— 1
=Vre 3 (n<@<3n); snement &, (D, f)), (Dg, f2), & obpasyor  ue-
MOYKY, KOTOpas YAOBJETBOPAET BCEM VCJAOBHAM, MNPHHATHIM B ONpejesieHHu 3.

27. NlpopoaxeHne BAOAb NyTH. [as IpOCTOTHl  JasbHEHIINX
paccyXKJAeHHIl MBI HECKOJAbKO KOHKPeTH3upyeM IOHATHE 3JieMeHTa.

Onpeneanenune |. KaHoHuueckum 3/1eMEHTOM C LEHTPOM B
touke a & C HasbBaercs napa f o= (U, fo), roe fo—cymma cxo-
ASLIErocsi CTeNeHHOTO psja ¢ ueHTpoMm B @ H U, — Kpyr cxoaumo-
CTH 3TOTO pAna. Mu Gyzem HaswiBath U, Kpyeom cxodumoctu 3ae-
MEHTa oF , U 0003HAUATh uepes R, pajuyc 3TOr0 KpPyra, ecjlu a#oo,
WIH pajuyc ero JONIOJIHEHUS, €Cld a=o00.

Ecau a=C, 10 KPyr CXOAMMOCTH 371€MeHTa oF » HMEET BHJA
U, —{2.]z—a[<Ra}, rie R, < oo, a QpyHKuHSA

fa(2)= g ca(2—a)" (1)
ecin ®e a=o0, T0 Uy={2:|2|>R,}, rne R, >>0, u
fa(2) = 3,2 @)
n=0

Ornpenenennss HeNOCPEACTBEHHOTO aHAJMUTHUECKOTO TNPOJOJKe-
HUS ¥ aHAJHTHUYECKOro [IPOJOJXKEHHS AJisi KAHOHHUECKHX 3J1eMeHTOB
HECKOJbKO yIpouialrces, 160 ux 061acTH (KPYTH) NepecekaloTcs
IO CBSA3HBIM MHOXKecTBAM W HO3TOMY He HaJ0 OTOBApHBAaTh, uepes
KaKie KOMIIOHEHTH IlepeceueHHii A, NPOH3BOLUTCH IPOAOJIKEHHE,
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Ecan xanonuueckuit anemeHt of ,= (Us, o) sBasieTca menmocpes-
CTBEHHBIM aHaJHTHUECKUM MPOJOJNKEeHHEeM 3ieMeHTa oF o= (Uq, [a)
u, xpome Ttoro, b & U, (puc. 45), T0 Takoe MPoJOJKEHUE CBOLUTCA
IIPOCTO K IEPEpas’sioKeHHI0 CYMMBI CTEIeHHO-
ro psiga f, B PSA 0 cTENEHSM 2z — b:

O ()

fo(2) = Yy 2 (2~ b)™. 3)

nl
n=0

3aMeTdM epnle, uTO €CAH fABa KaHOHHUe-
CKHX 3J1eMeHTa oF 4 U oF 5 SBJIAIOTCH Heno-
CPeACTBEHHBIM aHAJNUTHUECKHM [POJOKEHHEM
ApYT Apyra, ToO HX Kpyru cxogumoctu U, u
U, He MOryT KOMIAKTHO NPUHAJIEXKATL OJUH
apyromy (ecau, Hanpumep, U,& U, 10 [
rosioMmopdHa B OouabiieM, dem U, Kpyre c
neHTpoM b u, ciexoBarenbno, U, He MOXKeT OBITH KPYroM CXOAHUMO-
ct). [Hostomy okpyxuoctn O0U, u 0Up mOJXKHB HMeTb XOTH OB
0HY OGLIYIO TOUKY, H M3 TPEYroJbHHKA, H30GpaXKeHHOro Ha puc. 45
(ToabKO Tenephb He ofs3aTenbHo b=Uy), Mbl 3akT1049aeM, 4TO

|Ra =Ry [<|b—al. (4)

Tenmepp Mbl 3afiMeMCsl TNOHSATHEM aHAJHTHYECKOro IPOJOJIXKe-
HHS BJIOJIb TyTH. Be3 orpaHnueHusi oSuiHOCTH GyAeM IpeanoJarars,
4TO J[Jig BCEX paccMaTpHUBaeMbIX 3/eCh NMyTedl mapaMerp MeHseTcs
Ha otpezke J=[0, 1].

Onpenenenune 2. [0BOpAT, uTO KaHOHHUECKHH 3JEeMEHT
F o= (U, fo) npodoascaem 8dose nytu y: z=z(t), t =/, ¢ naua-
JoM B 1eHTpe a=2z(0) 3Toro anemen-
Ta, eCcJU CYulecTByeT CeMeficTBO aile-
MEHTOB

F ¢ =Us foh tel, (5)

C LeHTPAMH a;=2(f) W HeHyJeBbIMH
paauycaMu CXOIHUMOCTH, VAOBJETBO-
pawuee caelywiuemMy ycaosuw. Ecau
u(tg) =J o6Go3HAuUaeT TaKkyld CBAIHYIO
Puc. 46. OKPECTHOCThb TOUKH [y J, uto 2(f) &=
e Ui, aas Bcex t = u(fy) (ara ogpe-
CTHOCTb CYLIECTBYET B CHJYy HeNpepBIBHOCTH MYTH), TO A Mo6oro
t & u(ty) sMeMEHT oF ; SIBJASETCA HEMOCPEACTBEHHBIM AHAJUTHYECKHM
NPONOMKEeHHEM oF 4, (pHC. 46).
Ecan snemeHToF ; npofosKaeM BAOJAb y, TO FOBOPSIT, YTO 3Je-
MeHT o 4 ceMefictBa (5) (¢ ueHTpoM B KoHue b=2z(1) mytn) noay-
Yaercst U3 oF o AHAAUTUHECKUM npodoadceHuem 80046 nyTu y.

Puc. 45.

10 B. B. LlaGar
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Tipexxie Bcero nokaxeM e€eJHHCTBEHHOCTh I[IPONOJIKEHHS
BAOJbL MyTH. Il 3TOro YCJOBHMCS CUMTATE JABAa KAHOHHYECKHX
snemenra o =(U, f) u F=(V, g) pasnonu (F =), ecan
U=V u B s10M Kpyre f=g.

Teopema 1. Ecau ranoHuueckuil dsemenT F o npodoascaem
80046 nYTU Y, TO 8 Pe3yAsbTATE €20 AHAAUTUHECKO20 NPOOOANCEHUS
80046 3T020 NYTU NOAY4AETCA BNOAHE OnpedeleHHblli 31eMeHT, He
3asucaujuil oT 86l60pa CcemelicTea, OCYuLecTBAANOULCZ0 NPOGOL-
KHCEHUe.

<« ITycts y 3agaercss ypaBHenuem z=2z(!), t<J, a 3neMeHTH
&, W & MONyualTCS NMPOJOKEHHEM oF o BAOAbL Yy: MEPBHH mpu
MOMOILH ceMefCTBa 3JEMEHTOB oF 4, & BTOPOH — cemelcTBa &,
(F y= &y, te<T). PaccMorpuMm MHOXKECTBO

C={tel F,=9)

OHO HelNycTo, #G60 conepkuT TOUKY ¢ =0.

ATO MHOXKECTBO OTKprTO (B ronosiorun J). B camom pede,
myCcTh hed&, 1. e. F1,=45&, B CUIY HENPEPLIBHOCTH NOYTH Yy
HafileTCs OKPECTHOCTh u(tQ)CJ Takasi, uto AJs Bcex & u(fy)
touka 2{f) NpHHAMJIERHT OOMEMY KPYTy CXOAHMOCTH 3JE€MEHTOB
F 1, u &y, To onpenenenuio 2 Aas Bcex t  u(ty) v F ; 1 &, noay-
YAIOTCSl HEMOCPENCTBEHHEIM AHAJHTHUECKHM NPOAOJKEHHEM paB-
HHIX 3JEMEHTOB oF f, = F, H, CJEJOBATENbHO, cOBNafanT (cM. (op-
myay (3)). Tlostomy u(f,) < &. :

Ho & B 10 e BpeMs M 3aMKHyTo. B camom jeJfe, ycTh
t,=J —upenensuas Touka & u u(fy)) —Takas OKPECTHOCTb, UTO
nas Beex { < u(fy) Toukn 2 (f) NpUHANJAEKAT MEHbIIEMY H3 KPYroB
CXOIHMOCTH 3JIeMEHTOB of 4, H & (06Go3nauuM ero uepes W).
B u(ty) Halinercs Touka fy & & u B Hell oF =&y Takkakz(t)=s W,
TO oF 1, U &4, ABJIAIOTCS HEMOCPEACTBEHHBIMH aHAJUTHUECKHMHU HPO-
IOMKEHHIMH DaBHBIX 37eMeHToB o , u &,. Ilostomy f, =g,

B nepeceueHud W ¢ KPYroM CXOJHMOCTH oF s, U &%, HO TOTAa N0
TeopemMe ejMHCTBeHHOCTH m. 21 fto_=.gt0 Bciony B W u, caenoBa-
TEJNLHO, oF 4, =1, T. €. lhe&&.

ViTak, HemycToe MOAMHOMXKECTBO & < J aBjsercs OQHOBPEMEHHO
OTKPBITHIM H 3aMKHYTHIM. Otciopa cienyer (m. 4), uro &=/ nu,
B UACTHOCTH, UTO oF =& B :

Tenmepb ML XOTHM [0Ka3aTh, UYTO OPOAOJKEHHE BAOIb MYTH
Bcerja MOMKHO OCYILECTBHTH B KOHEUHOE UHC/JI0 HPHEMOB, T. €. Kak
AHAJUTHUECKOE TIPOLOJIKEHHEe B CMBIC/Ie NPEARAVUIEr0 NYHKTA.

Jdemma. Paduyc R(t) asemenra oF ; us cemeiictsa (5), ocy-
WeCTBAAOWE20 GHAAUTUHECKOe RPOCOAseHUe 6004b NYTU vy, AG-
AseTcs Henpepul8Holi pyuxyued ot t Ha orpeske J, ecau Kpyeu
CX00UMOCTU 8cex oF ; KOMNAKTHbL.



§7 MOHATUE AHAJHTHUYECKOTO NPONOJ/DKEHHSA 147

4 laa mioboro fyeJ nafimeM OrpecTHOCThb u(fy) Takylo, uTO
npu t e u(ty) sneMentT ¢F ; ABNAETCS HeNOoCcPEeJCTBEHHBIM NPOJOJI-
JKeHHeM oF ¢, (cM. onpenenenne 2). M3 HepaseHnctsa (4) nosydaem

TOrAa, 4To
[R()—R(E) I 2() — 2 ()|

DT0 HepaBeHCTBO HOKA3LIBAET HENPEPBIBHOCTL R B TOuKe fy P

Teopema 2. Ecau srement & noayuaercs u3 o QHOAUTU-
yeckum npodoascenuem 8004b nYTu vy, TO & ABAAETCA AHAAUTU-
yeckum npodoascenuem oF 8 cmbl-
cae n. 26.

4 Tlyers oF ¢, t=J, — cemeficT-
BO 3JIEMEHTOB, OCYyUIEeCTBJAIOINX V4
IPOAOJKEHHE BAOAb Y. [lo Jemwme p2
paguyc R(f) »3aeMeHTa oF ; He-
npepsiBeH Ha J, c/aeIoBaTeNbHO, 1% 7
cyuiectByer  &>0  Ttakoe, uro
R(t)>¢ nns Beex teJ. B cn- v ™
Jy DABHOMEPHOH HeNpepLIBHOCTH A A
pyukuun 2(f) Ha J MOXKHO BbI- R 7R
6patbh KOHEUHOE YHCJIO TOueK f,: N4 /
L=0<u<. . <= Tak, 4YTOOBI Sl
TOUKH 2,=2({,) a1a v=I1, ...
..., 1l YIOBJETBOPSIH HepaBEHCTBY Puc. 47.
lz, — 2,1 <e. Tlo onpegese-
HHIO 2 OTCIOAA CJedyer, uTo 3jeMeHT oF ) =oF ; dABJseTCH Heno-

1)
CPeICTBEHHBIM aHAJHTHUECKHM MPOLOKEHHEM SJeMeHTa oF ) =
0)
=df1,, (v=1,..., n). Ho FO=F, a FTW=¢, crenosa-
TeNbHO, & ABAAETCS AHAJUTHUYECKHM IPONO/IKEHHEM 3JEMEH-
Ta oF P
[Tpumep. Pacemorpum B kpyre U={|z— 1| <1} dyuruuio
9

f)=Vz=Vre'?

.Kak Mpl Buieaum B TpeablIyLIEM TMYHKTE, B KakKIOH TOYKE
ze U cyuwectByer f’(z)=—2ﬂ2—), caenoBatenblo, [ rosoMopdua

B U u [/(2)— o0 mpu 2—0. Orciona suano, uto napa o = (U, f)
COCTABJSIET KAHOHHUECKHH 3/1eMEHT.

Yro6bl MOJYUATHL AHAJHTHUECKOE TPONOJKEHHE oF BAOAbL NYTH
vo: z=¢%, 0<Lt<n (BepXHssa MOJYOKpyxHOCTL {|2| =1}, puc. 47),
HeT HeOoOGXOAMMOCTH, KAK CKAa3aHO B ONPENeNeHHH, NONyuaTs Teko-
poBckoe pasioxenue | B kpyre U u 3aTem nepepassiaraTb e€ro no
creneHsM 2 —e' npum BceBo3MOXKHEIX [ &[0, m]. [lo teopemam 1

(z=re"q’, —%<cp<%—). (6)

10%
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u 2 gocratouHo paccMorperb Kpyr U'={|z—i|<1} u nocrpours
aHaJuTHYecKoe INpPOAOJKeHHEe ¢ mo uenouke Kpyros U, U’, V,
rie V={|z+1|<1}. Ho takoe mpojosxKeHHe MOKHO OCYLLECTBHUTh,
Kax B 1. 26, HemocpeacTBeHHO 110 Qopmyae (6), pacmupas obaacts
u3MeHeHust ¢ B 31oil popmyne: mias U’ — Ha orpesok [0, nt] u ana
V — Ha oTpesok [%, %T—c-] B kpyre V Mbl noJqyYnM roJoMopdHyIO
(OYHKILHIO

— 2
L@=Vre T  (F<o<F), (7)

n mnapa &= (V,go) cocraBisier 3JeMeHT, KOTOPHH H sBisercs
HCKOMBIM TIPOJOJIZKEHHEM ¢F BJLOJb MYTH Yo. B uacTHOCTH, HA OTPH-
parteJbHOM Jgmamerpe Kpyra V uMeeM g=m, c/el0BaTeNbHO,

g2 =V —xe'T=iY %, ®)

rae —x=|z|>0.

Ananornuno npu nomown neroukn kpyros U, U”, V, rae
U”={|z+i| <1}, ocyliecTBisieTcst aHAJUTHUECKO® MPOLOJKEHHE F
BAOJAL TyTH y;: 2=elt, 02> ¢2> —n (cm. puc. 47). Drto npogon-
JKeHue 3aK/Iouaercss B TOM, YTO Mbl TOC/AEN0BaTe/NbHO 3aMeHseM
B Qopwmyne (6) oGmacte H3MeHeHHs ¢ oOTpeskaMu [—m, 0] ©

3 T B
~5» —5 |- B pesy/ibrare ME mosyuaem rofioMoppHyio B Kpyre
V ¢dysKuMIO

—_—f -

a@=Vre'?  (-F<o<-F) ©)

n napa J'=(V, gy) cocrapisier 3/IeMEHT, KOTOPHIH ABJASIETCS NPO-
JNOJIKEeHHEM of BAOJb NMYTH yi. .

dnement &' He paBeH sneMenty FU% X0Td KpPyrH HX CXOOu-
MOCTH OJHHAKOBBI, HO (QYHKUHM OTJIHualoTcsd, GO, HAIpHUMEp, Ha

oTpuuaTeNbHOM JAnamerpe V Mbl Temepb MMeeM ¢=—x H, CJI€I0-
BaTe&NIbHO, BMecTo (8) moayuaem
i T
— Tig N
g@=V—-xe T==iV—x, (10)
rae ousitb —x=|z|>0. Herpyano Buzers, uro gi(2)=--go(2)

ona Bcex ze V.,

3aMeTuM, YTO OPH NOCTPOEHHH HAMIHX NPOJQJIXKEHHH Mbl HEe M0JIb30BaJMCh
TeHJIOPOBCKMM pasjioXeHueM sjeMeHTa . [Ipn KeJqaHHH ero MOXHO LOJYUYHTE,
HanpyuMmep, H3 caenylollux coobpaxenunit. Ha momoxurenbHoMm pmuaMerpe kpyra U

nmeeM @=0, caenosaTenbHo, f(z) =V'%, rae z=x>0. B ananuze JL0KasblBaeTcs,
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YTO 3Ta ReRCTBHUTe/bHaA (QYHKUHA DacKiaibBaeTcd B GHHOMHAJNLHHIH pAX

1 oo
7 = e mie Sy En =3
VE=(+G-1) =1 Z}( &S e an
cropsimuiica Ha BeeM anaMerpe (0,2) (3pecy nll=n(n—2)... ¥ nocnegHuit

MHOXUTEb paBeH 2, ecnd n—ueTHoe, H 1, ecan n — Hewetnoe). [To Teopeme
AGens (n. 19) psan (11) cxomuTcs M AAA KOMIIEKCHBIX x=2 B kpyre U u, cae-
JlOBaTe/1bHO, MpefcTaBiasger rosomopduyio B U ¢ynkunio (n. 20). Ha nuamerpe
(0,2) sra ¢yHKuHSA coBnajaer ¢ f, a N0 TeopeMe eAHHCTBeHHocTH (m. 21) oT-
clola cieiyer, 4To oHa coBnagaeT ¢ [ Bciony B U. Takum o6pasoM, Bciopay B U

fz)=1 —2 (—1)”%?—” (z— 1" (12)
n=1

MoxHo HanHcaTbh ¥ TefJOPOBcKUe Da3/oKeHus QYHKUME gy U g1 B Kpyre V;
OHH UMEIOT BHJ

go<z)=—g1(z)=if(—z)=i{1—2~(2—’2—2‘n—)?l—”-(z+1>"}. (13)

n=1

B 3aknwueHue JOKaxeM TeopeMy 06 HHBADHAHTHOCTH
AHAJIUTHUECKOrO NPOJOJKEHHS BAOb MOYTH OTHOCHTEJNBHO TOMO-
TONHBIX AedopMainuil 3T0ro NyTH.

Teopema 3. ITycre nytu ye: 2=2¢(f) u yi: 2=21(f) eomo-
TONHbL, KAK NYTU ¢ OOWUMU KOHYAMU, U IAEMEHT ¢F npodorxcaem
80046 4106020 nytu ys: 2=2:(1) (s€/), ocyuyecraaaoueeo 2omo-
TONUIO Yo~7v1. 1020a pe3yavrartel npodosxcenus o 80oab nyreil
Yo Uy co8nadaror.

4 Ilycre z=z(s, t): JXJ—C — dpyHRUHA, oCyLIeCTBAAIOLAS
TOMOTOIHIO Yg~7vy; (CM. 1. 16), Tak uto 2(f) ==2(s, f). Obo3nauum
uepes ¢ (s<J) pe3yabTaT aHANUTHUECKOTO MPOJOJNKEHHS 3Jje-
MEHTa oF BJOJb MyTH ys U PACCMOTPHM MHOMKECTBO

E={s=]:. =Y

Ono Henycto, K60 coflepxkuT Touky s=0. [Tyctb So= & ; o nemme
cymectsyer e>0 Takoe, uto paimycn R ({) snementos &1, ocy-
LECTBAIOWHX NPOJOMKEHHE BIAOJb Y , HE MEHblle & A BCEX
tJ. B cuny paBHOMepHOH HeNpepbIBHOCTH OYHKUMH 2(s, f) Haii-
J;LeT;ﬂ OKPECTHOCTb 4 (Sp) </ Takas, uro A/s1 BceX SEu(So) M Bcex
(=

lZ(S, t)_z(SO: t)|<'§_- (14)
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0 —
[lo Teopeme 2 BbiGepem !,&/J Tak, uTOGH TOUKH 25, =2(S), I,)
A5 Bcex v=1, ..,, n yAOBJETBOPSJHA HEPABEHCTBY

|20 — 2| <+ (15)

H 3JeMeHTH Foy u &5 (MbI obosnauaem &)= 9?‘;) SIBJSJIUCH He-
TOCPEACTBEHHBIMH aHAJUTHUECKHMH IIPOAOJUKEHUAMH ADPYT Apyra.
p OfosHaunm eme 2v=2(s, Iv), 3v=3§v M 3aMe-
THM, 4TO HpH s u(sy) B cuay (14) u (15)
[zv—22_1|<s ans Bcex v=1, ..., n (puc. 48).

0

QueMeHTH &1 H &/ ABJAAIOTCA HENoCpes-.
CTBEHHBIMH AHAJHUTHYECKHMH IPOJOJIKEHHSIMH
3MeMeHTa of W, CJef0BaTeNbHO, APYF Apyra

&
(MbI MOJIb3YeMCA TeM, YTO y Hac [2)—a| <5 ¥
&
,2?~z1|<~2—). Touno Tax xe MB JOKAXKeEM,

YTO M 3aeMeHTH &y M &y ABIAOTCS aHAIH-
THUECKHMH [POAOJUKEHHSIMH ADPYT  apyra
(v=1, ..., n). Ho sneMeutn 32 u &, HMeIoT
K Tomy e oOwuii ueHtp (2 =z =b) u
TI05TOMY CoBHagamwT. Tak Kak $E8&, T0 3£’,=3§;=3”, cae-
noBatedbHo, H &,=&F =% T. e. s&=&. Mu 10Kazaad, U710
u(sy)) = & BMecTe C Sy, T. €. UTO & — OT-
KPBITOE MHOXKECTBO.

Ho B TO x)e Bpems & dABagercs H
3aMKHYTBIM MHOXECTBOM. B camom gene,
NyCTb So— MpeAe/ibHasi TOUKa &; MOCTPOUM
OKDECTHOCTh U{Sp) TaAKyH XKe, KaK Bbllle.
B ueji HaflzeTcs Touka s& &, Tak 4To mpo-
JoNKeHne of BAOJb Ys NPHBOJUT K 3Je-
menty &0 Ilo teM ke coobpamkeHUAM, UTO
W Bbillie, NPOJOANKEHHS BAOJb NYTEH ys M
Y,, TPHBONAT K DaBHbIM 3JIEMEHTAM, CJIeNI0-

Bateabno, F0=F u s, = &.

Takum o6pasom, & =J (cMm. m. 4) u, B
yactHocTH, =S 'p

3aMmeuanue. Ecau xors Obl BAOJNb OZHOTO H3 myTeH ys, OCYy-
LLECTBASIONNX FOMOTOIHIO Yo~ Y1, MEMEHT of HeNPOJ0NKaeM, TO
pesynbTaTel ero NPOAOAKEHHS BIAOJb Yo H Y3 MOTYT 0Ka3aTbes pas-
JUYHBIMH. B camoMm fese, paccMOTDHUM MOJYOKPYKHOCTH Yo H Yy U3
pasobpaHHoro Bbie MNpumepa. OHH, OUEBHAHO, TOMOTONHEl W HX

Puc. 48.

Puc. 49.
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FOMOTONMIO MOXKHO OCYUIECTBUTE TNPH IOMOIIH AYF OKPYXKHOCTeH
vs, 0 < s <1, npoxoasiuiux uepes Touku 1 (puc. 49). Ilycts ans
ONpeLeJeHHOCTH Yy, o003HauaeT NpsModuHedHHA orpesok [, —I].

dneMent oF = (U, f) U3 yrnoMsaHyTOro npumepa MOXKHO ONHCAH-
HEIM BBIIIE€ TIPHEMOM AHAJUTHUECKH NPOAOJKUTL BJOJb 060 AyTH

1
vs,s#—z—. IlpomonxeHue BAOJBL Yy, HEBO3MOXKHO, HOO, KaK Mbi

pugeay, f/(z) — oo npu 2—0, a OTPe3oK yy, COAEPHHUT TOUKY 2=0.
DToro okashBaeTcsi AOCTATOUHBIM JJisg TOro, 4TO6H INPOJOJKEHHH
BAOJAb Yo H Y1 NPUBOAHMJIN K Da3/HUUHBIM 3jJeMeHTaM (CM. YIOMSAHY-
TH mpumep).

§ 8. MoHsaTHe aHAJATHYECKOH (YHKUHH

Omnucare/bHO TOBOPH, MO aHaJUTHUeCKOH (yHKUHel INOoHuMaeT-
€ TO, UTO IOJyuaeTCsl M3 AHAJHTHYECKHX 3JeMEHTOB B pe3yabrare
aAHaJUTHUECKOrO NpPOAOJiKeHHs. 3Jech MBI NOAPOOHO pasbepeM 310
HOHATHE.

28. Anaautnueckue ¢pynkuun. Ion (aHasmuTHUECKHM) 31€MEHTOM
Mbl OydeMm ceffuac, kak B 1. 26, nouumartbh napy o =(D, [), co-
craBjieHHyl0 H3 o6jacth D u rosoMmopdHOoii B D Qyuruuu f.
B pasauuHBIX OKPECTHOCTAX (PUKCHPOBAHHOH TOUKH a rosoMopdHas
(GYHKIHS TNOPOKAAeT PA3JAHYHble 3JeMeHThl. MBI BBeleM NOHSITHE
9KBHBA/EHTHOCTH 3J€MEHTOB C TeM, UTOOBI OTBJEULCS OT HECyIle-
CTBEHHOTO pas/luuusl B BHIfOpe OKpecTHOCTeH.

Onpenenenue 1. JBa aaementa & =(D, f) u &=(G, o),
06/1aCTH KOTOPHIX COJep:KaT OAHY H Ty ke Touky a< C, HaspiBaoTCs
3KBUBANEHTHOIMU 6 TOouKe a (of ~ &), €ciu CYLIeCTBYeT OKpect-
HOCTh TOUKH d, B KOTODOH [=g.

OueBHIHO, UYTO 3TO OTHOIUIEHHE 3KBHUBAJEHTHOCTH YIOBJETBO-
psier oGplunbiM akcuHoMmaM. [lo Teopeme enuucrBenHoctu (n. 21) gas
9KBHUBAJIEHTHOCTH JBYX 3JIEMEHTOB B TOUKe HeoOXOAMMO M JOCTa-
To4HO, 4TOOBl (YHKIMH, IpHHAAJEXKAlUINE 3TUM 3Je€MEeHTaM, COBIa-
Naju BO Beell coiepskameil TOUKY @ KOMMOHEHTe MepeceyeHHs HX
obaacrell.

COBOKYIHOCTh 3KBHBAJEHTHBIX ADYT [Jpyry B JAaHHOH TOuke
a=C »2/1eMEHTOB Ha3BIBAIOT POCTKOM QHAAUTUHECKOU (QyHKYUU B
Touke @. CMBICJ 3TOTO TOHSATHS COCTOHT B JOKaJdH3aUHH TNoO-
HATHS 3JeMeHTa: paccMaTphBas BMecTO (PHKCHPOBAHHOIO 3JeMEHTa
KJacc BCeX 3JIeMEHTOB, €My 3KBHBAJEHTHLIX (B TOM UHCIE M 3Je-
MEHTOB, 06JaCTH KOTOpPHIX CKOJb YroAHO MaJjbl), MBl BbIgejdseM
B NOHATHH POCTKAa TO ofuiee, 4TO OGBEIHHSIET 3KBHBaJeHTHLIE 3JjIe-
MeHTHL [TosTOoMmMy POCTOK XapakTepHsyer JoKa/lbHble CBOHCTBa DyHK-
UMM B paccMaTPHUBaeMoOH TOUKe.

OdeBuyiHO, POCTOK O3Hauaer Heuto GoJjbuiee, UEM MPOCTO 3HAUE-
HHe ¢QyHKHUM B paccMarpuBaeMoll Touxke. B caMoMm fgene, mycTk
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=—n? u ¢yukuus f B nparoli pojaymiockoctu D onpegenena co-
OTHOIUEHHEM

Vr_' C 2.  si _CP_
fa=e " (mEn ) 2, (1)

rie z=re'. [Ipofonkas saeMeHT (D f) B neByio momynaockoctb G
M0 BepXHel MOJYOKPYIKHOCTH vo: 2=e’, 0L, MBl NOJNYYHM
ajeMeHT &9, cocrosiuuit us G u (byHKLum

Vi (cos ——-H sin - 1 3n

g, (2)=e ( ) 5 <e<-—5 (2)
a TPOJOJIKEHHE €ro BAO/Ib HOJAYOKPYKHOCTH yi: z=¢', 02> { 2> —m,
MpUBeAeT K 3j1eMeHTy &1, cocrosmemMy us G U GbYHKIHH

Vr (COS —+i Sll’l——')
gi()=e —E <o< —F. (3)

Auementsl &° U &' pasiuuHbl, NOITOMY pasMUHbl H UX POCTKH
B Touke a=-—mn2 OnHaKRo 3Hauenus QyHKUUA Zgo U g1 B paccmart-
pHBaeMOH TOUKe COBIIAaJaloT: NpHM NOAcUeTe go(@) MBI Tojaraem
@=arg a=m H, CJeJOBATeJNbHO, go(a)=e¥=—I1, a npu mnoacuere
gi{a) cuutaem @=—m MY, cJefOBaTe]bHO, gi(a)=ei=—I,

K mnoHgTtHio aHasuTHdecKod QYHKUUH MBl HpHAEM, ecau Oy-
JIeM pacCMaTpUBaThb COBOKYIHOCTH (aHAJMTHUYECKHX) 3JEeMEHTOB
(Dg, [4), rne o npoberaer TPOUIBOJBHOE MHOMKECTBO HHAEKCOB A,
IpuyeM NpelnoaoxKHM, UTO KaXKablH H3 3THX 3/1€MEHTOB IONYyYaeTcs
13 J1060ro Apyroro aHaJHTHUeCKUM NpogonaxenueM. Fojomopdubie
¢yukuun f,, o = A, npuHaniexauime 3JjeMenTaMm, 6yaeM Ha3bIBaTh
8eT8AMU PACCMATPUBAEMON aHAJHUTHUYECKOH (PYHKIHUH.

Has yno6erBa paGoThl ¢ 3THM MOHSITHEM MBI HECKOJBKO KOH-
KPeTH3HPYEeM €ro, 3aMeHHB I[POHU3BOJbHbIE 3JI€MEHTH KaHOH{ue-
CKHUMH H TPOJOJ/IKEHHe — IPONOJIKEHHeM BAOIb nyTed (m. 27). Tax
MBIl TIPHXOJUM K CJAeIYIOLeMy OrnpefeseHHulo.

Onpeneaenue 2. Axasuruueckold ¢yHKkyuel HasbBaeTCH
COBOKYIHOCTb KAHOHHUECKHX 3/EMeHTOB, KOTOpPLIe I0JAy4YalTcs U3
OQHOrO Kakoro-iubo snemenra of = (U, f) aHaJuTHUECKUMH IpO-
JIOMKEHUAMH BJOJIb BCeX MyTell, HAaUMHAIOUIUXCHA B LEHTPe a 3Jje-
MEHTa oF , BAO/JIb KOTOPBIX TAKOE NPOJOJIKEHHE BO3ZMOXKHO.

OueBHHO, YTO 3TO IOHSITHE HE 3aBUCHT OT BHIOOPA HAaUYaJBHOTO
sJeMenTa o . B camom nene, nycts & =(V, g) — moGoit snemenr,
NpHHagAeXKal(uii aHANMUTHUECKOH (DPYHKIIMH, KOTOpas ollpejaesercs
HAUaJBHEIM 3J€MEHTOM oF . Torma & rnogyuaercsi M3 o IMPOJO0J-
KeHueM BAoJb nytd y. Ho n oF moayuaercs uz & TMPOLOJIXK EHHEM
BIOJb NyTH ¥, a JoGo# apyroil ajemeHT &, KOTODBIA noJayyvaeTcs
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H3 ¢ TpOAOJIKEeHHEM BJIOJb NYTH A, MOXKHO IMOJAYYHTb W U3 &
npojoJuKeHMeM BROJER NOyTH Yy~ U A (onpegenenune o6beIHHEHHS
nyte#t cm. B m. 14).

Onpenenenue 3. [IBe aHaluTHUECKHE (YHKLUHH, ONpeae-
JsieMble KaHOHMYECKHUMHU 3JIEMEHTAMHE, CUHTAIOTCS PABHBIMU, €CJIH
OHM HUMeT XOTs Obl oamH obmuit saeMenr. (Ilo Teopeme enun-
CTBEHHOCTH NPOAOJIKEHHs BAOJb IYTH TOTAA H BCE HX COOTBET-
CTByIOIIME 3JeMeHTHl PaBHH APYF Apyry.) [Be anaauTtHueckue
$yHKUMK, ompelesnsieMble TIPOU3BOJLHBIMH 3J€MEHTAMH, CUHTAIOTCS
pasHoimu '), eciu Kakue-1MOO HX 3JeMEHTbl 3KBHBAJEHTHBI APYT
IpYyTy B cMbIcJie onpefeneHus | (Torga u Bce UX COOTBETCTBYIOLIHE
3/eMEHTH 3KBHUBAJIEHTHHI).

Teopewma 1. Ob6wvedunenue Kkpyeo8 cXO00UMOCTH INEMENTOS,
npuHadsenauux AHAAUTUYECKOU GYyHKkyuu, 0bpasyer ob6aacTs.

< [lycte D — 310 06beuHEeHNE; OHO OTKPHITO, KaK 06belHHeHUe
OTKDBITEIX MHOXKecTB (ecnu 2e&D, TO 2o IPUHAMJIEKUT H KPYTY CXO-
nnmoctd U Hekotoporo sneMenra, a U exoaut B D). Ho D u cBas-
HO, 6o nJs NOGHX ToueK a, b&=D MOXKHO HallTH npuRaljexaline
(YHKIHH 3/MEMEeHTH, KOTOpPHE HMEIT 3TH TOUYKH LEHTpPaMH, a Tak
KaK 3TH 3J€MEeHThl MNOJYualoTcss JPYyr W3 JApyra Npofo/XKeHHeM
BIOJIb HEKOTOPOrO MYyTH Yy, COEAMHSIONIET0 4 U b, TO U BCe TOUKH ¥y
npunagaexar D.

TakuM o6pasoM, D — orkphiTOoe CBA3HOE MHOXKECTBO, T. €. 00-
JaacThb b

3aMeTuM, 4YTO QHAAUTUHECKAs (YHKYUS He A8.43eTCs 8 3TOl
obaactu yHKyueld 8 0bbiuHOM cmbicAe ca08a. B caMoM pene, yCThb
F =(U, [), rne U={lz—1|<1}, u

f@)=V7e T, -5 <e<%, (4)

— 3JIEMEHT M3 IMPUMepa, PaCCMOTPEHHOTO B TpeABAYINEM OYHKTE.
MBl BHAENH, YTO €ro MOMXKHO INPOJOJKHTE B Kpyr V={|z+1|<1}
JBYMs criocofGaMu, KOTOpble NPUBOAAT K JABYM DasjiHuHBIM TOJIO-
MopdHbIM B V QyHRuMSM Zo M g1 g1(2) =—go(2) B V. Tarum
06pa3oM, aHafHTHUecKass (GYHKUHSA C HAYaJbHEIM 3JEMEHTOM oF
Kax ol Touke z&V CTABHT B COOTBETCTBHE JABa pPAa3JIMYHBIX 3Ha-
deHHs (OTIMUAIOLIKXCA 3HAKOM) ?).

Huxe, B § 9, MBI BBeieM BMeCTO IIOCKHX o6Jjacrefl Takue
0GbekTHl (PUMAHOBBHI TMOBEPXHOCTH), HA KOTOPBIX aHaJUTHYECKHE

') VnbiMH c0BaMu, ABe aHANMTHUeCKMe (YHKLUH CYHTAIOTCA DABHHIMH, eC/]H
OHY HMeIoT O6mWuA pOCcTOK (TOrma H Bce HX COOTBETCTBYIOUIHE POCTKH PaBHHI
ApyT, pyry).

) 10T npuMep mNoKasbiBaer, 4TO aHAJHTHYecKas (QYHKLHUA MOXKeT HMeTh
B onHOR TOYKe pas/HuHble POCTKU.
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PyHKLUHH MOXKHO OyAeT paccMaTpuBaTh Kak oObluHBIE (0ZHO3HAMY-
Hble) (YHKIHH.

IlpaBaa, B HEKOTOPHIX CJyYafiX aHaJUTHUECKHe DYHKIHH MOMKHO
paccMaTtpuBaTth Kak OOBIYHBHIE (YHKIOMH H B MJIOCKHX o006JaacTax.
Hanpuwmep, crpaBegsinBa Takas

Teopema 2 (0o MoHoApOMHUHN). Ecau HexoTOopblil 3aemeHT
F =(U, [) anaaurusecku npodoascaem edoas 1106020 nyru vy,
npuxadaesxcaugeeo o0rocea3not obaactu D, 10 onpedessemas npo-
doanmcenusmu F 80046 TAKUX NYTell AHAAUTUYCCKAS PYHKYUSL OOHO-
3HauHa 8 ITOU 0baacTu.

4 [lycth o HMMeeT LEHTPOM TOUKY @ & D ¥ 2 — NpOU3BOJIbHAA
Touka aToH obaactu. B cuay opnocBssHocTw D mio6nie ABa myTH
Yo ¥ y1, Beayuipe B D M3 TOUKH @ B 2, FOMOTONHB, a MO YCJOBHIO
37E€MEHT of NPOJoNKaeM BAOJb JIOGOro IMyTH, OCYLIECTBJAIOLIEro
romoronuio, ChaenosarenbHo, no TeopeMe 06 MHBAPHAHTHOCTH aHa-
JINTHUECKOTO NPORONXKeHus1 (m. 27) 3jeMEHTh aHAMUTHYECKOH PYHK-
IIMH ¢ UEHTPOM B TOUKe 2 COBIaaioT. VX 3HaueHHWe B TOUKE Z Mul
¥ comoctaBuM 3ToH Touxe. TakuMm o6pazoM, aHaduTHiecKas (yHK-
uus onpesenser (0AHO3HauHyi0) yHKuHIO B obaactu D »

Ecaum ycmoBHe TeopeMbl 0 MOHOJPOMHH HE BHIIONHAETCST (Ha-
npuMep, eciu ob6aacte [ HeEOAHOCBSI3HA WJM HE BCe 3JeMEHTH
MpoJoJxKaIOTCs BAOAL Bcex nyTelt y < Dj, To aHanutHYecKast QyHK-
LUHS MOXKET COMOCTABJSATh TOUKAM 2 & D HeCKOJNBKO 3HAaueHHH (OHH
OYAyT 3HAUYeHUSMH pa3J/iMUHbBIX BE€TBEeH aHAJUTHUECKOH DYHKIHUH
B Touke 2). CKOJIbKO e 3HAueHHI MOXKeT IMpHU 3TOM COIOCTAaBJAThCS
¢ukcupoBanHoil Touke? OTBeT Ha 3TOT BOMPOC RaeT

Teopema3 (Ilyaukape—Boabreppa). Anaauruueckan
Ppyuryus moscer umeTs He bosee yem CHETHOE MHONECTB80 PA3AUL+
HblX JAEMEHTO8 C YeHTPOM 8 (PUKCUPOBAHHOU TOUKe.

4 [lycty aHanuTHueckass QYHKUHS oOmpefiensieTcs HauyaJdbHBIM
3JIeMEHTOM ¢ ¢ LIEHTPOM a H 2 — NpPOU3BOJAbHAf Touka oGnactu D,
o6pazoBagHON KpyraMu 3/eMeHTOB, KOTOpble MMOJY4aloTCsl NPH IIpo-
nonxKenun o (reopema 1). Ilo Teopeme 2 n. 27 nio6oil mpuHamie-
Kamui QYHKUHYE 37ieMeHT & C LIeHTPOM B TOUKE Z MOMKHO HOJIYYHTh
[PH HOMOLUM KOHEUHOH WeMOYKH 3JeMeHTOB C LIEHTpaMH a, 2y, ...

., 2n-1, 2, B KOTOPOU KaskABIH CJAELVIOLIHH 3/1eMeHT SB/AAETCH
HEeIOCPEACTBEHHBIM AHAJNUTHUECKHM MPOAOKEHHEM IIPeNbILYIIEro.
Bea orpanuyeHus OOGIHOCTH MOXKHO CUHTATb, UTO TOYKH 2,

(v=1, ..., n—1) paunonanensl (r.e. Rez, u Im 2z, — panuonanse-
i 4

Hble upcia). B camMom jene, myCcTb cHayaja LEHTPHl 2y 3JEMEHTOB

F v (v=1, ..., n—1) npoussosbubL. B cKob yroaHO Maoii OKpe-

o ’

'CTHOCTH KaxkKAOH TOUKH 2y BO3bMEM PAnHMOHANBHYIO TOUKY 2, U 3aMe-
14

HUM oF v€ro HEenoCpeJCTBEHHBIM AHAJUTHYECKHM IIPOJOJIKEHHEMeF

€ UEHTPOM B 2,. JIcHO (CM. IOKa3aTeabCTBO TeopeMul 3 u3 m. 27), 4ro
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APH MOCTATOMHO MAMbIX |2] — 2, |PesyNbTaT NpooJIKEeHNs N0 HOBOH

nenouke 6yner COBNazaTh CO CTAPHIM.

OcraeTcsi 3aMETHTb, YTO MHOMKECTBO BO3MOJKHEIX Hemocpea-~
CTBEHHBIX AHAJNHTHUECKHX IPONOJKEHHH oF | C PalHOHAAbHBIMH
IEHTPaMH 3JEMEHTa oF CUeTHO, TaK € KAK H MHOXKEeCTBa 3Je-
MEHTOB ¢ 5, ..., oF - TaK KakK 3ajaHue ¢F ,., ¥ TOUKH 2 OJHO-
3HAUHO ONpeelNsieT 3J1eMeHT & (XOTs pasjHuHsie o ,_; MOTYT NpH-
BECTH K OJNHHAKOBBIM &), TO MHOXKECTBO BO3MOXKHEIX 3JIEMEHTOB &
He GoJsiee yeM CcueTHO P

Ilpumep aHannTHYeCKOH (YHKIMH, KOTOpas COMNOCTABASET TOU-
kaMm obnactu D Geckoneunoe (cueTHoe) MHOMKECTBO 3HAUEHHH, MBI
[pHBeAeM B CAEAYIOLLEM IYHKTE.

Hapn ananurayecknmMu QyHKUMSIMH MOXKHO NPOH3BOAUTH OOBIUIIbIE
1Jsi aHaau3a A eHCTBMU S, KOTOPBIE ONMPENE/SIIOTCH KaK COOTBET-
CTByIOLLME NEHCTBHS HAJA HX BETBAMH. Tak, npou3gooHoti aHAJHTH-
yeckoll OyHkuuu {F 4}, ac=A, HaspBaerca aHanuTHUYECKass (YHK-

4 4

UHs, 51EMEHTAMH KOTOPOii clyKaT naphl o o =(Dy, fo), o < A, ti1e
(Dg» [o) =¢F o Cymmori amaantaueckux Gyskuuil {F o u {F.},
onpeneNseMbX 3JeMeHTaMu oF o= (Dy; fo) B Fq=(Dy gy ¢ oRu-
HAKOBHIMH  00J1aCTSIMH, Ha3bIBAeTC aHaJHTHUECKad  (QYHKIHS
¢ anemenramu (D, f,+g,). Anajoruuso ompenensorcss npousse-
Oerue m 4ACTHOE aHAJHTHUeCKHX (YHKIMH, OXHAKO YaCTHOE ABYX
aganutHueckux QyHKouid Oyner anandtiueckoll (QyHKuueH auUIb
B TOM CJiyyae, KOrja [IeJUTeNb OTJIHYEH OT HYJs.

MoOXHO ONpene/uTh TAKKE KOMIOSULHIO NBYX AHAJTHTHUECKHX
dynkuuin {F o u {&) Kak aHanuTHYeCKYyI0 GYHKUMIO C SJeMEH-.
ramt (Dy, gqofo); npu sTOM mpennoaaraercs, uto oF o= (D, o),
Fo=(Gqy go) 1 uro f (D) = G, nnsa Becex a = A. Hanpumep, nozx e d
NOHMMAETCS AHAJHTHUECKAsh QYVHKUHUS C saemeHTaMu (D, e@).

ITpu xkenaHHW MOXKHO ONpENeNUTh AEHCTBHS Hal aHaJHTHUe-
CKUMH (YHKUIHAMY, HE CBS3BIBAsi WX C paccMoTpeHHeM ob.Jacteil
anemMenToB. st 3TOrO HYXKHO BOCTOJNb30BATHCS JOKaJdu3anuel no-
HSTUS] 3JE€MEHTOB, Nepeias OT HUX K poctkam. Hanmomuum, uto po-
ctkoM f, aHanMTuuecko# (GYHKIMH B TOUKEe @ Ha3bIBAETCH Kaace
SKBHBAJIEHTHBIX 3/EMEHTOB NPH CAEeLyIOleM TNOHATHH SKBHBAJIEHT-
-BocTH: anemeHTH (D, fi) u (Ds, f2) cumraloTcs SKBHBAJIEHTHHIMH,
ecin nepeceuenue Di(1Dy comepXuT TOUKY a ¥ fi==[, B HEKOTOpPOH
OKPeCTHOCTH 3TO# TOUKH.

HeilicrBrsi Hal pOCTKAMH BBOASITCS €CTECTBCHHBIM 00pasom.
MeHHO, oA npoussoanoil I/ poctka I, moHumaercs Kiace aleMeH-
T0B, sxBuBatentunx (D, '), tne (D, [) — kakoli-nuo npeacrasu-
Tens kaacca I, (oueBnnmo, f/ me 3aBucuT OT BHIGOPA TPEACTABH-
Tena). AmanoruqHo ompejensiorcss cymMma f,+g, M NpoH3BeAeHHE,
oy poctkoB B manHoli Touke. COBOKYNHOCTb POCTKOB aHATHTHYE- .
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cKUX OYyHKUHA B NaHHOH TOYKe @ COCTaBAseT, OYEBHIHO, KOMMYyTa-
THBHOE KOJIBLO.

29. dnementapupie GYHKUMM. 31ech MBI PAacCCMOTDHM BakHeil-
1He OPpAMepbl MHOTO3HAYHBIX AHAJHTHUECKUX (DYHKIUH.

1. Kopens. Ilox xopHem n-ii crenenu (n— HaTypaJjbHOE yuC-
JIO) H3 2 MOHHMaeTcsl aHaJHTHYecKan (DYHKIIHs

w=Vz, (1)

onpeneasieMast caenyomuM o6pasom. B niaockoctu C ¢ BeIGpOwIEH-
HOIl oTpuuaTtesbHoil moayocbio Dp=C\R_ paccmorpum oyuxnuio

fo(2)=1n/7€i%, —n<o<mn (2)

(mel onaraem z=rei?), Oua HenpepniBHA B Dy u B3auMHO OZHO-
* 14 14
3HayHO oToGpaxaer Dy Ha cekrop Do={—-—;<\b< 7} JIOCKOCTH

PR
V4 *\,
w Y J \
L '~\{0 Z/ o J) x \
0 V4 N / // a \|
7 \ / Rloﬂ ) 1
NS ] !
\ T | t H [
o ,x<’ A \\ S J
7,
c/p/ Snr? (Z} \\\ N ,/(w__,'/z_,
@ =T U NN
Puc. 50.

KOMILJIEKCHOTO nepeMeHHoro w=pe™¥ (puc. 50). Tak kak w"=z,

TO 10 mpasua1y Aud@epeHnupoBaHus oO6paTHod (QyHKIMM Ans BCEX
ze=Dy cyniecTByer npou3BoAHAS

’ _ 1
0 (Z) - n {fo (2)}n—1 (3)

(cm. cHocky Ha crp. 141).Ilostomy napa oF o= (D, fo) npeacrar-
Jsier cofoll aHaMUTHYECKH 3JeMeHT. AHaJHTHIECKYI0 (PYHKIHUIO, KO-
Topasi NONYYAeTCss NPH AHAAHTHYECKOM IPOJAOJIKEHHH 3TOrO 3Je-
ME@HTa, U HA3bIBAIOT KOPHeM n-i cTeneHu us z.

Takoe IPOAO/KEHHE MOXKHO ONMHCATh, HampuMep, Tak. PaccMoT-
pum ob6nacty Dy={—n+a<e<n+a} H B Hell TrosomopoHYyO
dyHKIHIO

n_ .9
fa@=Vre =, —ata<e<an+oa. €]
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OueBunno, uto 3JeMEHTH oF o= (D4, fo) npu Bcex a=R 6Gyayr
NpeacTaBasaTs cobofl  aHANHTHYECKOE NPOROJIKEHHE 3JeMeHTa
(Do, fo) (mpu |&|<m— HenocpencrseHHoe). COBOKYMHOCTb 3THX
3/IEMEHTOB of o, W ONUCHIBAET Hally QyHKUHIO.

O6bennnenuem obaacreir stux saementos D= |J D, CAYXKHT,
cER

oueBuaHO, Maockocte C ¢ HCKJAIOYEHHBIMM TOuKaMu 2=0 H 2=o00

(370 — ennucrBennsie Toukn u3 C, KOTOpBle NpHHAAJEKAT TPaHH-
naM Bcex D, u He mpHHaAJeXaT HE OHOH D).

Ity Ke QYHKUMIO MOKHO ONPEEeNHTh U IPH HNOMOIIH KaHOHHUYE-
CKHX 3JeMeHTOB. IIpuMeM 3a Haua/jbHBIH, HalpuMep, 3NeMeHT &
C UEHTPOM B TOuKe =2=1, KoTOpeIi cocrour u3 kpyra U=
={|z— 1| <1} u ronomopdHoit B HeM yHKIHH

@ ={1+G-F =N LA o) Lok 1) -1 @

(Mbl, K&K W B IpHMepe Ha CTp. 149, 3aMeTH/H, YTO MPH MOJOKH-
n

TeNbHBIX 2=x GyHKuHs go(x) =} X, BOCIONB30BAIHCH GHHOMHAMb-
HbIM pasoXkeHHeM 3TOH AefcTBHTENbHON (QYyHKNUH H NPOLOIKHIU
pasaoxenue ¢ orpeska (0, 2) B kpyr U).
dnement Jy~ oF o, u60 npu 2=x=(0, 2) Mb uMeeM r=x,
n

@=0 u, crenosatennto, fy(x)=g,(x)= V¥, a Tak kak obe QyHK-
uug fo ¥ go roaomopdpuer B U, To 1O TeopeMe eAHHCTBEHHOCTH
fo(2) =go(2) nmns Bcex z<U. Tlo onpepenenuio 3 npeamayiiero
NlyHKTa aHanuTHYeCKHe (YHKuUH, ONpejensieMble 3leMEHTaMH

& o U &g COBIANAIOT.
n

Kaxpoil Touke zpe=D amanuTHueckast QYHKUHS @ = Vz orHo-
¢MT TOYHO 7 PasNMUHBIX 3HaueHH{l. B camoM nesne, 3HaueHHs Bcex
ronomopbHbIX GyHKUMH, TPHHALIEKAUIHX ITE€MEHTaM oF , (BeTBel
Hamefl aHaJdHTHYECKOH QyHKnum), onpenendrorcs no dopmyJe

n__ i Qo+2kTT
W= Vro e ro, 6)
rae ro=|20|, go — OMLHO M3 BO3MOXHBIX 3HaueHHil arg 2, a kK — npo-
n Po
i %o
u3poanHOe 1enoe yucao. Ilonoxkus wy=Vrge 7, MB BHAMM, UTO

21
i——=k
BCe Apyrue 3HAUCHHst @ OTJIHUAIOTCH OT Wy MHOXKHTENSAMH e "
2 3TH MHOXHTenu (KOPHH n-H creleHW M3 1) NOAYHAIOTCA H3 Bek-

. 27
Topa | rmoBopoTaMH Ha YroJ, KpaTHBIH ==, T. & HMeIoT 2 pasind-
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HbIX 3HaueHHl. Takum o6pasoM, cpean 3HaueHui (6) HMeercs JAULIb
n pazMMUHBIX 3HAUEHHH Wo, Wy, ..., Wn—i, KOTOPHIE MOJAYYAlOTCH,
ecaH moJoxuth B (6) £=0, 1, ..., n— 1. DTu 3uavenus pacnoaa-
ralTCcsi B BEPHIMHAX NPABHJABLHOTO A-YTONbHHKA C IIEHTPOM B TOUKE
w=0, ogHOl M3 BepHINH KOTOPOro CJYXKHT TOUKa W, (cM. puc. 50}.

B 3akiouenre HECKOJBKO CJIOB O BETBAX AHAJHTUYECKOU (PYHK-

n
e V2. B cooTBeTcTBUHM ¢ onpeleaeHHeM 1. 28 1104 BETBHIO 3TOM
dbyHKHu noHUMaeTcs M060fd NpuHaaaexauuit eil snemedt (He 0Os-
3aTEJIbHO M3 YHCJa 3JEMEHTOB of o). MOXKHO Tak:kKe MOHMMATh MOA
" BeTBBIO rofioMOphHYI0 OYHKIHIO, NPHHAAJNENKAUIYI0 3TOMY 3Je-
MEHTY.

() |
Puc. 51

n
ITo TeopeMe o MoHOApOMuM (M. 28) BeTBb /2 MOMHO BBILIENHTH
B J10600i oanocsa3uHoi obmactu @, He comep:Kalied Touex z=0 i
z=o0. [TpumepoM Taxko# 06JaCTH CJAYXKHUT HJIOCKOCTh C JMIOOBIM pas-
pe3oM, COeIHHSIOIINM 3TH TOYKH (rpaHuna o6gacTH AOJKHA GHITh
cesa3noit). Ha puc. 51 usobpaxkena oaHa us takux obnaacreii G u

3, —
ee obpasz (* npu orobpaxkenun onHOH H3 BerBell Vz; IBE Apyrue
20i 458

BeTBU oToGpaxawT G coOoTBeTCTBEHHO HA obaactu € ¢ G ue ® G7,

% 21 4
NoJAy4YeHHbIe U3 G IIOBOPOTOM HA YIJIbI 3 )| 3

n
BooGuie, geTgs V z MOxmHO 8bi0eauts 8 4000l obaaqcru, koro-
pas He codepiCuT HU OOHO20 3AMKHYTO20 nyTU, 0XEATHLBAIOW,E0
rouxy z=0. B camom pene, npH 06Xx0le TaKHX H TOJNBKO TaKHX
nyTell BeAHUHHA arg 2 MeHSeTcs Ha Lesaoe KpaTHoe 27, H, CiefoBa-
TeJbHO, aHAJUTHUECKOE NPOAONIKEHHe BIOJb HMX Kakoro-nubo ane-
MEHTa MOXeT IIDHBECTH K ADYroMy sJemeHty. B obnactax, yaoBaer-
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BOPsHOLIMX YKA3aHHOMY YCJOBHIO, MOXKHO BBIJAENHTb N Da3JHYHBIX
BeTBeH Halled aHanuTHueckol ®ynxknpu. Kaxjgas w3 takux BeTBel
21
. - i
OTJIM4AETCs OT APYrod MHOXHTENSMU € " = H BIOJHE XapaKTepu-
3yercsi yKasaHneMm o0J1acTH, B KOTOPOil OHa omnpeneseHa, U 3Ha-
yeHMeM B OJHOH U3 Touek 3To# obmactu. (Hampumep, moxuo ro-

S, —
BopuTh 0 Betsn V 'z, KoTopas ompenenena B miockoctw C ¢ pas-
pe3oM BAOJb OTPMIATEIbHOH NOAYOCH H KOTopas paBHa | mnpu

3
=1; apyrue nBe BeTBH V'z B sroii obaactu npu 2=1 NpHHEMAIOT
pauts Ani 2mi )

COOTBETCTBEHHO 3HAueHHsA ¢ > H e’ =e¢ 3

‘ﬁ w; M
// ,+2mi
1
% ¥ \j Wy 17;
\H) Nuw, | (w=Lnz]
/ Dy=2mi
___________ A

Han KopHsaMU MOMKHO HPOU3BOAWTL AEHCTBHA B TOM CMBICJ]e,
Kakod MM Obll NpHAaH B KOHIle NpeablAyllero nyukra. B uacrtno-
CTH, MOXKHO paccMaTpHBaTh NPOH3BOJHYIO

1) .
V] =———=, (7)
»(Vz)
KOTOpas TaK¥kKe SAB/ISETCH aHAaINTHUeCKOH QyHKuuHeH.
2. Jlorapu$M KOMINEKCHOTO MEPEMEHHOro 2

w=Lnz 8)
MOJKHO ONpEAeNHTh aHaJMTHUECKHM NPOJOKEHHEM HayalbHOIo

aNeMeHTa, KOTOPHH cocTouT M3 obnactu Dy={—n<@<m} u sanau-
Holl B Hell PyHKIUH

w=Inz=Inr+ iy, —n<lp<m, (9)
KOTOpasi Ha3bIBaeTCsi eAQ8HOU 8eTgvbro norapudMa (Kak ¥ Bhille,
Mbl mosiaraeM 2=rei®). Oynxkiuus (9) romeomopdHO oTOGpaxKaer

Dy na nosocy Do={w: —n<lmw<n}, (puc. 52),a Tax Kak u3
CBOWcTB mNOKa3aTeabHod  ¢yHkuumu (m. 12)  caenpyer, uro
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ev=elt7.ei®9=z 1. . yTo PpyHKuUs (9) obpaTHa K NOKa3aTeJbHOH,
TO mo npasuny nuddepeHurpoBaHus o6paTHLIX QYHKIMHA B KaXAOH
Touke zoe=Dy cyulecTryer

L (Inz)=—g == (10)
dz e z

Takum o6paszoM, sjeMeHT oF o= (Do, In2) — aHANUTHUECKHH.

AHanuTHUeCcKOe NMPOAOJIKEHHE SJEMEHTacF o MOXKHO, KaK M BBILIE,
onpefeNuTh NPH TOMOIIM CEMENCTBA 3JeMeHTOB o o (@ & R), koro-
pble cocrosiT H3 obaacti Dy={—n+a<q@<n+a} u roromopdHoii B
nell Qyukuun fq(2) =Inr+ip, —n+a<e<nt+oa. O6bvenuHenneMm
o6nacreli 3THX 3J7eMeHTOB Ho-npexHeMy cayxutr C ¢ uckiawoueH-
HBIMH TOukaMu 2=0 u 2=o0. -

MoxHo onpenesutb Lnz rtakxe NpH NOMOHIM KaHOHHUECKHUX
37emMeHTOB. B KauecTBe HayasJbHOTO 3J€MEHTA MOXKHO TPHHATb
kpyr U={|z—1|<1} u ronomoptHuyo B HEM (PYHKIIHIO

Inzly= ¥ (- &= (11
=1

n

{(KoTOpas Hosyuyaercs aHaNMTHUECKHM npoposxkenueM B U ¢ gua-
merpa (0, 2) nefictBuTeapHolt Gynkuvn Inx=In{l4+(x—1)}=
0

=E(——l)"'l%—!£ . Daementel (Dy, In2) u (U, Inziy) k-
=1

BHBAJIEHTHBI.

Kaxpoii touke zo=D=UD, anaautnueckas dbyukuus Lnz or-
HOCHT CUYE€THOE MHOXECTBO 3HayeHHH, KOTOpble Onpeie-
Jstiorest 1o GopmyJe

w =1Inry+i(p,+ 2kn), (12)

rie ro=|20|, Qo— OAHO U3 BO3MOXHBIX 3HaueHH# Arg 2, u kB —1po-
H3BOJILHOE I1eJI0e 4uc10. Bece OHM pasnuydbl U JieKaT Ha BePTHKA/b-
HOl npsaMoil Rew=Inr, Ha paccTosHHH, HEJOM KpaTHOM 2m, Apyr
or apyra (cM. puc. 52). Bce 5TH 3HaueHHsi CUHTAIOTCH JOrapud-
MaMH 4Yucja 2; TakuM o6pasoM, kandoe KOHEHHOe KOMNAEKCHOE
uucao, kpome z2=0, umeer 6ecKoHeuHO MHO20 L02apu@mos.

n

Beren aHanuTHueckKol (GyHKuMu Lnz, Tak xe Kak V 2, MOKHO
BHIENATL B JMI060H obaactu G, Kotopas He COAEPKHT HH OHOrO
3aMKHYTOro IyTH, OXBaThIBawoILero Touky z=0. B camom gene, npo-
NOJUKEHHe BAOJb TAKOTO H TOJBKO TAKOTO MyTH MOXKET MepeBecTH
KaHOHHYECKHH 3J€MEHT B JAPYroH 3JEMEHT C TeM Xe LEeHTPOM,
He pasHB nepBoMy. B kaxnoit obaactu G, yaosierBopsiouiell yka-
3aHHOMY YCJOBHIO, MOXXHO BBLIIEIUTb OECKOHEUHO MHOrO BeTBeH
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Lnz, Kotopsle OTJWUYAIOTCSH .APYT OT Apyra NOCTOSSHHBIMH cJlarae-

n
MBIMH — [eJIBIMH KpaTHbiMH 2mi. I1osTomMy eerBu Lnz, kak H ]/2,
OJHO3HAYHO ONpeessAoTCs yKasdangeMm 006J1acTH, B KOTOPOM pacs
CMATPUBAETCS BETBb, H €€ 3HAUCHMS B OJHOH M3 Touek 1),
Han snorapudmom MOXKHO NPOH3BOAUTH AEHCTBHS B CMbICJe,
yKazaHHOM B 1. 28. B uactnocTs, nmpoussoanas Jjorapudma

(Lnzy=-1 (13)

oKaspiBaercs (Qyukuuel, roisomopduo#i B obaactu D (Bce BerBH
jJorapudma HUMeT OAHY H Ty Xe mnpoussoanyio). [osomopdua u

PyHKUHS
elnz = z; (14)

B 3TOM CMbIC/J€ MOXHO OMHCaTeJhHO FOBOPHTh, UTO JOTAPHPM siB-
Jserca QyHkuuell, o6paTHOH K NOKa3aTeNbHOL 2).

He rtak Gsnaromosyuso oGCTOMT paeso ¢ aare0panuyeckuMu paei-
CTBHSIMU Haj Jorapudpmamu. Hampumep, cupaBennuiBoe paBeHCTBO

Lnz+Lnz=2Lnz

(B caMoM pene, B 00eHxX ero 4UacTsax CTOHT AaHAJHTHUECKAS
byukuus, onpenesnseMas snementoM (Dy, 2Inz)) neabss paccmar-
pHBATH KaK PaBEHCTBO [JIsi COOTBETCTRYIOLIHX 3HauyeHHH sorapudmMa
B ukcupoBaHHOU Touke Zy=D: ‘

Inzg+Lngys=2Lnzy(!)

(B camoM peJse, neACTBUS Haa COBOKYNHOCTAMHU uHces Lnz, He
OoNpeaedieHbl, HO3TOMY TAKO€ DPAaBEHCTBO NPOCTO HE HMEET CMbI-
¢la; ecaM e ONpelesluTh 3TH AEHCTBHS «ECTECTBEHHBIM» o6pasoM
Kak AefCTBHA HaJ COBOKYNHOCTSMH, TO NOJYYUTCS] HENPaBHAbLHBIH
pesyabtat: 2Inro+2kni=2(lnro+2kni), rne k — nponssosbHOE 1e€-
JIoe YHCJIo),

Mgl 3aKOHYHM pasjesi, NOCBALULEHHBIX JorapugMy, YINOMHHAHHEM O CIOpe,
KOTOpBIA pasropencs B 1712—17[3 rr. B mepenucke Mex1y ABYMS KpYNHeHIIMMU

MaTemaTHKaMu Toro Bpemenn HMorawHom Dbepuysaau u TI. Jleh6Hu-
uem3) o sorapudmax OTpHUATEeJBHBIX YHCeJ. Depuysnn yTteepxaasd, 470 OHM

1y D70 cOpaBeiuMBO He /s BCeX aHaauThueckux ¢yskumit. Hanpumep,

anajurHYeckas (QYHKUHST € °, KOTOPYI MH paccMarpuBadu B 1. 28, B Touke
2Zg=-—n? HMeeT [BE pAas/JuuUHble BETBH, COOTBETCTBYIOIlMe IABYM SHAUECHUAM

. =+ 71 -
V20=i:rrt; OHAKO 3HAYEHHst e~ " 5THX BeTBeHl B TOUKE 2o COBHAAAIOT

2) Touuee, B Gpasoit uactn (14) crouT cyxeune ¢yHKnuu ua obaacte D,
160 JjieBas yacTb He ONpejeseHa npH 2=0 u z= oo,

3) TloapoGuee of 2TOM MOXKHO npouutaTb B kHure A, 1. Mapxymenuua
Ouepku 110 HCTOPUH TEODHH AHAJIHTHUECKHX ¢yHKuuH, ®usmartrus, M.—JI, 1951;
MBI T0JIb3YEMCS 3]1€Ch €TI0 H3JIOXKEeHHeM.

11 B. B. IHaGar
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AeficTBHTeNbER M 4TO0 In(—x)=Inx., Bor o©0auH u3 ero [OBOAOB B NOJAB3Y
5TOro  YTBEPXKAGHHS: M3 paBeHcTBa (—x)2=x2 caenyer, uto 2In(—x)=2Iln=x.
Jleii6uunl ke -yTBepKmafd, 4TO JOrapHdMbl OTPHIATENBHBIX UHCeJ MHUMBL H 4TO
ToxaectBO In(—x)=Inx He uMeer Mmecra, B uacTHoctH, In(—1) %= 0. Bor oxux
H3 [0BOAOB JleHOHMma B HOJB3Y nocneanero yTBEPKACHHA: €CAH MNOACTABUTH

x x
x=—2 B pasgoxenne ln(l+x)=x—-—"—+"—=— ..., TO NONAYUUTCH DPaBEHCTBO
2 3
1 1
In(=1)=—-1———~—— ..., B KOTOPOM Bce UuJEHB COpaBa OTPHUATENbHE,

4, caegoBarenabHo, In(—1) 5= 0.

B 1749 r. B cnop Berymua JI. D #iaep. On omy6/iuKoBas cTaThio, B KOTOPOI
yTBepkKAana, UTO HM O/JMH H3 CNOPLLHKOB He 1paB. B 4acTHOCTH, NpHUBEIeHHHIH
Bbillle aprymedt Bepuyaau on onpoBepran Ttak. IlomoGHbivM ke o6pasom H3 pa-
senctBa (¢ ¥V -—l)4=x4 MOKHO 3akmouuts, uto Inx+InV —1=1Inx, 7. e. uro

— nV=1 =
InV =1=0. Ho cam DepHyJ/aH OTKPBLI, YTO -——.:_1— = E , 4 B IOCAEHEM paBeH-
CTBE COMHEBAaTLCH Hesb3st, H6o, mucan Diaep, «3T0 OTKPRITHE 060cHOBaHO Hanboiee
HAAEKHBIMH CPeACTBaMH anaiHsa». [IpuBesenHbifi Bellle foBoy JleliGHuua Ditnep
TakXe He cuMTan yGeauTenbHuM., OH npuBea cAenyOLIH# NpHUMEp: ecau Nojo-

XKUTb B PasJIOKEHHH =1~x4+x?—x%+ ... oguH pa3s x=--3, a Jpyrofl

I+x
x=1 M CJHOMHTL pe3yJbTaThl, TO HONYuHTCs paBeHcTBo 0=2+42+410+26+...,
B KOTOPOM JeBas uwacTh paBHa 0, XOTA, Kak Nucan D#sep, «IpaBas YacTb Opea-
CTABAAETCH OTAHYHOH OT HYJSI».

B ynomsHYTON cTaTbe DHJep NPeAfoXKHUA HpaBUAbHOE pelleHHe CHOpA: JoOra-
prudMbl OTpuuaTensHbiX (KaK K APYIHX KOMIVIEKCHLIX UMCEa) MMeloT GecKoHeunoe

MHOXecTBO 3HaueHHil, HeGessiHTepecHa ero apryMenralus. 3HaueHne y=Inx

?

olpefensieTCs H3 YpaBHeHHA x=éy=(l+%) rae i-— «GeckoHeuHo O60JbiIOe

1
uncsi0» (TepMHH H ofo3Hauenne Disepa). OTcioga noaydaercs, uTo y=i(xi - 1)
1

a upeno ¥ — «KOpeHb ¢ GeCKOHEUHO GOJLIIMM MOKA3aTeleM» — HMeeT GeCKoHeu-

HO MHOrO 3HaueHuH, BoOOIlle roBOPA, KOMILIEKCHBIX.
HnrepecHo Takxke, uro B 1761 r. J)K. lanamG6Gep B 3TOM cliope NPHHAN
cropony Bepuyaan npotup Jlefi6unna u Dinepa.

3. O6paTrHpe TpPpHUTOHOMETPHUYECKHE (GYHKUUH
MPOCTO BHIPAXKAaloTCsl uepe3 KOPHU M Jorapudmel. Hajinem takoe
BbIpaXKeHHe, HanpuMep, AAA AapKKocHHyca. Pewas ypagnenue

€OS W =2, Win %(eiw + e~'%) =z, uau, HaKoHel, .
elw — 2zeiw 4.1 =0

KaK KBaJpaTHOE ypaBHEHHEe OTHOCHTEJbHO €'¥, HaliieM
ev=z24+ )21

(MBl He mumeM 3jech OObIYHBIA 3Hak ==, H60 MO HamieMy ompege-
JIeHHI0 KBajApaTHHIH KOPeHb M Tak HMeeT JBa 3HaueHus). Ocraercs
3aMeTHTb, UTO H3 NOCJAELHEro pPaBeHCTBA

w = Arccosz=iLn(z+ V22— 1) (15)
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. 1 -
(MBI cTaBUM Nepej Jorapugmom i, a He 7 » KaK NOJKHB GblTH GHI,

1 —
IMOoTOM YTO B CHJ COOTHOHIEHUY ———— =2 — 22 — l nimMme-
Y, y Ve vV

HeHHe 3HaKa Iepex JorapudMOM CBOLHUTCS K H3MEHEHHIO 3HAKa Ie-
pen KOpHeM, a NOCJeAHHI Bce PAaBHO MMeeT 1BA 3HAYEHHUA).
Ananoruunble BbIPaXeHHsi CTpaBelJMBH H AJs APYyrux obpar-
HBIX TPHrOHOMETPHUECKHX (YHKUWH, HATPHMep
. . 2 1 1 +iz
Arcsinz= —iLn(iz + V1 —22%), Arctgz=—-Ln + (16)

1—iz*

®opmynel (15) n (16) HamoMuHalOT M3BecTHBIE GOPMYJB A5 06-
paTHbIX runepOoInuecKHX (QYHKUHE, # 3TO HEYAHBHTENLHO, HOO B
KOMIIJIEKCHOM aHaJii3e TPHIOHOMETPHUYecKHe OYHKIMH NPOCTO CBA-
3anbl ¢ runepbonandeckuMu (cm. m. 13). )

O6paTHble TPHTOHOMETPHUecKHe (QYHKHUH NpenctaBisior coGoi
aHanuTHuecKHe QyHKumH, H B Qopmynax (15) u (16) peficrgusa
HAaA0 MOHMMATh TaK, KaK NPUHATO Bbille (DM MNOMOIUH BeTBEH).

4, O6umwag crenennas GYHKULUA W=2% Tle @ — NPOU3-
BOJIbHOE KOMILJIEKCHOE YHCJO, ONpPeAessieTCsi COOTHOLIEHHEM

w=2%=ealnz (17)

U nmpeAacTasgsier cob6oil aHaduTHUYeCcKyl0 QyHKumwo. das pedicTBu-
TeJbHB X NoOKasarelei a=R Oyaem pasinuate Tpu cayuas:

a) a— nesaoe uucno. B stom cayvae dyukuma (17) onnosuau-
Ha — MHOTO3HAYHOCTL JorapudmMa noramaercss MepPHOAHUYHOCTRIO
nokazarenbnoi gyuknuu. Ilostomy dyskuua rosomopdra npu a>0
B C (touka z=0 ycrpanumas), a npu a<<0 B C\{0} (rouka z=o00

ycTpanuMas).

6) a =% — panuoOHAaJbHOE YHCJO (MBl NpeinonaraeM, uto Apols

HEecoKpaTHMa). 31ech MHOTO3HAYHOCTh JOrapH(Ma JMIIb YacTHYHO
HOranIaeTcsi NepHOAMYHOCTBIO TOKa3aTelbHOH QYHKUHE, U QYHKIHA
(17) gaxpoMmy 2#0, 00 CTABHT B COOTBETCTBHE ¢ DAa3JHUHBIX

q

snauenuii. OHa COBMAfaeT ¢ aHaJHTHUECKON yHKuHell w =}/ 2”.

B) @ — MppPalUOHaNbHOe YHCJI0. 3[eCh pPAa3JHYHBIM 3HAUCHHAM
alLnz, KoTOpsle OTAMUANOTCS APYT OT JADYra Ha pejloe KpaTHoe
2ani, COOTBETCTBYIOT H pa3/iHuHble 3HaueHus esIn: Tloramenus,
HaOJI0aBHIErocs B NPeabAYIIUX cayuasiX, He IIDOUCXOANT, U QYyHK-
mun (17) Kaxpomy 2550, =00 CTaBHT B COOTBETCTBHE CYETHCE MHO-
JKeCTBO 3HA4YeHHH.

Ilycte Teneppr a=a-+if, p+0, He aBAserca geHcrTsu-
TenbHHM uucJaom [Ipocroil noacuer

20 = e(a+iﬁ) In r+i (9+2km)) — e%in r-p (q>+2kn)et [B In r+a (@+2km)]

11*
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(rae moJoxeHo z=re'® y k— NPOMU3BOJBHOE [eJoe UYHCJIO0) MOKa-
3bIBAET, YTO B 3TOM CJyyae KaXKAOMY KOMILIEKCHOMY uHcay 20,
00 (YHKUHS OTHOCHT CUETHOE MHOKECTBO 3HAUEHHH, MOLYJ/H
KOTOPBIX r%ePee-2hab—p.e-2kmB oGpasyior GeckoHeyHyw B ofe CTO-
pPOHbI FEOMETPHYECKYIO IIPOTPECceHi0 CO 3HaMeHATeNeM g=e 2B,
a aprymentnl flInr+ae-+2kna=1yi+2kna — Geckoneunyio B oGe
CTOPOHB apH(METHUECKYI0 NPOTPECCHIO C PasHoCTbi0 d=2ma, eclH
a0, u d=0, ecin a=0.
Hanpumep!),

Ao ilni_ i <i—g+2kni> _ e—(%wkn), k=0, =1, ... (18)

5. O6uaas noxasarteablas QYHKODHS wW=a? rie

a — TIPOU3BOJbHOE KOMILIEKCHOEe uHc/io a0, oo, onpene/sercs
CCOTHOLIEHHEM

w=q?=e?lna, (19)

DTOT NPUHATHIH TepMHH HempaBoMoueH. B camom gene, (19)
He sBAasietcss GYHKUHeHd B OOBIYHOM cMBIcae cjoBa, uGo Lna=
=Infa|+iarga+2kni (k=0, =1, ...) npunuMaer OGecKoHeuHo
MHOTO 3HAUEHHH M MO3TOMYy a° (MpH HelleJblX 2) MHOTO3HauHa. o
OHQ He ABASETCH U aHaAuTuueckol @yukyued, nbo OTAeNbHBIE e
3JeMeHTH, KOTOPBIe NOJYyualoTcsl, ecli BuibpaTs Asas jorpadma wa-
Koe-an60 W3 ero 3IHauyeHHH, He SIBASIOTCH AHATUTHUECKHM TPOJOJI-
JKeHueM JApYr Apyra.

Taxum o6pasom, a* cjaeayer pPaccMaTPHBATh KaK COBOKYIHOCTh
pasauybbix (1easix) QyHKIUH .

ez (Inlaj+i arg a)erﬂiz (k =0 = 1 )
, y oo e )e

30. Oco6ble ToukH. B n. 24 MBI paccMOTpean H3OJMPOBAHHBIR
ocoObie TOYKH ToioMOP(PHBIX (DYHKUHH (MX HA3LIBAIOT enle ocobuimil
TouKaMu 00HO3Haunoeo xapaxTepa). Ho, Hanpumep, touka 2z=0,

sIBJIsAACh 0cobol A/ aHaNUTHUECKON QVHKIUHM @ = Vz, HE BXOJHT
B Kiaaccudukaiuo, npuBegeHHylo B M. 24. [losTomMy Mbl cTaBUM
3jech ceoell sagauelt 0606UTUTL 3TY KjaaccuPHKAUWMIO, BBeAst TOHS-
THe 0co6ofl TOuku aHanutTuueckofl ymkuun. Kak u B m. 24, Mot
OTPAHHYUMCsl TPOCTEHIINM CIYy4aeM M30JIHPOBAHHBIX OCOOBIX TOUEK.

Onpeneaenne 1. Touka a=C HaselBaercst U30AUPOBAHHOU
0c0601l TOuKOl HEKOTOPOH aHAaJHTHYeCKOW (DyHKuUHH, ecaH cyulecrt-
BYET NPOKOJIOTaR OKPECTHOCTh V/ TOUKM @ Takas, YTO HEKOTOPI

1) HenckylleHHOMY 3TOT HpuMep [OJKeH I[OKa3aTbCsf OYEHb YAHBHTEIBHEIM:

MHUMOE yHcao (=} —1 Mbl B0O3BOAUM B MHHMYVIO CTeleHb V—l U HoJayuyaeMm
GeCKOHeyHO MHOTO 3HAYEHHH, [1a eme BCe OHH AeHCTBUTE/bHbI!
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snement oF = (U, f), npunagnexamuii 3To# GYHKuUM, TPOAO]I-
XKaeTcsl aHANHTHYECKH BAOAb Joboro mytu yc V.
Taxosbl, HanpuMmep, ToUkM z2=0 B z=o0 aJas aHAIHTHUECKHX

n
oyaguuit Vzu Lnz (B kauectBe V/ aast 0GeuX TOUEK MONKHO B3SITh
kosbno {0<|2| <oo}). Mas pyHruuH 1—:7: 0oco6biMH OYRYT Kak
4

Toukn 2=0 u z=o00, 06yc/joBJeHHbBIE OCOGEHHOCTSIMU VE, TaK H
TouKa z=1, 00yc/IOBJIeHHAsT TeM, UTO B He#l ofHA M3 BeTBeH (PyHK-
wun (s koropoit Vznpu z=1 pasen —1) umeer nosoc (npyras
BEeTBb, aJsi KoTopoil V2 npm z=1 paBen 1, npasuipHa B 3TOH
TOUKeE).

Knaccudpukanuro H3014pOBaHHEIX OCOGLIX TOUEK AHAMUTHUYECKHX
dbyHknuit Mbr 6ygeM HpPOBOAHTL B 3aBHCHMOCTH OT [OBEAEHHS HX
3JieMEUTOB IIPH HPOJOJIKEHHH BAOJL 3aAMKHYTHX mnyreil yc V.

Jlemwm a. Mycrte a— uzoruposarnas ocobas Touka HeKOTOpPOU
anaauTuweckol Qynkyuu u V' — npokoaoTas oKpecTHOCTs TAKAA,
kax 8 onpedeaenuir \. Ecau raxoti-2u60
npuHadrexauyiLll PYHKYUYL INeMERT F o npu
npodoasneHuy 80046 HEKOTOPO2O 3AMKHY-
1020 nyrtu yo—V’ He mensercal), To u aw-
606l aaeMeNT oF , noayuaemoii us o o NPo-
Joasceruem 8 V', He MeHseTcs npu npo-
doaorcernuy 80046 41006020 nyTu vy, 20MOTON-
Ho20 yo 8 V.

< Ilycte A—nyTs B V', nepeBogsmui
F, B &, un y=AUyUL (npoxoaurcs
B Nopsiake A, Yo, A; cM. 1. 14). OueBuaHo,
v~y B V' (puc. 83) u umeer ¢ y obuiue
KOHIIBI, O3TOMY MO TeopeMe 3 m. 27 npo-
JIOJKEHHA BAOJNb y U Yy’ coBnagaior. Ho A~ nepeBomuT of B oF 4
Yo He MeHsIeT Q?{, a A NepeBOAHT oF o B o , T. €. NPOJOTKEHHE
BIOJb Y He MeHSIeT oF B

N3 stofi eMMBl clieyeT, YTO NPOACJIKEHHE BAOJIb 3aMKHYTHIX
nyTel, TOMOTONHBIX HYJI0 B V’/, He MeHseT sjeMeHTOB (M0G0 TakHe
NyTu CTATHBAIOTCSt B NYTH, JeXallde B Kpyre Kakoro-iubo snemen-
Ta, a MPOJOAXKEeHHe BAOJb IIOCAEIHHX OUEBHAHO He MEHSET JJeMeH-
T0B). ITosTOMYy B HallleM HCCJeAOBAHUM TIPeACTaB/seT HHTEPEC JHIIb
NpojoJ/KeHNe BAOMb NyTell, HEFOMOTONHBIX HYJ10 B V.

Onpeaeaenue 2. Tlycth @ — usonupopanHas ocobast Touka
HEeKOTOPOH aHaJuTHUecKOH QyHKIHM, V/ — NPOKO/IOTAST OKPECTHOCTD

) Uan 3aMeHseTcH 3/eMEHTOM, SKBHBAJCHTHBIM HCXOZHOMY (ecau paccMa-
TpUBaeMble JeMEHTHl HEe BAHOHMUECKHE).
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Takas, Kak B ONpeleNeHHH l, 1 yo= V' — 3aMKHYTHI## KOpPHaHOB
NyTh, COAEpPKAIHN TOYUKY @ BHyTpPI Bynem pasanuath aBa cayuas:

(I) ecim 06x0x yo He MeHseT UCXOAHOTO 3JeMeHTa DYHKUHH, TO
a Ha3wplBaeTcd 0c060l TOuKol OOHO3HAUHO20 XApaKTEPa;

(IT) ecau o6xox yo MPHBOAHT K 3JIEMEHTY, OTJMYHOMY OT .HCXOJ-
HOrO, TO @ Ha3bIBAaeTCs 0COO0L TOUKOU MHO203HAUHOZO XAPAKTepa
HJIN TOYKOU 6€T8AEHUA.

B cayuae (I) npoponxeHHe UCXOMHOTO 3JeMeHTa BIOJbL n0Gore
nyth ACV/, Benyuiero B (HKCHDOBAHHYIO Touky 2& V’, mpuBoauT
K OJHOMY M TOMY Xe 3/JeMeHTy. B camoM nese, ecnu OBl CyIlecTso-
Ba/JM ABA TAKUX NYTH A; H Ag, IPHBOASIIHE K PA3JIHYHBIM 3.€MeH-
TaM, TO 3aMKHYTHIH myte y=A7 UA, =V’ Mensn 6w s;1ement. Ho

nytb y AHG0 romoronen O W Torga He MOMKET MEHSITb 3JIEMEHTa MO0
CAeJaHHOMY BhHILIE 3aMeYaHHIO, JHOO TOMOTOMEH HECKOJbKO pas
NPOXOAMMOMY (B MOJOKHTEJNBHOM WIH OTPHLATENBHOM HampasJe-
HHM) OYTH Yo H IO JleMMe TAaKXKe He MeHseT 3jeMeHTa. DTO NMPOTH-
BOPeUHe A0Ka3biBaeT clleJaHHOE YTBEPIKJEeHHe.

W3 mero caeayer, uto B cayuae (I) npomoskeHHe HA4aabHOTO
3JeMeHTa M0 NMyTHaM, NpHHaLIeRauM V’/, IPHBOAHT K OJHO3HAUHOM,
T. e. rojjoMopduoit B V/ dynknuu f, koropast sBisercs BeTBbIO pac-
cMaTpuBaeMol anaautTuuyeckoll ¢yukuuu'!). Touka a saBasercss uso-
JUPOBAHHOH 0coGo# Toykoft f B cMbiCie n. 24. B 3aBucHMoCTH OT
noBeJeHust [ npu npUGAHXKEHHH K @ 3Ta TOUKa MOXKeT ObiTh yCTpa-
HUMOM, MOJIIOCOM HWJM CYIIlecTBeHHO ocodoi, (Bmpouem, ecnu Ha-
qa/JbHBIA 3JeMEHT KaHOHHUYECKHH, TO ciayuyafl yCTpaHHMOHK TOUKH
HCKJIIOUeH, 60 B 3TOM cJjydae Kpyr CXOOUMOCTH 3JeMeHTa Cojlep-
)ka/j Obl TOUKY 4.)

B caysae (II) ananutuueckass (QyHKuHS, KOTOpadA IOJaydaercs
MNpoNO/IKEHHeM HAuaJIbHOTO 3jeMeHTa BAOAb NyTel, NpHHAMIEKA-
mux V7, He nonyckaer Beigesnenus B V/ rosomMopduoii Betsu 2). Cay-
gai (I1) Mu paszobbem Ha gBa moak/aacca.

(ITa) Cymecrsyer mesnoe 4ucl10 72> 2 Takoe, 4TO N-KPATHBIM
06X0M Yo B OJHOM Hampar/JeHHH NPUBOIHT K HCXOLHOMY 3J€MEeHTY.

1) Ilpomosmkenne navasbHOrO 3JeMEHTa MO MYTAM, He NpHHaljgexamum VY,
MOXeT NMPHBECTH K APYrOMY 3JEMEHTY C TeM XKe LEHTPOM, TakK 4TO paccMarpH-
BaeMasi aHaJAWTHuYecKad QYHKUMA MOXeT ObTh HeojHO3HAuHOH. Tak, mpogomkexne

. 1
NPOU3BOJABHOIO 3JEMEHTA aHAJUTHUECKOU Q)YHKLLI/[H I—T o OyTaM, npdHapge-
+yV=z

xamum V'={0<|z — 1|< 1}, upuBoAuT K 0nHO3HauHOH (YHKUMH (OLHOH H3 ABYX

1+Vz )’
2=0, nepeBOAUT 3JEMeHT, NPUHAAMNECKALIAN OXHOA BETBH, B 3JEMEHT, NpPHHAAJE-
JKalluf Jpyrofl BeTBH.

2} Xors B V/ v MoXeT cYIlecTBOBaTb TOJOMOpP(hHAA BeTBb PaccMAaTpHBaeMOR
dyHKUNY, KOoTopas NOJy4aeTCs M3 HAuaJbHOTO 3JEMEHTa NPOAOMXKENHeM MO Iy-
TAM, BHIXOASIIMM 3a Bpefenast V'’ (cM. HuXKe npumep 5).

BeTBel HO IpOJOJIZKEHHE BAOJAL 3aMKHYTOrO nyTH, obxoasailero TOUYKY
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B sTOoM ciyuae a HasHBaeTCs TOUKOH BETBJIEHUS KOHMEUHO20 hO-
padka, a HauMeHbHIee M3 yHCeJ 7, 06M1aAAIOUMX OMHCAHHBIM CBOH-
CTBOM, Ha3LIBAETCS NOPAOKOM BETBAEHUA.

HerpynHo BHAeTb, YTO NMOPALOK BeTBJEHHS He H3MEHHTCH, eCc/]u
3aMEHHTDb Yo JIOOKIM NyTeM y, TOMOTONHBIM Yo B V. B camom neue,
0o603HauuM uepe3 Ry nyTh, KOTOPHIH Moayuaercs K-KpaTHHIM 06X0-
JIOM y B OJHOM HaNpaB/ieHHH (COBNAAAIONIMM ¢ HAIpPaBJeHHEM Y,
ecan k>0, H NIpOTHBOMOJOKHOM eMy, eciu R<0); ec1n y~vyo, TO H
ky~Fkyo n Mo noKasaHHOH BEILE JeMMe 00Xoabl Ry H Ry 6o oba
MeHA0T, Ju60 06a He MeHSIOT HCXOaHOTO 3JaeMeHTta. Yurarenio
NpeaoCTaBAsgeTcsl A0Ka3aTh, UTO €CJH KaKoHi-nubo 3aMKHYTBIH NMyTh
vV’ He MeHsileT MCXOJHOIO 3J€MeHTa, TO 5TOT HYTh T[OMOTOIEH
11e10My (MOJIOXKHTE1bHOMY, OTPHIATENbHOMY W/ HYJIeBOMY) KpaT-
HOMY MyTH AYo, Ii€ N — NOPsSIAOK BETBJIEHUS! TOUKH a.

(116) Takoro nenoro yucia n, kak B cayuae (lla), me cyuie-
CTByeT, T. €. 00XO/bl Yo B OJHOM HalpaBJieHHH NPHBOAAT BCe K HO-
BHIM M HOBBIM 3J€eMeHTaM., B 3ToM c/iyuae a Ha3bIBaeTcss TOUKOH
BeTpJeHUs] OeCcKOHeuno20 nopadka uAu Ao2apu@miuteckoll TOUYKOH
BETBJICHHA,

[TpumepnL
n

1. Oyuknus V'z umeer B Toukax 2=0 § 2= 00 TOUKH BETBJIEHHS HOPSIAKA 7.
Oyukuus Lnz umeer B Tex Ke TouKax JjorapudMuUeckKHe TOUYKH BETBJEHHSI.

sin Vz
2. OyHKUHA ——F = B TouKe 2=0 HMeeT YCTPAHUMYIO 0OCOOYIO TOUKY, a B

Va
TOYKEe Z= 00— CYIIeCTBEHHO OCOOYI@ TOUKY; OHa sBJAETCH ToJAoMOphHOR uenoi
¢yHKuMelt (3TO BHAHO U3 Pa3fOKeHHA :

sin V? 1 1

_—_-=l———2+—22'— veey
Vz 31 51

cripaBedinBoro B Koablle V/={0<|z]< 00}).
z! 22
3. dyukuus YV e® 41 Bo Bcex kopHAX ypasuemus e® +1=0, 7. e, Toukax
zk=VLn(—l)=:L-Vni+2k:rci, UMeeT TOYKH BeTBJEHHA BTOPOro MOPAAKa;
TOUKA 2= 00 fIBJIAETCS e HEHW30JHPOBAHHOH 0cO6OM TOYKOH.

1
4. OysKUUA Tz HMeeT JorapudMuuecKHie TOUKH BeTBjeHHA NpH 2=0 u

2=o0; mpu z=1 oama us ee BerBeft B Komble {0<|z— 1|<1} (rnaBHas BeTBb)
HMeeT [OJIOC MePBOTO MOPAAKA, OCTajbHbie BETBH TOJOMOPGHBEl B 3TOH TOUKE.
5. Pas6epeM 1noxpo6HO MpuUMep aHAJMTHYECKOR (YHKUUH

w=V1+V2_.

B Touke z=0 BHYTpeHHH# KOpDeHhL HMeeT TOUKY BeTBAeHHs BTOPOrO MOPSIKA.
Ecan B  orpectHoctn U/={0<2|<1} mm BHOGepem kpyr Us={lz — 1/o|<1/s},
To B U MOXHO BHUIGNHTb YeThPe Pa3NHuHbie BeTBM [y 3Toll (YHKUHH, XapakTe-
pHsyeMLle pAa3JHUHLIMH 3HakKaMp o6oux Kxopmei. Ilycts fi—=omma u3 aTHX
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BeTBell; aneMeHT F (= (U, f1) mocie MpoOiOJIKEHHR BROJb OKPYKHOCTH Yo! z=—12—e”,
0<Ct< 2, nepeitper B aaement o = (U, f,), roe fo— apyras Bersb, uGo BHY-
TPeHHH# KOpeHb TIpPH TakoM ofxolJe H3MEeHHT 3HaK. [IOBTOpDHHEIL O06X0X Yo
CHOBA TNPHBEAET K SMAEMEHTY f ;, HOO 00XCAH Yo He MeHAT BeTBe BHELIHEro
KOpHS, TOYKOH BeTBJEHHA KOTOporo sBaseTca 2=1, TouHo B TakKOM Xe OTHO-
IWIEHNH HaxojsTcs ABe ocTanbhble BeTBU: fa=—f1 u fy=—Ffo. Takum obpasom,
B TouKe z=() paccMaTpuBaemas (GYHKUH§ MMeeT QBe DAa3UYHble TOUKH BETBJEHHS
BTOPOTO MOpPSAKA. )
TlepeitneM K M3yueHHIO TOUKH Z=1, B KOTOPOH AJi OJHOTO M3 3HAUEHHA BHY-
TPEHHETO0 KODHS NOZKODEHHOE BHIpA’KEHMe BHEIUHEro Kopms obpaliaeTcss B HyJb,
yers V={0<lz—1I<1}, V={|z2—1/2| < 1/2} u gy-—ueThipe BeTBu Haluef
dyukuuu B xpyre V. Ilycts g1 u g2 (g2=-—g1) — BeTBH, mJIs1 KOTOPHIX BHYTPCH-
HHU# KopeHb paBeH — 1 npu 2=1. O6xoxn OKpyXKHOCTHY;: 2 =1 +§e”, 0
<20, He H3MEHMT BeTBH BHYTPEHHErO KOpHS, HO H3MEHHT 3HAK y BHEIIHEro Kop-

Hst (KOrfa 2 ONHCBIBAET OKPYMKHOCTb yi. Touka § =1 +Vz, rae pacCcMaTpHUBAETCA
BeiGpaHHasi BETBbL BHYTPEHHEIO KOPHS, ONMCHLIBAET B MJIOCKOCTH § 3aMKHYTHI
JKODLAHOB NyTb, COJepKalUUil BHYTPH Touky {=0), mostomy npu TakoM o6xo/ie
agemenr (V, g1) mepeitmer B (V, g2). BTopuuHBll 06x0x y1 CHOBa H3MEHHT 3HAK
BHEUIHETO KODHS M MO3TOMY CHOBa mnphBeZeT K 3ajeMeHTy (V, gi). Ocramumecs
LBe BEeTBH g3 H &4+ (L£s=-—g3), AT KOTOPHIX BHYTPEHHHA KopeHb paseH | mnpH

z=1, npu obxoje y) He H3MeHsTcn (IPH 5TOM Touyra § =1 +Vz ¢ pe6pannoi
BETBBIO KOPHf OMMUIET 3aMKHYTHIH XKOPNAHOB NYTh, OXBATHIBAWOIMIMA TOUKY {=2
H He oxBaTuiBalouwlnit {=40), caexosatesp-
HO Tako# obOxox mnepeBeneT Kampabli H3

S anementoB (V,g3) u (V,gs) B ceba. Ta-
KUM oOpasom, B TOouke 2=1 paccmarpH-

>
7 y O BaeMmasi QYHKIHS WUMEET OAHY TOUKy BOCT-
BJIEHUS BTOPOro NOPSIEKA M B3 MpaBHJb-
, Puc. 54 HBX, HepPa3BeTBJIEHHBIX 32JIEMEHTa '),

Jasi uayuenus QYHKUHH B TOYKE Z==
= 00 Haj0 B34Tb NPOKOJOTYIO OKPECTHOCTE,
W' ={l<|zi<oo} u B Hedt, nanpumep, kpyr W={jz —2|<1}. [yets (W, hy) —
Kakoi-n1160 u3 yeThipex 3jeMeHToB OGyHkuuM B Kpyre W. O6xom OKpy:KHOCTH
ya: 2=2et! O<{I<{2m, OpUBOAHT K M3MEHEHHIO 3HAKA KaK y BHYTPEHHErO, TaK H

y BHelInero Kopsi (mpu 3ToM Touka {=1+Vz IpH JIOGOM BLIGOPE BETBH KOP-
HSl OMUieT 3aMKHYTBIE NMyTb BOKPYT ToukH §=0), nostoMy oH npuBeier K Apy-
romy asementy. (W, hy). Bropuusblft 06X0A ys NPHBEAET K TpeTheMYy 3JeMEHTY
(W, hs), TpexkpaTubiit — K uerBepToMy (W, hy), u JMIIL ueTHIpEXKpaTHBI 06X0I
Yo TMpuBeneT K ucxogHomy asaemeHty (W, h)). Takum o06pa3oM, B TOYKe 2= 0o
paccMaTpuBaeMan (DYHKUHS HMeeT TOUKY BeTBJIEHHSI YETBEPTOTO MOPSAAKA.

Ocraabble Toykd C sBASIIOTCA NPaBUIBHBIMH TOUKAMH 3TO 2HAJUTHYECKON,
G yHKIHY.

Ha puc. 54 unzofpaxeH CXeMATHUECKH DPEe3YJbT4T HAMIETO HCC/ACIOBAHMSA,

B sak/oueHde nmpuBeneM OJHH DPE€3YJbTAT, OTHOCALIMECST K TOY-
KaM BeTBJEHHs KOHEeYHOro nopsaka. Mbl mokamem, 4to B OKpecT-
HOCTH TaKOH TOUKHM @ aHANHTHUYECKYI0 (QYHKIHIO MOXKHO Pas/OXKHTh,

) Daementnt (U, gs) u (U, g4) He ABAAIOTCA KAHOHHUECKHMH, MO0 HX KPYL.
cXonuMocTH Goamsite U, ,
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B psajg NO ApoOHBIM CTeNeHSIM 22— &, SABJAMIONHACA 00606HIeHHeM
pana JlopaHa.

Teopema., B wuexoTopoi npokoroToiu okpectrocty V'=
={0<|z—a| <R} Touku BeTBAEHUA KOHE4HO20 NOPAOKA n ANQAL-
TUHeCKYrO (ynKyuro ')y MONHO npedcTasure paszscoeruer suoa

> £
w= 3 cy(z—a)". (1)
k=—o

< TlonoXuM z— a=1{"; KOrla TOUKAa { CMNHCHLIBAET B MJIOCKOCTH
§ /0CTATOUHO Majylo OKPYHKHOCTb A: {=pei?, 0 < v < 2n, cooTBer-
CTBYIOIL A5 TOYKA Z=a-+{" ONHCHLIBAET /I Pa3 OKPYKHOCTb yp: 2=
=a+prei’, 0<t{< 2x. Tak KaK HAYaJbHBIH 3JEMEHT pacCMaTpH-
BacMOH aHaJUTHUECKOH (GYHKUHMH NPU TakKoM o0Xode He MeHseTCH,
TO COOTBETCTBYIOIUME 3/1eMeHT QYHKUHH @, paccMaTpUBaeMoll B 3a-
BHCHMOCTH OT I¢peMeHHOH §, He MeHsieTcsl mpH OJHOKPATHOM OG-
xXone A.

Orcioaa caenyer, uto (=0 sBJasiercs ocofoli Touxo#l oxHO3HAY-
HOro xapakrepa 31ofi QyHKUHM H, 3HAUHUT, B HEKOTOPOH NPOKOJIOTOH
okpectHocTH TOuKH [=0 oHa mpexacrasasiercs psigom Jlopana

oo

W = Z Ckgk- (2)

== —= 00
n_ i
Moacrasass cojga = Vz —a=(z—a)", moayuaeM pasjioKe-
Hue (1) P
B 3aBHCHMOCTH OT «TJIaBHO#l wactH» paasoxenus (1), T. e. coso-
KYMHOCTH YJI€HOB C OTPULATEJbHBIMH HHJeKCaMH k, BeTBH paccma-
TPUBAEMOH aHA/JHTHUUECKOI (yHKUMH HENpPEepLIBHBI B TOUKe (KaK Ve

uan e'? B TOuKe z=0), cIpeMsiTcsl K (GeCKOHEUHOCTH TpH
1
z—»a(KaK 7: npu z—>0) UM He CTPeMSATCS HM K KaKOMy Ipe-
<
1

aenqy npu Z2—>a (Kax eVz npu z->0). Dro pasiuyde CcyHTaETCS
He T4K Y CYUIECTBEHHBIM, H BO BCeX CJAyuasiX ¢ Ha3blBAIOT TOUKOM
BETBJEHNST KOHeYHOTO MOPSAKaA.

Mpumep. TNoabsysice GUHOMHAMLHBIM PSANOM, HETPYAHC Hamucath 0606-
LeHHble JOPAHOBCKUE PA3/0XKEHHs aHAJIUTHYECKOH (YHKIMH U3 Pa30OPaHHOrO Bbl--
we npumepa 5. B koabue U’ ={0<|2|<1} umeem

e 1 . — 1 1 —

1) TouHee, COBOKYHNHOCTb MPHHAANEXKAUMX 3TOH GYHKIHH 3JEMEHTOB, KOTO-
pele NOAYUAIOTCA H3 KaKOro-in6o OJHOIO MPOROJXKEHHeM BAOJb BCEBO3MOXKHBIX
nyren y < V. .
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B Koable W ={l <|z| < o)

— 4 R 1 1 1
VHV?_V;(HT/?) _Vz(1+2VE 82 16:V3 )
a B xoabe V={0<|2z~1]<1}
</ T —-——|2__l {1+-1—(z—1)+ }
V1+V2’=V 1={l+@G-1))2 = V2 8

8

=V {l+—1-(2—1)+ }

DT pasnoxKeHus XOpOUIo WIIIOCTPHUPYIOT MpPOBeAeHHHI BLIIE aHAJH3 TOoUYeK
BETB/IEHHS paccMaTpuBaeMoil MYHKIUH.

§ 9. TlonsiTHEe pPUMaHOBOH NMOBEPXHOCTH

Ananurnueckass QyHKUHS MOXKET COMNOCTAB/IATH TOUKAM IJIOCKOi:
006/1aCTH HECKOJbKO {Ja)ke CYeTHOe MHOXeCTBO) 3HaueHH#. B stom
naparpade Mbl PACCMOTPHM BMECTO IJIOCKHX 00J1acTeH MHOIOJIHCT-
Hble MOBEPXHOCTH, KOTOPHIE MOXXHO MBICJHTb PACHIOJOXKEHHLIMH Haf,
. 3THMH OO0J&CTIMH H KOTOPbie HMEIT Haja TOYKOH 2 CTOJNBKO <«JIH-
€TOB», CKOJIbKO 3HAYEHHH TPHIMCHIBAET aHaNHTHUecKast (yHKIUA
310#l Touke. [T03TOMY Ha TAKHX MOBEPXHOCTSAX aHAJUTHUECKHE QYHK-
HHH MOXKHO PACCMATPHBATH KaK (QYHKUUH B 0OBIYHOM CMBIC/E CIOBA
(1. €. KaK OJHO3HadYHbBl € QYHKUHH).

31. dnemeHrapubiii noaxox. Haunem ¢ mpocrefimiero mpuMepa.
Paccmorpum B obaactd D, koropast npeacraeisier co6oi mI0OCKOCTH
C ¢ paspesoM BHOJb OTPHIATENBHOH NOJYOCH, ABE BeTBH [; U [

aHAJAUTHYeCKOH (PYHKIMHA
w=Vz (1)

IMycrs fi xapakrepusyercs ycaoueM [i(1)=1, a f,— ycnosuem
fa(1) =—1; MB umeeM, oueBHAHO, fo(2)=~—f,(2) mas Bcex z<D.
ATH BeTBH OIHOJMCTHO H Kou(dopMHO oto6paxair D coorser-
CTBEHHO HA NPABYI0 M JICBYIO NOMYN/IOCKOCTH @, KOTOpPLIE Mbl 0G0~

3gauum yepes Dy H Do, ,

BosbmeM nBa sk3emnaapa o6sacth D u pacloNoOXKHM UX ApYP
Hajm APYroM, Kax yKas3aHo Ha puc. 55,a. Ha puc. b5 ykazauno takke
cooTBercrBue GeperoB paspe3oB B o6aactd D H y4yacTKOB MHHMO#H
OCH TJIOCKOCTH W — COOTBETCTBYIOUIHE YyYacTKW OTMEeUeHbl OjHHa-
KOBBIMH PHCYHKaMH.

CryenM BepxHufi Geper paspesa Ha NepBOM 3K3eMILIgpe o6aacTH
D ¢ uuxHEM GeperoM paspesa Ha BTOPOM IK3eMIIsipe M B COOT-

BETCTBHH C 3THM ckjedm D1 ¥ D2 Baoap BepxHell noayoccH (BCe 3TH
Y4aCTKH OTMeUYeHbl PUCYHKOM -|-|-|-). 3areM CKJenM Mexay ccOoi
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ocraBllnecss cBOBoAHHIMH Oepera paspe3oB Ha D, oTMeueHHBle pH-
cynkoMm -[[-{l- (B TpexMepHOM NpOCTPaHCTBE NpPH BTOPOH CKJeiKe
Hesb3sl u36exarb caMollepeceueHuil, HO Mbl YCJIOBHMCS He OTOXKIe-
CTBJAATh TOWKH Jy4a, 110 KOTOPOMY NPOHCXOAUT CaMoOllepeceyeHUe
MOBEPXHOCTH, OTMeUeHHbie PA3HEIMH PHCYHKAMH).

TlonyueHnas nBy/auCTHAast TIOBEPXHOCTh (OHa wuzofparkeHa Ha
puc. 55, 8) HAa3BIBASTCS PUMAHOBOU NOGEPXHOCTLIO AHAAUTUHECKOL
dynryuu V2. 1ot KODeHb MOXHO DPaccMaTpHBaThL Ha Hell Kak QyHK-
1HI0 B OOBIYHOM CMBIC/e c/10Bd, uOO ABA 3HAYEHHs!, KOTOpHIE COTO-
CTaB/seT KOpeHb KaXnoH Touke 2p#0, oo, Mbl OyaeM OTHOCHThb

Puc. 55.

IBYM pPa3jMYHBIM TOYKAM MOBEPXHOCTH, JeKalluM Hai 2Zp. TOYKH
oTpHIaTeabHON moayocn R_=(—oo, 0) He COCTABAAOT HCKIIOUe-
HEst, H60O HaJ KaXXJOH H3 HUX TaKXKe JIEKHT MO JBe TOUKH IOBEpPX-
HOCTH (MBI BEJb YCAOBHJHCH HE OTOXKJECTBJATH TOUKH PassityHBIX
JMCTOB, TNpHHALTexKAllHe JHHHK CcaMollepecedeHHs MOBEPXHOCTH).
Jlump ToukaM 2=0 H z=oc KOpeHb CONOCTABJASET 10 OAHOMY 3HA-
YeHH10, MOITOMY MBI GyAeM CUHTaTh, uTo Hajg =0 y 2=oc JexuT
10 0JHO# TOUKE MOBepXHOCTH. B 3THX TOUKax JIHMCTH! Hallel NoBepX-
HOCTH COEIHHSIIOTCS MeKay co00i; OHH HAa3bIBAKOTCH KPUTUYECKUMU
TOUKAMY WY TOYKAMU BETB8ACHUS MOBEPXHOCTH.

BrosHe aHaJOrHYHO YCTPOEHA PHMaHOBA HOBEPXHOCTh™ AHAJH-
THYECKOH (YHKUUH

w=Vz | @)

Ona n-aucTHa; Han Kaxao#d Toukofi 2540, =00 JIEXKHT 1o A pasauy-
HBIX TOUeK HOBEPXHOCTH (OHH HA3LIBAIOTCH OOBIKHOBEHHBIMIL €e TOY-
Kamu), "Hag =0 # z=o00 — o0 onHo#t (kpurudecxod) touxe, Ha
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puc. 56,a,6 u3o6pa>keHbl COOTBETCTBEHHO YACTH I0OBEPXHOCTH, Je-
JKallipe Haj OKPECTHOCTbIO MPAaBHJABHON H 0co60Hl TOukH (QYHKLIHH

3, —
VZ. Touku OTpHLATENbHON MOJNYyOoCH He COCTaBJAAIT HCKJAIQUEHH:A,

Sy,

) 4/
Puc. 56.

gacTb NOBEPXHOCTH, JexKalllasg HajJ OKPeCTHOCTBHIO TaKOH TOUKH, H30-
G6paxkeHa Ha puc. b6, 6. Tak Kak camonepeceyeHHe MOBEPXHOCTH MBI
He TIpEHHMMaeM B pacyeT, TO TONOJOTHUECKH 3TOT PHCYHOK He OTJIH-
yaercs ot puc. b6, a — pac-
cMaTpuBaeMas dacTh CoO-

Ton3 I J; CTOMT U3 Tpex He CBS3aH-
AT 7 _—_:%:_* HBIX IPYT C¢ APYIOM KpYTIORB.
ST o "D, PuMaHoBa noBepXHOCTL
e oo ~-7T ——=, Jlorapujpma

2 w=Lnz (3)

6) 6eckoneunonucra. Ee yCT-
POHUCTBO MOKa3aHO Ha pHC.
57. Mm omsate OGepeMm 00-
aacte D —mmockocte C ¢
paspesoM BAOJb OTPKLA-
TEJABHOH MOAYOCH — U B Helt
IJIaBHYIO BeTBb JiOTapupma

w=f,(z)=In|z| +-iargz
{(—rn<argz<m).

OTa QYHKUHA OJHOMUCTHO W KOH(pOpMHO oToGpaxaer D na moaocy
D;={~—n<1mw<n};

coorBercTBHe GeperoB paspesa H TpaHHL NOJOCH YKa3aHO Ha puc. b7.
Jlorapugm umeer B obaacty D GeckoHEUHO MHOTO BeTBel

w = [, (2) = [, (2) + 2k (=0, =1, ...),
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otob6paxatiux D Ha nosocu D, CABHHYTHIE O OTHOLIEHHIO K Do
Ha uesnoe kKpartHoe 2mi. B coorBercTBHM ¢ 3THM MHl 6GepeM CueTHOE
MHOXKECTBO 3K3eMmsipoB obsactH D u ckienBaeM BepxHHH Geper
paspe3a Ha 0-M skseMmnsipe ¢ HUKHHM Geperom paspe3a Ha [-M
3K3eMIJigpe, 4 HIXKHUA Oeper HyJeBOro paspesa — c BepxHuM Gepe-
rom paspesa Ha —I-n sk3emnasipe (puc. 57). K ocrarmumes cBo-
GoaHpIM GeperaM Mbl 3aTeM NPHK/CHBAEM COOTBETCTBEHHO HUXKHHH
Geper paspesa Ha 2-M M BepxHUHl Geper paspesa Ha —2-M IK3EMII-
asipe U T. A

Han okpectHocThlo Ka:KRoH Touku 20, F=oo JeXHT uacTb IO-
BEPXHOCTH, COCTOSILIAS H3 CUETHOTO MHOMKECTBA OT/EJbHBIX KPYTOB;
KAXKJIOMY KPYTy Mbl OTHECEM BeTBb JOTapH(Ma ¢ COOTBETCTBYIOIIHM
HOMepoM, AeHCTBYIOULYI0 B 3TOH OKPECTHOCTH (TOUKM OTPHIATE/b-
HOH IOJIYOCH He COCTaBJSIIOT HcKJAlodeHHs), [lostomy sorapndm
MOKHO pPacCMATPHBATh Ha MOCTPOEHHOH DHMAaHOBOH HOBEPXHOCTH
Kak (YHKHHI0O B OOBLIYHOM CMbicae cjioBa. B Toukax z=0 u z=o0
gorapudm He onpejeseH, NO3TCMY Mbl OyjeM CYUTATh, YTO ero pH-
MaHOBAa NMOBEPXHOCTh HE HMeeT Touek Hajg z2=0 u z=oo.

B kauecTBe GoJjee C10XKHOrO NpHMepa PacCMOTPHM PHMAHOBY
NOBEPXHOCTh @pKCHHYCA

w = Arcsin z. (4)

B n. 13 mBl Bugein, uto QyHKUUST 2=Sin @ OAHOJMCTHO H KOH-
e e
tbopMHO oOTOOpaxaer KOJYNOJOCY {—2—<Rew<—2-, Imw>0}

7L
Ha BEPXHWI MNOJAVIUVIOCKOCTE Z2; fACHO, 4YTO BCd HOJIOCH{—T;<

<Rew<%}npu 3TOM OTOOparxkaeTcs Ha HJAOCKOCTb 2 ¢ paspe-
3aMu BAOJAb ayueil (—oo, —1] u [I, o0).

Mgpi 0603HaunM nocaefHow o6aactb dyepes G u uepes w=gy(2) -
0603HauuM Ty BeTBb apKCcHHyca, Kortopast oToGpaxaer G Ha 1o-

# I T

Jocy Go={-—?<Rew<—§—} (3Ty BeTBb MOKHO XapaKTepH30-
BaTh Takxke yciaosneM go(0) =0). Tak Kak apkcuHyc HMeeT CyerHoe
MHOXEeCTBO BEeTBeH, TO [/s1 NOCTPOEHHS PHMAHOBOH MOBEPXHOCTH
MBIl JOJIKHBl B3ATh CYETHOE MHOXKECTBO 3K3eMIisipoe obgactu G.
K k-my sksemmaspy (k=0, =1, ...) Mbl orHecem 3Hauenus K-i
BeTBH apKCHHyca w=g;(2), Kotopas oToOpaxaer G Ha mojocy

Gr = {— % +hkn<Rew < % + kn} (ee MOKHO XapakTepu30OBaTh

Takxe ycaosueM gy (0)=kn),

Ocraerca ckJenTb Mexay cob0o# OTae/IbHbIE 9K3eMnJspEl 0Ga-
CTH B COOTBETCTBHHM C Te€M, KaK CKJeeHbl HX 06pastl Gk Kax sto
cHeJsaTh, BUAHO H3 pHC. B8
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B peayabrate noiyyHTcs OECKOHEUHOJNHCTHAags PUMAHOBA MOBEPX-
HOCTBb, KOTOpasi HMeeT HAajJ TOUKaMH 2= %] cuerHoe MHOXKeCTBO TO-
yek BeTBJeHHs. B Touke 2=oc0 oHa HMeeT ABe JorapudMHyeckKue
TOUKH BeTBJeHHS (OAHY o6GpasyloT UYeTHble 3K3eMIJapbl 06/1acTH

*

Gy

e

*

A3
-
N

it
Hl
— !
S 29K3 i
Al Wiz lljon) s
/#’.‘-J Jons f?;zl_‘ YACA
/::—/ 7 i :1. i if
0343 thy 4t
6)

Puc. 58.

G, apyryio — HeuetHole). K aTOMy Ke BLIBOLY MOXHO NpHHATH, HCs
caeays BbIpa)Ke€HHe apKCHHyca uepes Jorapudm

Arcsinz= — iLn (V1 =22+ iz).

32. OOwwmii moaxoa. 3aec, Mbl BBeaeM oOillee NOHSITHE PHUMAHO-
BOIt MOBEPXHOCTH KaK HEKOTOpOro abCTPakTHOTO TOMOJOTHUYECKOTO
fipocrpadcTBa. XOTsA MOHATHEM TONOJOTHYECKOTO MPOCTPAHCTBA MBI
yXe He pa3 NOJb30BAJHCh, OCTAHOBUMCH Ha HeM mozpobHee.

Onpegenenne l. MHOXKecTBO X HasblBaeTCs TONOAOZUYECKUM
NpocTPAHCTEOM, €CIH B HeM yKazaHa CHCTeMa NOJNMHOMKeCTB, Ha3bl-
BAeMbIX OTKDOITOLMY MHOKCECTBAMU, TPUUEM:

1) o6benuHenue a060T0 YHCAA U nepecedeHHe KOHEUHOTO uucJaa
OTKDPBITHIX MHOXECTB CHOBa SIBJAIOTCS OTKPHITBIMH MHOXKECTBAMH;

2) mycroe MHOXECTBO M BCe MPOCTPAHCTBO X ABJISIOTCS OTKDHI-
TBIMH MHOMKECTBaMi!.

OTKpbiTOE MHOXKECTBO, COJAEpIKallee TOUKy X=X, HasbiBaercs
OKpECTHOCTHI0 3TOH TOYKH,.

Korna Ha MAoxectBe X yKasbiBaeTcsi CHCTeMa OTKPBITHIX MHO-
XKecTB (MJIM OKPecTHOCTeH Touek), yJOoBJeTBopAOLLas TpeOGOBaHUAM
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1) u 2), To roBopsit, yTo Ha X BBOAUTCS CTPYKTypa TONOJOTHYECKOro
npoctpaHerBa, B yacTtHOCTH, CTPYKTYPY TOMOJOTHUECKOTO MPOCTPaH-
CTBa BCErja MOXHO BBECTH B MeTpHUeCcKOM mpocTpanctee. [Has
3TOTO [JOCTATOYHO OOBSBHTb OKPECTHOCTSIMH TOUKH Xg=X mapn ¢
LEHTPOM Xp M NPOHM3BOJBHLIM PaguycoM R B MeTpHKe paccMaTrpH-
BaeMOro IPOCTPAHCTBa, T. €. MHOXKecTBa {xesX: p(X,, x) <R} Ort-
KDPBLITHIMH MHOXKECTBAMM CUHTAIOTCS Te, KOTOpble BMecTe C KaKIOH
TOYKOH CORepKaT M KaKym-1160 OKPeCTHOCTh 3TOH TOUKH.

Onpenenenune 2, Tomomoruueckoe mnpocTpaHerBo X HasH-
BaeTcs Xaycodopposvim npocTpancT80M, eCli ero OKPecTHOCTH yIO0B-
JIETBOPSAIOT CJelyomiell aKCHOMe OTAEeJHMOCTH: y JIOOLX
IBYX pAas3/jU4YHBIX TOYeK M3 X CYIIeCcTBYIOT HellepeceKarwlnuecs
GKPECTHOCTH.

[Ipumep nexaycmopdosa npocrpadctsa. Toukamu X cayxkaT TOUKH JAefl-
CTBHTEJbHON ocu P; TOMOJIOTHST BBOAMTCA TaK: OTKPBITHIMH MHOMKECTBaMU 00BaB-
JAKTCA OCb R, MycToe MHOXKECTBO H BCe MHOXKeCTBa, nojJydaembie U3 R HCKJIO-
yenueM KOHEUHOT'o uudéna Touek. Uurarenab Jerko NPOBEPUT, UTO AaKCHOMBI TO-

NOJIOTHYECKOTO HpPOCTpaHCTBA (TpefOBaHMs B onpejaeaeHHd 1) BLINOAHSIOTCHA, 2
4KCHOMAa OTJNEeJUMOCTH — HeT.

IlepefizemM K onucadui OOCIIEro MOHATHS PHMAHOBOH OBEpPXHO-
ctu. Pacemorpum MHOXectBO W, TOUKaMH KOTOPOTO CAYMKAaT Maphl

A=Aa, f.(2)}, (1)
roe Touka a = C u bysxusa
{

8

cp{(z—a)", ecom a<sC,
0

fo(2)= (2)

Cn
o eCcyIn g = o0,

=
I

2

e

L 0

S
It

rojoMopdbHa B HekoTOpoM Kpyre U, ¢ neHtpom B a; AaJs omnpeje-
JIEHHOCTH 6yaeM cuutath U, KPyrom CXOOMMOCTH COOTBETCTBYIOIIErG
psana (2). Beezem B R Tomosoruio cienyiomuMm 0GpasoM: MOA
e-okpectHocToro U (A) toukn A= OGyneMm noHHMATh COBOKYNHOCTB
touek B={b, fp(2)} Takux, uro: 1) b HNpPHUHAAJEKHUT &-OKPECTHOCTH

touky a (1. e. {|z—a|<e}, ecau a=C, u {Iz[>—:;}, ecad a=o0),

2) aaement (Up, fp) siBAsieTcs HenmocpeiCTBEHHBIM aHAJUTHUECKHM
npoposxenuem anementa (U, fq). '
MokHO npezactaBasath cefe TOUKY A KaK TOUKY PUMaHOBOH TO-
BEPXHOCTH B OMHCAHHOM B I 31 ajeMeHTapHOM CMBICIE, JEKAUIYIO
Hap toukoit a=C. [lonoauutesnbHoe ykaszauue QyHKnuH fq(z) pas-
HOCHJIbHO YKa3aHHWIO JIUCTA, KOTOPOMY 3Ta TOYKA MNPHHAIJIENKHUT,
OxpectHocte U (A) coctour u3 Touek B TOro xe JuCTa,
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KOTOpblE TIPOEKTHPYIOTCSI B OKPECTHOCTb TOYKM @ (pHC. 59); TOUKH
APYTHX JIMCTOB, NMPOEKTHPYIOUIHECS B Ty e OKpecTHOCTb (Kak B’
Ha puc. 59), He cuuraroTcs npuHaaaexauluMu U (A4).

Herpyano BHaeTh, YTO ONHMCaHHAsl TOMOJOTHs BBOAMT Ha R
CTPYKTYPY XayciopdoBa mpocTpaHcTBa. B caMoM gesie, eC/iH B 9TOM
IPOCTPAHCTBE CYUTATb OTKPLITHIMH MHOMKECTBAMH T, KOTOpble CO-
JiepKaT BMecTe ¢ KaX Aol TOUKOH H KaKylo-JM60 OKPEeCTHOCTb 3TOH
TOUKM, TO TpeboBaHusl W3 onpeledeHust |
OyAyT BHINOAHATbCA. IlpoBepum BuINOAHE-

P HHE aKCHOMbl OTAeNHMOcTH: ecau A=B,
A T0 au60 as=b, 160 a=b, wo [ufy. Iaa
v

fl

/ XN MOCTPOEHUS HeNepeceKalouInXcs OKPecTHO-

i %/ creit OU(A) u U(B) B mepBoM ciyuae 10-

% CTAaTOYHO BLIOPaTb HEMepeceKaloUInecss OK-

pectnocty Touekau bua C,a BO BTOPOM —

BhIOpATh € CTOJMb MaJsbiM, YTOOBI ¢-OKpecT-

Puc. 59. HOCTb TOUKH @ TPHHALJIEXAala KPpyraM cxo-

IMMOCTH 060ouX panos f, u fo, u B U(A)

BKJIOTUTh Bce Touku (¢, f.), roe (U, [.) sBAsiercs HemocpeicTBeH-

HoiM npopokenneM (Ug, fo), a B U(B) — Bce touru (c, f.), rae

(Ue, fe) — HenocpeacTsennoe npogomxkenue (Us, fp) (oxpectHOCTH

U(A) u U(B) ue nepecekatorcs, 60 unaue anement (U, fp) cos-
nagaa 6ut ¢ (Uy, fa))

Onpeneaenue 3. Xaycmopdhoso npocrparereo R, Toukamu
kotoporo cayxar napel A={a, f.(z)}, rne ac=C u [, — rosomopd-
Hasd B Touke a GYHKIMS, a TONOJOTUS BBEleHa OMHCAHHLIM CHOCO- -
6OM, Ha3bIBACTCS PUMAHOBLIM MHO2000pasuen.

_ MoxkHO ompeiesquTb npoeKkyuto puMaHOBa MHOroo6pasus R B
C kak oroGpaxenue

p: Aa, fo (2} a. (3)

I'106a1bH0 9T0 OTOOpakeHHe He SIBJIACTCH B3aMMHO OJHO3HAY-
HeiM, H60 Ha R cyllecTByeT GECKOHEUHC MHOTO TOYEK C OZHOH M
TOH Ke npoeknyell. Ho nokaabHo oHO B3auMMHO ofiHo3HauHo. B ca-
MOM JeJle, eC/Ii TOYKA b NMpPHHAMJIEKHT KPYTy CXOAUMOCTH PSAa fq,
TO HENOCPEACTBEHHOE aHajJuTHUecKoe mnpoxpoxkeHue (Us, f;) aae-
metta (U, fq) BrOJHE ONpEEJEHO M, ¢JeA0OBATEAbHO, B AOCTATOUHO
mazioit okpectHoctH U(A) cyulecTByeT aulllb OJHA TOYKA C MPOeK-
nueii b. OueBunHO TaKXKe, uto U (3), ¥ OGpaTHOE K HEMY OTOOpaKe-
HHE HENPEPLIBHBI, MO3TOMY NpPOEKYUA SBAACTCA AOKAAbHBIM 20ME0-
Mopusmonm.

[Ipoekuns npeobpasyer okpectrocts U(A) B HekoTOpHIl Kpyr

nnockoctd C; coBepmias mONOJHWTeNbHOe APOGHO-JAHHEHHOE OTO-
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GpaxeHue 3TOro xpyra Ha epuHmuHbiii kpyr {|{]| <1}, MoxHO CuH-
tartes, yto B U(A) onpeznenen roMeoMOppHusM

Ty: UA)—{ITI<1} (4)

Kaxnaas Touka Be=U(A) OIHC3HAuHO XapaKTepUsyercs CBOeH
npoeknueil b ¥, cJ1elOBaTeJIbHO, TOUKOM t=Ty(B) €IHHHYHOTO
kpyra. [losToMy { MOXKHO paccMaTpuBaThb Kak [10KQAbHblU napa-
merp, neficTeyrouruit B oxpecrioctu U(A).

Ecan gse okpectnoctn U, V® mepecekatores, To BO3HHKaeT
oroGpaXkeHue Apyr HA jApyra uactelf napaMerpu4ecKux Kpyros, CO-
OTBETCTBYIOIIMX 3TOMY TepecedeHHIO:

O =@y (;) = TV ° T(_jl (;), (5)

OHO HA3BIBAETCS COOTHOULEHUEM COCeOCT8A
{puc. 60). Tak Kak COOTHOIIEHHE COCEJ-
CTBa fIBJAAETCA KOMIO3unuel 1pobHO-AHHENH-
HbIX OTOOpaXXeHuil, TO OHO TaKiKe JPOGHO-
JUHENHO, T. e. KOHGOPMHO. —

Onpeneaenne 4. Xaycropdoso npo- fici<ts fleot <1}
CTPAHCTBO, KOTOPOE MOXHO TMOKPHIThL CH- * Puc. 60
CTEMOH OKPecTHOCTeH, TOMeOMOPQHBIX KPy-
raM, TaK, 4YTO BCe TMOPOXKJAaeMble ITHMH roMeoMophH3IMaMH COOTIIO-
LIE€HUsT COCEJCTBA OKa3blBAlOTCSl KOH(POPMHBIME OTOOPAXKEHHIMH,
Ha3BIBACTCS KOMNAEKCHO QHAAUTUHECKUM MHO2000pasuenm (KOMII-
JIEKCHOH pa3MepHOCTH 1),

Takum o6pa3oM, J0Ka3aHa

Teopewma 1. Pumanoso mnozoobpasue M asaserca Kosniaekc-
HO QHAAUTUMECKUM MHO020006pasuen KOMHACKCHOL pasmeprocTu 1.

KoMnJeKkCHO aHaJIMTHYeCKHE MHOTOOGpPAasHst BBICIIHX PasMepHO-
cTell Mbl PacCMOTPUM BO BTOPOH 4aCTH KHHTH.

Pumanoso wmmuorooGpasue W, ouesuano, wuecsssno. OjHAKO
aw06oe nogmuoxecTBo M, ero touek {a, f,(2)}, rme f, aBaswoTCH
BETBAMH O Z HO H aHajauTHuyeckoil pyHKNHHU, cBs3HO. B camoMm nene,
ecan touku A={a, [,(2)} u B={b, f,(2)} npunamaexar Ry 1o
saementsl (U,, f,) # (U,, f,) moayualorcss apyr us apyra mnpo-
JOJIXKEHHEM BJOJb HEKOTOPOro NytH y: 2 =z (),  €[a, B]. Ho torna
u toukd A; = {a,, [o,(2)} ER nas moboro ¢ & [a, B]. Tem campim
onpejneseHo HenpepwiBHoe oTtoOpaskenue [a, B]—N, 1. e. nyms
t— A,, npunagnexauwuit N, u cesasviBaowuil Toukd A 1 B. Takuu
ob6pasom, M, npaxke JsunelHo cBsisno (cm. n. 4). Kpome Toro,
Ny, Bmecte ¢ Kaxmo# Toukoi A CONEPIKUT H HEKOTOPYIO OKpecT-
HOoCcTh U(4), 1. e. sBJsieTCH OTKPBITBIM MHOXecTBOM. [Tostomy 9,
ABJsieTcsl o6JacThio npoctpancTea R,

12 B. B. lla6ar
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Mpul noxkasaju, 4TO KaxJOH aHAJIUTHUeCKOH (YHKIHH COOTBET-
CTByeT HeKoTopas 06snacTb puMaHoBa MHOrooGpasusa R. OuesuzHo,
yTO M, O6paTHO, Kaxkao# obsacth Ha R cooTBercTByeT HeKOTOpad
aHajutudeckass ¢yukuuda '), Takum o6pa3om, JOKaszaHa

Teopema 2. Mewdy aunaiuruneckumu QyHkyuanu u obaa-
CTAMU pUMAHOBQ MHO2006pasus N umeerca 83aumHo OOHO3HAUHOE
€ooT8ETCT UE. .

Onpenenenne 5 Obaacts N, pumanoBa MHorooGpasus R,
KOTOpasi XapaKTephu3yerTcs ycJIOBHeM, uTo rojoMopdHue (yHKIHH
fo, mpuHagnexamue ee toukam A={a, f.(2)}, ABASIOTCA BeTBAMM
HEKOTOPOH aHaJHTHUeCKOH (YHKUMH, Ha3biBaeTcs puMAHO80L No-
BEPXHOCTHI0 3TOH YHKIHU.

Mpl npumin K OOLIeMy MOHSITHKD PUMAHOBOA NOBEPXHOCTH.
CMBICT 3TOrC NMOHATHA COCTOHT B TOM, UTO KaiKAYIO AHAJIUTHUECKYIO
(byHKUMIO MBI MOXKEM paccMaTpHBaTh Ha ee PUMAaHOBOH MOBEpPXHO-
¢ty KaK (YHKIMIO B OOBIUHOM CMBIC/Ae C10Ba (T. €. OJHO3HAUHYIO
¢dyuknu). B camMoM pese, 0O NOCTPOEHUIO PUMAHOBA [1OBEPXHOCTH
HMeeT CTOJIbKO TouekK A ¢ gaHOH mpoekiHeH @, CKOJIBKO PasJHuHbIX
anementon (Ug, fo) C HAHHBIM HEHTPOM a4 HMMeeT aHaJHTHYeCKas
GOYHKIHS, T. €. CKOJBKO 3HAaYeHU Il OTHOCUT aHaJHTHYeCKas (QyHKIHA
9TOH TOUKE 4. i

TakuM 0Gpas3soM, QHAAUTUHECKAR (DYHKYUS oF ABAAETCA (PyHK-
yuetl TOYKU HQ €e PUMAHOBOL NOBEPXHOCTU:

F 1 A={a, [o(2)} > [ala) (6)

(a He dyHKuHEeH TOYKHM @ Ha IJIOCKOCTH).

Ha KOMIIeKCHO aHaJAMTHYECKOM MHOTOQOpPAa3HY, KaKUM SIBJSIETCH
pMMAaHOBAa IOBEPXHOCTb, MOXKHO BBECTH MHOHATHE TOJOMOP(MHOH
(GOyHKIHY, M TOTJA OKaXeTcs, 4TO aHaJuTHYeckas (YHKIHUS ToJ0-
Mop¢Ha Ha cBOeH puMaHOBOM mosepxHocTH (cM. § 9 u, II).

PuMaHOBLI NOBEPXHOCTH B 3JeMEHTApHOM CMBIC/E, PacCMOTPEH-
Hble B TpeABAyINEeM IIYHKTE, MOXKHO paccMaTpuBaTh KaK MOMAEaH
06X PUMAHOBLIX MOBepXHOCTEH. 3aMeTHM, YyTO B TeOpuH dyHKI#
paccMaTpUBAIOT U Apyrue Mogdesn. MOXKHO, HamlpuMep, OTnpas-
JSIThCSI HE OT MHOTO3HAYHBIX, @ OT OJHO3HAYHBIX QYHKIMI ¥ CTPOUTD
PHMAHOBB TOBEPXHOCTH TaK, 4YTOObl 3TH (QYHKUMM OBIIM Ha HUX
B3aMMHO GJHO3HAYHBIMH, — TOTJa (MHOTO3HauHble) oOpaTHBIE HYHK-
nuy GyayT (omHo3HauHO) oTtobpaikath IJIOCKHE 06JacTy Ha Io-
CTPOEHHBIE NOBEPXHOCTH,

[TocTpouM, HanpuMep, NOBEPXHOCTb, HA KOTOPOH B3aHMHO ORHO-
3HAYyHa NOKa3aTe/bHas QyHKNHA W=e% Mbl 3HaeM, UTO OHa mepeBo-
IUT B OIHY TOUKY TaKM€ M TOJbKO TaKHe TOYKH, PA3HOCTb MEXAY

1) Tlpu sTom noKas3aTenbcTBe Ml MOAb3yeMcd TeM, wio Ha N Beskas 06-
JIACTb SIBJISIETCST JIMHeHHO CBSISHBIM MHOXKECTBOM ([0KaXKHTe 3T0).
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KOTOPBIMH fIBJSIETCA LeAbIM KpaTHhIM 2mi (n. 12). [Tostomy mas Ha-
weld weJdH eCcTeCTBEHHO OTOXAECTBUTb TOukd a+2kmi, rne k=0,
+1, ...— Ipou3BOJbHOE LeJ0e YHCIO.

HUnuiMu caoBamu, nyctb G — COBOKYIHOCTb CABHTOB IJIOCKOCTH
C na BekTOpHI, Llesble KpaTHbie 2mi:

2 i

S: z->z+ 2kni k=0, =1,...). )

QOuepupno, uto G o6pasyer Tpynny (OTHOCHTENBHO KOMIIO3MIHH, T. €.
NOCJeNOBATEeNbHOTC BLINOMHEHHS] TNpeo0pa3oBaHuil), KoTopas siB-
Jsercs moArpynnoil rpynnsl A Bcex ApoOHO-MMHeNHBIX npeofpaso-
Baun#i (cMm. n. 8). Obosuauum uepes [alg KJacc 3KBUBANEHTHOCTH

ST S
ol Ue 7

Puc. 61.

Toukn a=C mo rpynne G, T. e. COBOKYIHOCTh BCex Touek S(a), rue
S = (G (uHaue roBopsi, COBOKYNHOCTL BCeX TOueK a+-2kmi, k=0,
+1, ...). COBOKYyNHOCTb TAKUX K/JI3CCOB IKBUBaJEHTHOCTH MBI 0060-
snauuM uepes C/G; 37eMeHTHI MOC/IeIHETO MHOXKECTBA MOXKHO pac-
CMaTpUBAThb KaK OTOXKIECTBJAeHHble TOUKH a-+2kmi (k=0, =1, ...).

Beenem rtemneps Ha MHOxectBe C/G tonosoruto. Oast 31010 mnog
OKPECTHOCTHIO TOYKH [a]¢ MBI yCJOBMMCS MOHUMATb COBOKYIHOCTh
Touek [2)g, rae 2& € — npcouaBosibHasA TOUKa M3 OKPECTHOCTH (B TO-
goasorun C) Kagoro-1nGo npejicTasuTedsi @ Kjiacca IKBUBAJEHTHO-
ctv [alg. Tarum oOpasoM, C/G npeBpauiaercst B TONOJOrHYECKOe
1pOCTPAHCTBO.

D10 NPOCTPAHCTBO MOXKHO NPEACTABUTb HaIVIAAHO CJAEAYIOUIUM
o6paszoM. Dyznem BwiGiparb npeicTaBuTeNell KJ1acCOB SKBUBAMEHTHO-
cTd [2]¢ Tak, uto6ul OHH Jexann B nosoce {0 < Imz<2n}. Hocra-
TOUHO MaJiasg OKPECTHOCTb TOUKH 2o, 145 Kotopoil 0<Imz;<2x, uso-
OpasuTcsl TOTAA KPYrOM C LEHTPOM B 2p, @ OKPECTHOCTb TOUKH 2,
nast  koropofi  Imz; =0, — cOBOXyNHOCTBIO  ABYX  TNOJYKPYrOB
(puc. 61). Ecan Mbl ckJIerMm W3 Haulelf MOMOCH UMJHHAD TaK, Kak
9TO NOKa3aHO Ha puc. 61, To OKpecTHOCTH Bcex ToudeK OyAyT ecre-
CTBEHHBIMH OKDECTHOCTSAMH Ha UMJUHAPE.

Takum oGpasom, paccmarpusaemoe npocrpanctBo /G ¢ BBe-
JIEHHOH B HeM TOIIOJNOrUel SBJSeTCA LHMJIHHAPOM B TPEXMEPHOM Npo-
CTpaHCTBe., IDTOT IMWJIHHAP MOMXHO pacCMATpUBaTh KaK pHMaHOBY
NOBEPXHOCTh NMOKa3aTeabHofl dyHKuMH (jorapudM B3aHMHO OJHO-
3HayHO oTo0paxaer Ha Hee NJockoCTb C ¢ BHIKOMOTHIM HauasoM
KCOpDJIHHAT), : : -

12*



180 AHAJIMTUUECKOE TMPOAOJKEHHE [TJL. 11T

Paccmorpum eule onid npuMep. B n. 41 mbl BBegeM MepoMopd-
HYI0 QYHKUHIO — IJIHATHYECKHI CHHYC @ =SN Z,— KOTOpas HMMeeT
IBa Mepuopa: ACHCTBHTRJBHBIN ®; U YACTO MHHMBIH [wg; B OPAMO-
yroapaHke {0 < Rez<w;, 0L Im2<ws} ouna onuoanctHa. Cheno-
BaTeJNbHO, AJS MOCTPOEHHS €e PHMAHOBOH MOBEPXHOCTH AOCTATOUHOC
OTOXKJECTBUTb TOUKH a-+Riw;+Fkoime, Tae By U ky— nesble uncaa.
HupiMu csioBaMu, Hago paccMorperb Tpynny 7 ABMHXKeHHH 2 — 2+
+ kw1 +ikywp u paccmoTpers npocrpatctso C/T, ToukaMu KOTOPOro
CAYXKAT KJACCH 3KBUBAJEHTHOCTH [a]r Touexk a=C no rpynme T.
Tono/orust B TOM NIPOCTPAHCTBe BBOAUTCSA, KAK B NPeABIAYIIEM IIpH-
Mepe: IOA OKPECTHOCTbIO TOYKM [alr TMOHHMAeETCsi COBOKYNHOCTH

Puc. 62,

KJaccOB 9KBHBaJeHTHOCTH [2]r, rae 2&C — npousBoabHas TouKa U3
okpecTHOocTH (B Tonosoruun ) Kakoro-amGo NpeicTaBuTesst Kjaacca
[alr. BBexeune sroil ronosoruu npespautaer C/T B oGHIUHBIH TOD
(puc. 62), KOTOpBHIH W MOXKHO paccMaTPHUBATL KaK PHMAHOBY IO-
BEPXHOCTh JJIHITHYECKOTO CHHYCA.

B 3akJ/10ueHHe 3TOH TJaBEl Mbl XOTHM ONHMCAaTb JAPYTYI0 Tpak-
TOBKY puMaHoBa Muoroo6pasust R. UHrober npuiltu K 310l Tpax-
TOBKE, 3aMETHM IPEXKAE BCETre, YTO B ONpeieseHrH Touek N kax map
{a, fo(2)}, rre o — dyHKuMA, rosoMopdHasz B HEKOTOPOH OKPECTHO-
ctu touku a & C, BoIOOpP TaKOH OKpecTHOCTH HecyilecTseH. Ilo-
5TOMy MOXHO CYHTATh, YTO TOuKaMu R cayxar poctxu f, anaau-
tuyeckux ¢yHxnull. COBOKYMHOCTb BCEX POCTKOB B AAHHOH TOUKe Q
ofpasyeT KOJbIO, KOTOPOe MpUHATO ©003HAauaTh cuMBodoM O,
Mruoxectso M, TakuM o6pas3oM, MOXKHO paccMaTPHBATh KaK IOJE-

MenTHoe (MM3BIOHKTHOE) oOBenuHenue kosen €, no Bcem a<= C:

f={ 6.

as=T

Ilanee, nHa MHO:xecTBe f BBeleHA TOMOJIOTHS NPH NOMOIILH
OKpecTHOCTEH, KOTOphle MOXKHO ONHCATh B TEPMHHAX POCTKOB CJe-
IyouluM o6pasoM: okpecTHocTs U pocTka f, cocToHT M3 Bcex poct-
koB fp, O/ KOTOpHIX b NpHUHAAAEXKUT HEKOTOpol oxpectHoctH U,
H cyumectByeT roxoMopdHas B U, QyHKumA [ Takas, 4TO SJIeMEHT
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(Uq, [) siBasiercs npepctaBureseM 060HX pocTkoB fq u fp. Kax mbl
BUJeJM, 3Ta Tonojorus npeppamaer N B xaycaoppoBo mpocTpan-
cTBO. B 3TOH TOMosoruu orobpaxkenue

p: R—>C,

KOTOpOe KaXKAOMy pOCTKYy [, CTaBUT B COOTBETCTBHE TOUKY @, SIB-
JSIeTCA IOKAJbHBIM TOMEOMOpP O U3 MOM,

[TpoctpanctBo R BMecre ¢ oroOGpakenHeM P Ha3bBIBAWOT nYy4-
KOM pOCTKO8 QHAAUTUYECKUX (yHKyull. DTO NOHATHE OTPAXKAET JO-
KaJbHBIH MOAXOJ K MOHSTHIO aHaJHTHYecKOi ¢yHxumu. OnHako oHo
IOoNycKaeT M I106anabHbiil noaxod. B caMoM gefe, pacCMOTpUM Lpo-

u3BoabHYI0 06sacts DcC u rosemepduyo B Hell ¢pymkuuio f. drta
GyHKIUS onpeneasieT otobpamenue [: D— I, xoropoe Kaxzaoii
TOouke Z&D CTaBUT B COOTBETCTBHE POCTOK f,, mOpOKIaemblil 3TOH
dbyuxnueil B Touke 2. Oro6paxeHue f, OUEBHJHO, HENPEPLIBHO B TO-
nogorud <N, & KOMNOSHIMS Pof ABJAseTCa TOXKJECTBEHHBIM B 006Ja-
ctu D otobpaxeHnueM.

Takoe oro6paxeHue [ HaswBaercs cederuem nyuka R wHang 06-
aacteio D. MHoxecTBO Beex ceuenudt i Han o6aacteio D obpasyer
KOJIbIO, NpHYeM anrefpanueckue ornepanudy B HeM COMJIacylOTCSl C
omepanusiMH HaJi pocTKaMu B J0060H Touke z&D.

Mgl orpanuumBaeMcs 3Zech 3TUM onucanueM. Oflee ompene-
JeHHe MNOHATHA NyuKa Oyaer NPUBENEHO BO BTCPOH YacTH KHHUTH
(cm. m. 34).

3AOAYHU

00
2"
N z
1. dokaxute, uro dynkuua f(2)= 2 o~ HeNpepLiBHA B 3aMKHYTOM eni-

[

n=0

HUYHOM Kpyre, HO Henpoao/zKaeMa aHajaHTHUECKH 34 ero npenedbl.
o

Qan

o rae {0t s} — MHOKECTBO BCEX PAIHOHATH-
n

Y

2. Paccmotpum psan 2‘
n_] 2—€

00

HbIX Touek oTpeska [0, 27), a a, — KOMIJEKCHEIE YUHCA, /15 KOTOPbiX Z [an] <o0.

n=1
Hoxaxunre, uto npu |zl<l u npu [2[>1 O .CXOAuTCH COOTBETCTBEHHO K TO-
aoMopdHbBIM GyHKuHAM fi ¥ [, KOTOpble HE ABASIOTCSt auAHTHYECKHM MPOJOJKeE-
HueM APYTr Apyra.

3. Jokaxute: ecan [ rosomopdna B enusnmuHom kpyre U u B Kaxnoil Touke
okpyxuocty OU, To ona rosomMopduo mpononkaerca B HekoTopuit Kpyr {lz|<<p},
rie p>1.

4. Tloctpoiite npumep ¢yukuuu f, ronomoppuoh B kpyre U={lz|<1}, nenpe-
puBnofi 8 U n Takoft, uto ona rosoMopdno npoaosxaerca o (YHKOUH, HMeo-
uefl cyllecTsesHyl0 OcoGeHHOCTb B Kako#-uGo Touke oxpyxHocTd {{z{=1}. (OT1~

1

BeT: f(z2) =(z—1)e ™ 1)
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5. Iyct, D — o6nacth ¢ raagkoil KOpAAHOBOH TpaHuUed Y; YKamHTe yC/0-
Bug ronomopbrofl nponosxkaemoctd B D dynxuun f, sazannofi ua y. [Ykazanue:
cp. ¢ 3azavedt 3 k ra. I1)

6. Tlycte D — npousBosabuas oGnacts, y = D — cnpsMasiemas kpusas, a | —
pyukunn, HempepniBiaa B D u ronomopdras B D \y. Hdoxkaxute, uto [ rojgo-
mopdHa B D.

7. s npoussonbhoro Muomectsa E < C MONOXKHTENBbHON MJIOCKOA MepHl MO~
crpoiite ¢ynrunwo [ == const, HenpepuiBuyio B C u romomopduyo B C\ E. [Vka-
3anue: cp. ¢ 3agauell 4 x 1. 11

8. Tlokaxure, uto sinz saBasercs (oAHO3HAuHOH) ¢yHKuMe# ot {==z(nt — 2).

9. Jlokaxure, uto dynxuns 2 (1 -—z)ﬁ, rae @ H B — nefCTBHTE/bHBIE YHC/Ia,
Jonyckaer Boigedenue rosomopuerx setefi B C\ [0, 1], ecau a+p — uence

YHCJI0.
1

. . 3
10. Hafizute BhiueTsl BeTBell QYHKUMH € 472 5 rouke z=1.

11. fsnserca au Gynkuns g(z) =[Ln(z—)1{(z), rae [— dysxuus us 3a-
naug 1, aHaJUTUYeCKOH B €IMHMUYHOM Kpyre?

12. Tlycte ydkums [ ronomopdua B HekoTopoi obaactu D; o6asama an
VF(z) nmers Touky BeTBjeHns B JioGoM nyae f? (OTser: HET.)

13. Tlycrs ¢yHKuma f rosoMopdHa U OTIMUHA OT HyJAs B OLHOCBA3HOH 0GJa-
cru D. Hoxaxute, 4To s moGoro uenoro n>0 Hafinercs rosomopduas s D
¢dyukuua g takas, yto gr=J Bciogy B D; npHBeanTe npuMep, U3 KOTOPOTO BHAHO,
4T YTBeprKjeHHe HEBEPHO JJfl MHOrOCcBf3HBIX 06sacTeld,

14. Omumure ocofhle TOYKH M PUMAHOBY MOBEPXHOCTb (PyHKUMH ©=Arctg 2,
o6patHoft k w=tgz [Ykasanue: HaiiuTe ee BHIpaxeHHe uepes jorapudm.]

15. [TocTpofite koHpoOpMHOE 0TOOpaXKeHHe Topa

x=(R+rcosp)cos®, y=(R+rcosPp)sing, z=rsinp

Ha OPAMOYIOJABHHK C OTOMAECTBJICHHLIMH HPOTHBONOJOMXHHIMH CTOpOHAMH 1),
[Vkazanue: zxmp(pep?pnunan nyru Ha Tope ds=V (R +rcos $)2dg? + redye;

dt —_—
MOAOKUB { =@, 1= m, nonyuuM ds = (R +r cos ) Vd§2 + dn? Tlo-

sromy (@, ¥)—>(E, m) AaeT Hy:XxHoe O0TOOpa)eHye.]

1} B caeayiowlefl rjaBe Mbp yBHAHM, 4TO TaKoOH NpPAMOYTOJBHHK MOXKHO KOH-
$OpMHO 0TOOPA3KTL HA [ABYJMCTHYIO NOBEPXHOCT Haj MJOCKOCThbIO (CM. 3ana-
yy 18 x ra IV), u TeM cambiM yGeiuMcs B TOM, 4YTO Top KOHGOPMHO SKBHBa-
JIeHTeH PHMAaHOBOl MOBEPXHOCTH B 3/1eMeHTapHOM CMuIcje,



TJTABA IV
OCHOBbI TEOMETPHYECKOH TEOPHH

DTa rAaBa BBOJAUT UHTATE/S B TeOMETPHUECKYIO TeOpHio PyHKLHIT
KOMIIJIGKCHOTO MepeMeHHoro. B Helt OyayT paccMOTpeHB OCHOBHbIE
BONPOCH TeopHH KOHGOPMHBIX OTOOpaXKeHHH, a TakK¥Ke TaK Ha3bl-
BaeMble TeOMeTpHYeCKUe MPHHIHUNBL, KOTOpBle KAacalorces JHilbL Cca-
MBIX OOLIHX, TONOJOTHYECKUX CBOHCTB roJloMOpQHEIX (DYHKIUIL

§ 10. F'eomerpuyeckue NPHHLKNLI

33. Mpunuun aprymenta. Ilycts dyuknus f ronomepdua B npo-
xos1oTol OkpecTHocTH {0< |2z — a|<r} touru a=C. Mu naszoBem
A02apupmudeckum eviderom GyHKIMH f B TOUKe a BhYer snorapud-
MHYecKOH IpOH3BORHOM

’ d
L&~ Lnf( ()

3TOH (YHKIUH B TOUKE 4.

KpoMe H30/HpOBAHHBIX OCOGBLIX TOYEK (OMHO3HAYHOrO Xapak-
tepa) (YHKOHUS [ MOXeT UMeTb OTJIHUHBIH OT HyJsi Jorapudmuye-
cKull BpiYeT B cBouX Hyasix. I[lycts @ & C — nyss nopsinka n Gyuk-
nuu f, ronoMmopdHOA B TOUKE @; TOrAa B HEKOTOPOH oKpectHocTH U,
umeeM [(2) = (z—a)"¢p(2), rae ¢ roamomMopdra B U, u He paBHa
ram nydawo. ITosromy B U,

() _nGz=a""'e@+=a"d k) __1  9E+E-0¢R)

f (@) (z—a)" 9 (2) z2—a 9 (2) ’
rie BTOpoil MHOXuTeab rojoMopden B U, u, caegoBatesbHo, pas-
aaraetcsi B Uy B psap Teiiyiopa, npuueM cBOOOJHBIN 4jieH 3TOro pas-
JOXEHUS! paBeH AN (3HAUEHNIO MHOXKHUTEJS mpH z=a). Takum obpa-
soMm, B U, umeem

! 1
I _ {n+c(z—a)+c(z—a)+ ...}=

f(2) z—a

==l 4t z—a)+ ..., 2)

Z2—a

OTKYZa BHAHO, YTO B HyJe TOpsAKa 7 JorapudMHUeCKasi IPOH3BO/~
Hast ro1oMOp(dHOA QYHKUUH UMeeT MOJIOC NEePBOTO MOPAAKa ¢ Bhlye-
“TOM n; s02apumudecKkul 6biveT 8 Hyase pasen nOPaoKY IT020 HYAR.
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1 .
Ecau a—nonoc QyHkuun f nopsiaka p, 1o F HMeer B STOH

TOUKe HYJIb NOpPAAKA p, @ TaK Kak
P _ _ 4 1

ICR G
TO ¢ yyeToM (2) mOMydYuM, 4TO B TIOJIOCE MOpsiiKa p Jorapupmuye-
cKas NpoH3BOAHAST (QYHKIHH HMeeT MOJIOC MEepPBOro Meopsiika € BhI-
YETOM —p: AQ2apumudecKkull sviver 8 nOACe paseH NOpAdKy
37020 NOAIOCA ¢ ODPATHOIM 3HAKOM.

CresnanHble 3aMedyaHdst NO3BOJSIOT JaTh METOJ MOACYeTa yucaa
uyjaedl u noarcos Mepomophubix ¢yuxkuuil. [Ipu noicuere Mbl npu-
MeM cJefyloulee COTJ alleHH e, KOTOporo 0yleM Bcerja Tpuaep-
JKUBATbCSL U B JAanbHedUieM: Ka¥cOotl HYasb U NOAIOC CHUTQAETCA
€T0A6K0 pas, Kakoe eeo nopadox. CupaBenaupa

Teopewma 1. [lycre cynkyus | meposoppual) & obaactu
D=C u GED —obracts, epanuya Kotopod 0G ABAAETCA Henpe-
polgrOL Kpusoii;, nycte ewje 0G He coOepacur Hu Hyaeld, HU NOAIO-
co6 f. B arux ycaosuax nycre N u P coorsercrsenno o6o3nauaror
obugee wucso nyaed u nosrocos f 8 obracru G, Toeda

NP [ L, @

278
oG

20e 0G — OpUeHTUPOBAHRAA 2PARUYUA.
4 Tak kak G& D, 10 f uMeeT B G ulllb KOHEUHOE YNCJO HYJeil
ai, ..., @ ¥ KOHEUHOE YHCJIO TMOJKCoB by, ... b, a Tak Kak 0C
4

He COJNEpPXKHUT HU HyJeH, HH IOJIOCOB, TO g=fT roJ10MOp(¢pHa B

okpecrHoctn 0G. Ilpumenss k sToll ¢yHKiMu Teopemy Koiin 0 Bbi-
yeTaX, HalneM

l m
1 r i BN 2
, %f, sz——)‘raesg—k res g. 4
v=1 "V v={ "V
Ho no coenanHoMy BBIle 3aMeUaHHIO
resg=n,, -resg=—np,, (5)
ay by .

Tie n, H P, -— COCTBETCTBEHHO NMOPSAOK HYyaAs a, W no.awoca b,; noa-
craBasit (5) B (4) ¥ yuuTbHIBag NPUHATOE CcOTJIAIEHHe [IOACYETA
HyJeH U TO0JIOCOB (no KoTopoMy N = > n, n P= > p\,), noJry-
yum (3)»

1) Hanomunm, uTo ¢ynxuusi f waseiBaeTcsa MepoMmoppHOll B obgacTu D, ecan
OHa rojomMopdHa BCIOAYy B ), 3a HCKJIOUEHHEM, GLITE MOXeT, HEKOTOPOro MHOXe-
-CTBA MOJIIOCOB.
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LlokasaHHON TeopeMe MOXHO NPHAATb reoMeTphueckyio hopMmy-
auposky. [peacrasum 0G nytem z=2(1), a < {-< B, 1 0o603HaUHM
’

uepes (D (f) nepBooGpasHylo (QYHKUUH J BAOJb 3TOTO MyTH; 1O
dopmyne Holotona — Jleiibuuna GyneM HUMeTb :

[Liz=0@)~0@. (6)
oG

Ho, oueBuauo, ®(¢) =Inf[z()], rne In ocGosHauaer a10GYI0 BETBb
JorapugMa, HenpepblBHO MeHswulyiocd Baoab nytd 0G. Tak Kax
Lnf=In |f|+i{Argf u ¢yukuusa In|f(2)| onHoswauna, T0 anas Bbl-
LeJIeHUs! ITOH BeTBH JOCTATOUHO BHIAEIUTD BETBb arg [, HEMpPepsIBHO
meHsiromyiocss Baoabp O0G. Tlpupawenue In|f| Bmoab samxuyrtoro.
ny1u G paBHO HYJIO, HOITOMY

D) — ®(a) =ifarg flz(B)] — arg [ [z (a)]}.

OGo3Hauasi MHOXKHTeJNb fIPM { B NpaBO¥ uacTH — mpHpalleHHe
BblIeJeHHOH BETBH apryMeHTa — uepe3 A,, argf, Mbl mepenuuiem

(6) B BUIE

f —ffi dz =ibsg argf.
oG

Taxum o6pa3oM, Teopeme | MOKHO NPUAATH CACAYIOHIHN BUL:

TeopeMma 2 (mpuHUHUN apryMeHnra). B yciosuax Tteo-
pemor 1 pasnocte mexmdy uucaom Hyaed N u wuucaom noarocos P
pyukyuu f e obaacru G pasna OeseHHOMY Ha 2; npupawjeHuro.
apeymenta 3104 Qyukyuu npu 06x00e OPUEHTUPOBAHHOE epattiybi
obaacru:

N—-P= %‘Aac arg f(2). (7).

OuennpaHo, npaBas uactTh (7) reoMeTPHUECKH NPEACTaBJAeT CO-
6Ol TOoAHOe YHCA0 060POTOB BOKPYT TOuKH @ =0, KOTophle caenaer
BekTOp W=/f(2), Korga z o6xoauT nytb 0G. OGo3Hauum uepes 0G*
o6pasz nyru O0G npu oroGpaxkenuu f, T. e. nyrb w=f[z({)],
a < t < B; Toraa 310 yHca0 OyAeT paBHO YHCIy 0GOpPOTOB BEKTOpa W
npu o6xofe nytu dG* (puc. 63). INocnennee HaswBalOT Uxdexcom.
nytd 0G* orHOCHTeqbHC TOYKH @ =0 W 00603HaUAIOT CHMBOJIOM
indg 0G*. Tenepp npHHUUHN apryMeHTa MCXKHO NPOUHTATH TaK:

N——P:—Q]E-ABG* argw=il’1doaG*. (8)‘

3ameuanue 1. Bmecro nynell @yHkumu f MoOXHO paccmar-
pHBaTh €€ a-TOYKH, T. € KOPHH YypaBHeHus [(2)=a; Aaa 3TOrQ
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JOCTaTOYHO 3aMEHHTb B HalMX paccyxieHusX [ dyHkuued f(z)—a.
Ecau 0CG He copepxuT a-ToueK (M NMO-IPEXHEMY MOJIOCOB) (YHK-
rud f, T0

1 v
Ne—P= 5 ( LG de =LA argli@)—a), (@)
rae N,—ofulee uyucsao a-Toqexf B ofnactu G. [lepexoas K NJIOCKOCTH
O N

7 *
@ 06

{(w)

Puc. 63.

w=f(2) ¥ BBOAs TMOHsITHE uHIeKca NyTH OG* OTHOCHTENbHO TOUKH
a, MOXHO nepenucatsh (9) B Buae

No=P =g Asgearg (w —a) =ind, 0G". (10)

SBameuaunne 2. Ilpasas wacte ¢opmyam (7) — OpupalleHHe aprymeHra
(DYHKUHN BOJb NYTH — HMEET CMBICA A/ IPOU3BOJILHLIX HENMPEPLIBHEIX (HYHKUMH f,
He DaBHEIX HYJIO BAOJb 3TOTO NMYTH (XOTH ee NepBOHAYa/JhHOE ONpejesieHHe C HH-
TerpajioM M CBf3aHO ¢ Opou3BojHoi [/, T. e, TpeGyer roloMopdroctd GyHKUHH).
Ara BejuuuHa, paBHast MHAeKcy obpasa myTu 0G*, nMeeT TONMOJOTHUUYECKHH
XapakTep: OHa HHBApHAHTHA OTHOCHTEJbHO TONOJOrHYeCKHX Mpeo6GpasoBaHHH Mio-
cKkoctelt z U . OxasblBaeTcsl, MOXKHO BBECTH M MHBAapPHAHTHLIE GTHOCHTENBHO TO-
NoJMOTHYeCKHX NpeoGpa3oBaHHi oOMpefesieHHst MOPAAKOB HyJefl M moJjiocoB (He
CBfA3aHHBle ¢ MPOM3BOAHEIMK HJIM PA3JOKeHWsiMu B psabl), TOrAa M MPHHIHD ap-
rymMeHTa MPUMeT TOMOJOTHUeCKHH XapakTep: oH Oyler cnpaBelnuB Ajs Bcex PyHK-
1uil, TOMOJOTHUECKH 3KBHBAJEHTHEIX MepOMOD(HEIM (T. €. DOJAYYAICILHXCH H3 0O-
cJeAHMX TOMOJOTHYECKHMH NpeoGpazoBaHUAMH NepeMeHHBIX). Uuratenau, HHTepe-’
cylouluecs STHMM BoNpOCaMM, MOryT HafTH uX NoAPOOHOE H3JOXKeHHe B KHHre
C. CrousnoBa «JIeKuuu no TOMOJIOTHYECKOH TeopHH aHaJHTHUECKHX (YHKOHHE», M.,

1964.

[lpuBeneM mpuMep NMPHMEHEHHs NPHUHUKMIA apryMeHTa:
Teopema 3 (Pywme). [lycro ¢ynryuu [ u g 20r0mopghre 8
samknytoll obaactu G ¢ HenpepwoigHol ezpanuyeld 0G, u nycte

If(2) | >1g(2)| 0aa scex z=0G. (11)

Toz0a ¢pynxkyuu [ u f+g umeror 8 G 00uHAKOB0E HUCAO HYyAed.
<« Ms (11) Bumno, uro f u f+¢ ne pasnul Hymo na 0G'), mo-
3TOMY- K HHUM IIpUMeHHM IIDHHIKO apryMenra. Tak kKak f#0 Ha 0G,

) B cavoM geue, Ifi>1gl> 0 u if+gl > Ifl —1g|>0 na 0G.
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TOo [+ g =f(1 + 5), C/JeOBATEJNbHO, Mbl HMEEeM NpPU HajsexauleM

f

BhIOOpe 3HAUeHUI apTyMeHTOB
Do arg (f+g) =g arg [ + Aag arg (1 + £). (12)

Ho Tak kak l%’<l Ha 0G, 1o npH A1060M uaMeHenHu 2=0G TOu-

Ka © = £ ne Buixonut 3 kpyra {|w|<1}. [Tostomy BekTop w=1+0

)

He MOJXKeT IOBepHyTbcA BOKPYr Ttouku w=0, u BTOpOe cuaraemoe
B (12) paBHO Hyao. Takum o6pasom,

A@G arg (f+g) =Aa@ arg f’\

OTKyZAa o NPHHUHMIY apTyMeHTa NOJyYaeM 3aK/IIOUeHHe TEOpeMbl »

.Teopema Pyme no/esxa npu nopcuere uucsaa HyJaedd rogomopo-
HolX (yHKuuMH. B yacTHOCTH, M3 Hee cOBCeEM NPOCTO TOJY4AETCH
OCHOBHOE CBOICTBO MHOTOUJIEHOB:

Teopema 4. Jlwbod mroeouren P, crenenu n umeer 8 C
POBHO n KopHell.

<« Taxk kaK P, umeer noqioc B 6eCKOHEYHOCTH, TO BCE €T0 KOPHU
Jdexat B HekotopoM kpyre {|z| <R}. Ilycrs P,=f+g, rue f=a4z"
(ap#0) v g=a;2" '+ ... +q,; yBeJuyuBas B CJayuae HajoOHOCTH
R, MOXHO cYHTaTh, 4yTO Ha OKpyxHOcTH {|z| =R} umeem |f|>|g|,
160 |f|=|ao|R", a g — mHOrouneHn creneHu He Bhime n-— 1. Ilo
TeopeMe Pywe P, umeer B kpyre {|2|<R} croabko xe Hy.Jei,
CKOJIBKO [=@o2™, T. . POBHO 1 »

34. Mpunuun coxpaHexHua olGJaactu. Taxk npasbiBaercs cJIeJi‘yio-
mast BaXxHas

Teopema 1. Ecau [ conomoppra 6 obaracru D u He pasua
TO0COECT8EHHO NOCTOAHHOU, TO U 06pa3 D*=f(D) raxme seisercs
064acTb10.

<4HyxHO JgokasaTp, uT0 MHOXecTBO D* CBSI3HO M OTKPHITO.
[lycth w3y M Wy — JBe Mpou3BOJbHble TOuKH D*; o6o3HauuMm uepes
.2y OAMH u3 npoobpas3oB wy; B D u COOTBETCTBEHHO Uepe3 2 OAUH W3
npooGpasoB Wy Tak Kak MHOXKecTBO D (JIMHEHHO)CBS3HO, TO Cyle-
cTByeT NyThb y: 2=2(1), {<[a, B], cBsi3mBatomuit B D TOUKH 2; U 2a.
B cuay nenpepuiBHocTn QyHKiuu [ o6pas y*: w=f[z(¢}], {=[a, B],
6ymer MyTeM, CBSI3BIBAIOIUM TOUKH W@y U Ws; OH, OUEBHJHO, COCTOUT
n3 touek D*. TaxkuM o6pasom, muoxecrso D* cBsa3HO.

[lycts wo— npounsBonbras Touka D* W 20— OZMH U3 ee HpoO-
o6pasos B D. Tak &kak D OTKpPHTO, TO CYUECTBYeT Kpyr
{lz— 2| < r} & D. Ymensmias B ciayuae HagoGHOCTH £, MOXKHO CUH-
Tath, uTo {|2—2|<r} He COHEPNKHUT APYIHX Wo-TOuEK, KPOME 2y
(Tak Kak f==const, To o TeopeMe eIHHCTBEHHOCTH . 2] ee W,-TOUKK
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usoaupoBanel B D). OGosHauuMm uepes y={lz — 2| =r} rpanuuy
3TOro Kpyra; nycThb eie

u=§neir;lf(z)—wo|. (1)

OueBunuo, u>0, n6o HempepbisHas Gyuxkuus f(z) — Wo AOCTUTaeT
Ha y CBOET0 MHHHMAJbHOTO N0 MOAYJIO 3HAyeHHdA, W ecau Obl OblIO
p=0, To Ha y cymecTBOBana 6bl Wo-TOYKA QYHKIMH [, BOMPEKH Ha-
meMy TOCTPOEHHIO Kpyra.

Tenepp Mbl goOKaxkeM, uto {|@w — wo| <p}=D*. B camom geue,
NycTb W; — NPOM3BOJIbHASI TOYKA 3TOrO Kpyra, T. €. |w;— w,| <p.
HMmeem

f(2) —wi=[(2) — wo+ (wo — @), (2)

npuueM Ha vy B cuay (1) |f(2) —wo|>>n. Taxk kak y Hac
[wo— @y | <u, 10 10 TeopeMe Pyure ¢pyuxuus f(2) — @y uMeer BHY-
TPH Y CTOJBKO e HYJeld, CKOJNIbKO HX uMeeT TaM QyHKuus f(2) —w,,
T. e. 0 KpafHeil Mepe OJAHH HYJb (TOuUKAa 2y MOXKET OBbITh KPATHBIM
Hynaem ¢yurund f(2) — wg). Hrax, ¢yuknus f BHyTPH Y NpUHUMaeT
3HaueHne wi, T. e. wyD* Ho w;—npoussoibHasg TOuKa Kpyra
{lw — wp| <p}, ciencsarenpHo, Bech 3TOT KPYr NpuHanaexut D*.
OtkprTocTh D* pokasaua P

SaMeuanue Kak Mbl BuIeJH, NOKa3aTelbcTBO CBSI3HOCTH MHOXecTBa D*
TpeOyeT Jullb HempepbIBHOCTH (YHKUUMKM [, NPH AOKA3aTelbCTBE OTKPBITOCTH HC-
NOABL30OBaHBl TeopeMa €JHHCTBEHHOCTH H TeopeMa Pyme, KOTOpDbIE YCTaHOBJIeHDI
BhiIle AJs roJoMopgHbx ¢yHkuuil. Jas nPoM3BONBHBIX HempepBIBHBIX (QyHKIuHA
yTBepxAeHHe 006 OTKPLITHOCTH  00pa3a HeBepHO, B ueM Y6exaaeT cjelyroliui
npumep. [lycrs f=x2+iy u D={|z|<1}; Torna D*=f(D) He sBasieTcst OTKPBITHIM
MHOMKecTBoM, u00 TOUKH BePTHKAJAbHOro AHaMerpa D (BHYTpPEHHHE TOUKH 3TOrO
Kpyra) nepexoisT B rpaHHuHble TOYKH D*.

MoskHo, ofHAKO, J0Ka3aTb, YTO NPUHLHN coxpadenus o6aacTH (Tak Ke Kak
TeopeMa €JUHCTBEHHOCTH H TeopeMa Pyme, Ha KOTOpre OH ormpaerca) HMeer
‘TONOJIOTHYECKHIT XapakTep, T. €. CIOPaBeAJHB A/aA BceX (YHKLHH, TOMNOAOrHYECKH
IKBHBAJIEHTHDIX I'OJIOMOpq}HbIM.

ARajoruuHOe, HO HECKOJbKO 60Jee BHHUMATeNbHOE PaccMOTpeHue
TPUBCAUT K PElIeHHIO 3a4aui O JoKaJbHOM oO6pauieduH ro-
Jgomopdubix Gynxkunil. 3agaua 9Ta CTAaBUTCS Tak.

Jlana ronomMopdHass B Touke 25 PyHKumsa w=Ff(z); tpebyerca
HalTH aHAJHTHYECKYIO B TOUKe Wo=[(2) ¢yHKIHIO Z=g(w) Ta-
KyIo, 4T0 g(Wp) =29 H [o g(W)=w B HEKOTOPOI OKPECTHOCTH W,.

Ilpn pellienun 3TOH 3amayy cJAeAyeT pas3iHyaTbh ABa cJydasi:

I. /(20) 0. Kak npu moKasaTteqbCcTBe NpHHOUNA COXpaHeHUH
o6aactu, BoiGepeM Kpyr {|2—=2o|<r}, He comepxawuil Apyrux
We-TOYEK, KPOMeE ieHTpa, U onpeneanm p>0 no dpopmyne (1).Ilycts
w;— Ja06as Touka kpyra {|@w-— w;|<p}; To Ke paccyxaenue (c
npuMeHenueM ¢opMyas (2) u Teopembi Pymie) rmoxaseiBaer, uTo
DyHkuus [ npuHuMaer B kpyre {|2 — 2| <r} 3HaueHUe w; CTOJBKO
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Xe pas, CKOJIbKO W, Ho 3HaueHue w, NPHHMMAaeTCH B ITOM Kpyre
JIMIb B TOYKE 2o M NPHTOM, B CHIY ycJa0BHSA [/ (20) %0, ognokpaTHO.

Takum o6pasom, QyHkuust f npuHuMaer B Kpyre {|z —2zo|<r}
Ji060e 3HaueHue u3 Kpyra {|w— wo|<p} ¥ NpPUTOM TONLKO OAMH
pas. UnoiMu cnoBaMu, @yrkyusn [ 210karbHO 00ROALCTHA 8 TOUKE Z.

B kpyre {|w—wo|<p} TeM cambiM onpenenexa QyHxuus
z=g(w), mas xotopo#l g(wg) =2p U f[og(w)=w. M3 ogronncrro-
ctH | caeayet, uro Aw=<0 npn Az=0, OTKyZIa, 04YeBHIHO, BHITEKAET
CyulecTBOBaHue B JIOGOH Touke Kpyra {|w — wo|<p} npeussopHoit

g (@) =77z 3)

T. €. TOJOMOPQHOCTH g B 3TOM Kpyrel),

II. f'(20) =...=f®P=D(2) =0, f® (25) 40 (p>2). Eute pas no-
BTODHM T€ e pAacCy:KAeHus, BbIGpaB Tenepn xpyr {|z—z,|<Lr}
Tak, uToGBl B HeM, KDOME [eHTpa, He OBIO HHU Wo-TOYeK f, HE HY-
Jiell npousBopHO# f° (MBI CHOBA TOJb3yeMca TeopeMO# €IMHCTBEH-
woctd). Kak u pasbule, BoibepeM u>0, Bo3bMeM JIOGYIO TOUKY @
us kpyra {|w — w,| <u} u ybGepumcst B TOM, uTO [ TpUHHMAaeT B
xpyre {|2 — 20| <r} sHaueHue w; CTOJBKO K& pas, CKOJIbKC @, K3
YCJOBHH paccMaTpUBaeMOoro c/ayuasl CJAeLyeT, uTo 3HaueHHe Wo NpHU-
HEMAeTCst P-KpPaTHO B TOUKe 2o, TaK Kak y Hac eme ['(2)+0 npu
0<|z— 2| <r, To moGoe 3HaueHue w;, 0<|w— wol<u, OpuHH-
maerca ¢yurumeidl f B kpyre {{2— 20| <r} B p pasauuHbix TOYKax.
Takum ofpasom, @urxyua [ Agaserca p-AuCTHOU 6 Kpyee
{lz—z| <1}

BoiscHUM aHaJUTHUYECKMH Xapakrep pelleHHs 3aauyd O JOoKajb-
HoM ofpaleHud B 3TOM ciydae. B HEKOTOPOH OKPecTHOCTH TOUYKH
2o UMeEeM

w =[(2) =w,+(z—2)" ¢(2), 4

rjie @ FOJIOMOpq)Ha U OTJHYHaA OT HYJ. OTCIOL[a cJaenyer, ure
1

V@ (2 =20 = (w — w,)7, 5)

p—
rne Vo oGo3navaer Kakyo-aM60 ToJoMOp(HYIO B paccMaTpuBae-
MO OKPEeCTHOCTH BeTBb KOPHsl. DTa BeTBb paanaraercs B pai Tef-
Jopa ¢ NEHTPOM Zp cO CBOOOIHBIM UJEHOM, OTJMYHBIM OT HYJd, CJe-

\p —_—
JoBareabro, aast Gyukimn P(2) = V¢ (2) (z — 2,) umeem P’ (20) #0.
TMonaras eme (w— wy)YP=@w, nepenumem (5) B Bule P(2)=o0 W,

1) Kak Bugso ns (3), sl CYLLIECTBOBAHUA NPOM3BOAHON £ HYXKHO elde, 4TO-
6bt 6o [ =0. B cuny senpepuiBiocTH f° u Toro, uto f’(2,) #0, MoXHO cun-
TaTh 9TO YCJAOBHe BHIIOJHEHHHM B Kpyre {|2 — 20|<r}, ymenbiiast r B cayuae Ha-
L0GHOCTH.
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HOJIb3YSiCh PACCMOTPEHHBIM BHIIE cJayuaeM [, HaligeM orciola 2
oo

KaK roJoMopdHYI0 GYHKIHIO OT 0 2= 2 d,0". 3aMenss B nociel-
0

HeM pa3/oxeHud 0= (@ — wg) /P, monyyuM pasnoxeHHe GYHKUHH,
obpamatomiefl f, B 0606LUEeHHbI CTENEHHON psi:

n
P

=g @)= D du@—w). ©)

W3 nero BHAHO, 4TO g SABJsIETCA anaJuTHYeckol QyHKuueld B Kpyre
{lw—wy|<p} u uTO Wy sAIBAsSIETCS /s Hee TOUKOH BeTBJEHHS IIO-
psiaka p {cM. . 30).

W3 npuBeReHHOro aHajusa, B YAaCTHOCTH, BHITEKAST

Teopema 2. ¥caosue ['(20)+0 ssasercas nHeobxoOummm u
GOCTATOUHbBIM YCAOBUEM AOKAALHOU OOHOAUCTHOCTU 20A0MOPPHOL
pynkyuu f 8 Touxe z,.

3ameyanue 1. JLocTaTOUHOCTb ITOTO YCJIOBHSI MOXKHO MOJY-
YHTh TAKXKe U3 OOleHd TeopeMbl AEHCTBUTEILHOTO aHa/AH3a O cylie-

. o(u, v) ¢ 9
CTBOBAHHH HESIBHBIX (QYHKUUH (aKobGuaH T ) =|f (2)* oro6pa-
wenus (x, y) — (4, v) OTJAHMYEH OT HYJs B paccMaTpuBaeMoil Tou-
ke). OjnHako JJ8 NPOH3BOJABHBIX JHPPEpPEHIHUPYEMBIX B CMBICJIE
JEeHCTBUTEBHOTO aHAaJHu3a 0TOGpaxKeHu# ycnosue 70(22—’;)2[ # 0 ue
’ 2
sIBJIsIeTCsT HEOOXOAHMBIM /51 OJHOMUCTHOCTH. DTO BHAHO H3 IpH-
Mepa orobpawxenus f=x3+4iy, ssKoGHAH KOTOPOTO paBeH HYJIO B
Touke z2=0 H KOTOpPOE TeM He MeHee OLHOJMCTHO.

3aMeuanue 2. YciaoBue JOKaJbHOH ofpHoguctHocTH [/ (2) 0
s Beex 2D He sABAsieTcst OOCTATOUHBIM AJs IoGaJbHOH OfHO-
JgucTHOCTH (yHKUHH BO Bceft obmactu D. DTo BHAHO, CKaxKeM, M3
npumepa OYHRIMHE f(2) =e?, KOTOpasl JOKaJbHO OJLHOJMCTHA B Ka-
kol Touke C, HO HeojHOJHMCTHA B JI0GOH 0oOsacTH, copepxkaiieh
XOTs1 OBl OOHY Mapy TOueK 2y W 2» TAKHX, UTO 24— 2=2Fkmi, rae
k=0 — nesoe uucIIO.

Mpbl H3J0XUJH Bbilile KaYeCTBEHHOE pelleHKHe 3aJauH O JIOKajb-
HOM oOpalllendd. B 3akjJloueHHe 3aMeTHM, 4TO METOHBl TEOpHH
aHaauTHYecKHx (QYHKUHUI MO3BOJAIOT AaTh H 3(Q(QexTHBHOE KOJHYe-
CTBeHHOe peurenHe 3TOH 3asayu. PaccMOTpHUM AJsi IPOCTOTH Cay-
yafi f/ (ZO) #:0 '

IoctponM, kak u Bee, kpyra {|2—2z < r} u {{w— wo| <p}
¥ npH J060M (HKCHPDOBAHHOM @ M3 BTOPOrO KPyra pacCMOTPHUM
byHKUHIO

g
h@Q)=Fo-w



§ 10 TEOMETPUUYECKHE TMPUHUMITB 191

Ogna rogoMopdHa B nepBOM Kpyre BCIOAY, 32 HCKJ/IOUEHHEM TOUKH
z=g(w), rae & — obpaulenue GYHKUMH [, IpHUEM BblueT A B 3TOH
TOUKe (moJtoce NepBoro nopsaxa) paseH 2. CJaenoBaresbHO, MO
Teopeme Komu 0 BBIueTax

el (@ g )

Tomi ) Q) -w
Y

rre y={|Z— 2| =7}.

MHTerpan B npaBofi 4acTH 3aBHUCHT OT @, U Mbl NOJYYMJIH HHTe-
rpajibHOe TNpefcrasienue obpautamoumei ¢yukunu g(w). W3 mero,
IelfCTBYS TaK K€, KaK [P MOJyueHHH TeHJOPOBCKOro passoXeHHus
u3 uHrerpasa Kolun, MOXKHO NOJyYUTh M pasjoKeHue & B CTeNeH-
Hoit psin. MmeeM

1 — 1 . 1 — i (w — wo)"
fO-w [@)-wo | w—w & [’
fO—w, "~

NpUYeM 3TO PasjoKeHHe CXOAMTCST PABHOMEPHO MO [ Ha OKPYKHO-
ctu y (y Hac |f(L) —wo|>>u Ha y, 2 |w— wo|<p). YMHOXKaZA 370

PasjOXKeHHe HAa ~o——== W MHTETPHPYs MOWIEHHO BJOb Y, HalileM

z=g(w)=n§0dn(w —-wo)n, (8)
rae
= [ _&@ad _
dn T omi f [F (@)~ wO]nH (ﬂ. 0, 1, .. .).

v

HMeeM, oueBHIHO, do=2Z29, @ NpPH 12> | MOXHO Npea6pasoBath
HOJNY4eHHOE BHIpaKeHHe WHTerpUpOBAaHUEM IO YaCTAM:

dp

_ 1 f dg
 2min ; (@) —we)*”

[MopuHTerpadnnas (QyHKUMST MMEET BHYTPH Yy NOJIOC A-TO II0-
pAiKa B TOUKE 2p; HAXOMASA ee BbiUeT MO H3BEeCTHOH popmyae (m.25),
HAaX0JUM OKOHUaTe/JbHOE Bhlpa)KeHHe Ko3(PuuueHToB:

n-1 n
dy =z, dy=— lim -2 (fz‘%), n=1,2... (9

nl sz, d2®71 (2) — w,

Pax (8) c kosaddunuentamu (9) naswiBaercsi psdom Bypmana —
Jaepanxa. Ero MOXKHO HCIOJBb30BaTh A4 3bdekTHBHOrO o6pare-
HHs TOJOMOPOHBIX (yHKIHH.
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Mpumep. Mycrs f(z) =2e72%; naiinem oGpailenve 3TOH QYHKUHH B TOuke
wo=0, cootBeTerByromell Zo="0. ITo ¢Gopmynan (9) noryuaem npu n>=1

dn=_.l,_ i dn—l ( 2 )n= (an)n—l ’
f(2)

m -
nl z50d2" P\ f(z nl

u pax bypmana — Jlarpanxa uMeer Buj

oo

z=g(w)=

n=1

n-1
ﬂ’g)!- ", (10)

MoxHo ykasaTb Takxke o6o6uienne psiia Bypmana — Jlarpanxa
Ha cayuafl ['(2) =...=[®"D(z) =0, f(®(20)s~0, p>>2, HO MBI Ha
9TOM HE OCTaHaBJIMBAEMCS.

35. Mpunuun makcumyma mopyas u aemma Wisapua. IMpunuun
MaKCUMyMa MOJZYJIl BBIDAXKaeTcss CJeAVIOUIEH TeopeMolk:

Teopema 1. Ecau pynxkyus f 2osomoppra e obractu D u
ee modyise |f| docrueaer (A0KAAbHO20) MAKCUMYMA 8 HEKOTOPOL
rouxe z0=D, 10 | nocroanna.

< Bocrosp3yeMcsi NOPHHUUNOM coOxpaHeHus obgaactd. Ecau
f+#const, To oHa npeoGpasyer 2, B TOUKY W, obaactu D*. Cyure-
cTByeT Kpyr {|w — wo| <pl=D* a B HeM naiizercs Touka @, Ta-
Kasl, uto |w;|>|wo|. 3HaueHne w; npuHuMaercs QyHKnueil f B He-
KOTOPOH OKPECTHOCTH TOUKH Zg, a4 9TO IPOTHBOPEYUT TOMY, uto |f|
JIOCTHTaeT MAaKCUMyMa B 3TOH Touke W

YuntbiBast cpofictBa (DYHKUMH, HENPEPHLIBHBIN Ha 3aMKHYTBIX
MHOXeCTBaX, NPHUHUHI MaKCHMyMa MOAYJAs MOXHO chOopMyJaHpO-
BATh €Ile U TakK:

Teopewma 2. Ecau pynkyus | eosomoppua 8 obracru D u
nHenpepvigua 6 D, 1o |fl Oocrueaer maxcumyma wa epanuye 0D.

« Eciu f=const (B D, a sHauut, B CuJy HenmpepuiBHOCTH U B I}),
TO yTBepXKaeHHe TpuBHaabHO. Ecau f+£const, 1o |f| He Moxer no-
CTUraTh MakCUMyMa B Toukax D, a Tak KakK TOT MaKeHMyM JOJKeH
JocTHraTthest B D, To OH AocTuraercs Ha oD »

AnanorudyHoe YTBePXKJEHHE MJs MHUHHMYMa MORYJIs, BooOLie
TOBOpSsi, HECIpaBelJHBO. DTO BHAHO M3 NpuMepa GyHKuud f(2) =2
B kpyre {|21<1} (Munumym {f| nocturaercs B Touke z2=0). On-
HaKoO clpaBeiauBa Takas

Teopema 3. Ecau ¢ynkyus | eoromoppra 8 obaractu D u
He obpaujaerca 8 Hyav 6 arol obaacrtu, 4o \f| moxcer doctuears
(a0xarbroeo) munumyma 8ryrpu D auwe 8 cayuae f=const.

s 1oKazaTenpcTBa AOCTATOUYHO NPUMEHHTH TeopeMy | K QpyHK-

UuHn g =—;, Koropas rojgomop¢pua B D, néo f+=0.

[Mosyuennbie pe3yJabTaThl MOKA3bIBAIOT, YTO NOBEPXHOCTL MOAYJS
rosomMopdHOH GYHKINY, T. €. TOBEPXHOCTb B NPOCTpaHCTBE (X, Y, p)
¢ ypasHeHneM p=|f(2)| (cM. n. 5), HMeeT HEKOTOpPBIE CTPYKTYpHBIE
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ocoGennoctu. MIMeHHO, oHa He MoOXKeT MMeThb JOKAJbHBIX MaKCHMY-
MOB M JIOKaJbHBIX MHHUMYMOB, ©CJH IOC/JEJHHe HE HaXonATcs Ha
yposae p=0 (ToukM a u b Ha puc. 64). Kacateapnas niockoctb
K 3TOfl MOBEPXHOCTH TOPU3OHTAJNbHA B TeX H TOJBKO TEX TOUKaX,

917l olit
rae obpallalTcss B HYJb of6e NPOU3BOJHBIE —ox 4 gy WM—
5} 5
YTO TO Xe caMoe — obe TPON3BOAHBIE —a—g—l n alz.fl (cTanunonap-

ubte Touky). [Ipocrofi nopcuer nokaseieaer, uto!)
olfl _ 1 AN A
9z _Wf/(Z)’ EE *'Q_H‘Tf (2)! (1)

OTKY/a BHIHO, YTO CTAlHOHaPHBIMH TOYKAMHU QYHKIUM f MOryT GbITh
aubo ee Hyau (MUHUMYMBl |[| Ha ypoBHe p=0, Taxkue, Kak Touka ¢
Ha puc. 64), aubo HyJH ee IIpo-
u3BoaHOi [’ (TOUKM mepeBasa pelfte)
NOBEPXHOCTH MONYJs, Takue,
Kak Touka d Ha puc. 64).

[MpuHNMO MakcUMyMa MOAY-
Jsi MMEeT BaXKHble NPUMeHeHHd
B Teopunu (QyHkuui. Hanpumep,
IpH IOMOIIM 3TOTO NPHHOMOA
JIETKO OOBSCHHTb, MOYEMY Teope-
ma Pymre (n. 22) necnpasen-
JUBa JAJsi MHOTOCBSI3HBIX 006.1a-
crefi. B camoM nese, B weomgHoO-
cBsA3HOH o6Jaactu D cymecrsyer 7/,
3aMKHyTas JKOpJAaHOBa KpuBas
Y, BHYTPH KOTOpPOH ecTh XOTH
6bl Of1Ha TOuKa 2p ek D. Ecan He- Puc. 64.
KoTopasg (YHKIUs OpubJaukaer-
cs1 MOIMHOMaMM paBHOMEpPHO Ha JoGoMm koMmmakre K €D, to cyuie-
CTBYeT MOCJeAOBATENbHOCTh NOJHHOMOB P,, pPaBHOMEPHO CXOjiA-
wasica kK f Ha y. [lo gpurepuro Komu nas jw6oro >0 malfizercs
HoMep N Takoii, 4to Aas Bcex m, n > N B /M00OH Touke zEy

|Pm(2) — Po(2) | <e.
[Mo npunHuuny mMakcuMyMa MOAYJS 9TH HEPABEHCTBA CNPaBENJIHBbI

B BO Bcex ToukKax ofaactu (, orpaHM4YeHHOH KDHBOH vy, a oTCi0j]a
10 TOMY e KPHTepHIO NOCAeNOBAaTENbHOCTbIO P, CXONHTCH PaBHO-

1) ®opmyast (1) noayuawTes (opMmasibHbiv AHQQepeHIHPOBaHHeM NO 2 U 2
oyukuuu |f| =V ff; sakonsocts atoro ciaenyer u3 OUEBHAHHIX GOPMYJ

am_ Uty + vvy AN _uiy+oyy
ox — Ift ' oy \FH

13 B. B, lHaGat
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mepuo B G. Ilo teopeme Befiepiurpacca (n. 22), lim P, saBasercs
>

n->oo
$yukunei, rosoMopduoii B G. Ho B Toukax GD stor npenesr coB-
nmajgaer ¢ f, clegoBaresbHO, [ rodomopepuo npogoskaerca B.G u,
B YacTHOCTH, B TOUKY 2Zp. Tak kxak He Jo6ad Qynkuusa us H(D)

z
TO ¥ He Bce (yHkuuu us H (D) MoxHO paBHOMepHO NpuOJH3UTHL
NOJHHOMAaMH, BONpeKd TOMY, YTO yrBepxjaaer teopema Pymre.
[IpocThIM cleicTBHEM NPHHUMEA MaKCUMyMa MOLYJs SBJSETCSH
TaKXKe
Jlemma WBapua. Hycre ¢ynxyus [ eoromoppra 8 rpyee

- 1
ofnajaer 9THM CBOHcTBOM (Hanpumep, ——— HM He obaajnaer),
— <0

U={|z| <1}, no modyao ne npegocxodur ram 1 (1. e. |f(2) |1
J—— oan scex z=U) u f(0)=0. To-

N 20a das cex z=U
If(z) 1< =], (2)

7 npuwem ecau pasencrgo 0ocCTu-
eaerca xoTs 8 00HOL Touke 250,

TO OHO cnpagedaugo écrody 6 U,

u 8 arom cayuae [(z)=ei%,
Puc. 65 20e o — OelicT8UTEeAbHASL NOCTO-

AHHAA.
¥4

<« PaccmorpuM ¢yHKknmo ¢(2) ==f—(22-; B cuay ycaosus f(0)=0
ona roaomoppra B U. Paccmorpum mnpousBoabsuifi xkpyr U,=

={|z|<r}, r<l1j no teopeme 2 byHKuUS |@| DOCTUraeT MakCUMyMa
Ha ero rpauuue y,={|z| =r}. Ho Ha y, umMeem Icplgé, 6o mo yc-

Jgosuio |f|< 1, nostomy Beroay B U, ‘
1
le(@Is—- 3)

PyKcHpyeM 2 H ycTpeMHM r K l; B mpenene u3 HepaBeHcTBa (3)
nonyunM, uto |@(2) <1, 1. e. uro |f(2)|<|2| ana Bcex zeU,.
Tak kak n106y10 Touky 2 U MOXHO NOTPy3uTb B HEKOTOPHIH Kpyr
U,, r<1, To HepaBeHcTBO (2) A0Ka3aHO. :

Ecnn B Kako#i-nubo touke Zo=U B (2) nmMeer MecTo 3HAaK pa-
BEHCTBa, TO |@| mocturaer B Hell MaKCHMMAJbHOIO 3HaueHUs, pas-
Horo 1. Toraa ¢ siBaseTcs NOCTOSIHHOH, MOAYJb KOTOPOH, OUEBHIHO,
paBeH 1, T. e. g(2) =¢i® u f(2) =eivz. »

Hs gemmus UlBapua cnenyer, uto npH KOHPOPMHOM oTOGpaxe-
uuu [ xpyra {|z| <1} B kpyr {|w| <1}, nepeBoisiuIeM HEHTDP B LEHTP,
o6pas 060k okpyxuoctu {|2|=r} nexur BHyTpPH Kkpyra {|w|<r}
(puc. 65). Ipu atom oGpas {|z|=r} Moxer uMeTb obLIME TOYKH €
{|w|=r} auup B TOM cayuae, Koraa f cBOAUTCA K BPAlIEHHIO BOKPYT
Toukn z2=0, .

¢
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§ 11. Teopema Pumana ’

Jio6as ronomopdHas u oaHOnHCTHAsA B o6Gnactu D dynkuus [
ocyllecTBiseT KoH(OpMHOe oTOOparkeHue »TOH oGaactd, ubo Mo
IOKAa3aHHOMY B . 34 M3 OZHOJNHCTHOCTH cjieayer, uto ['s=0 uu B
onHo#t touke D. OtoGpazkeHus, ocyllecTBiseMble JaHHBIMH (YHK-
UMM, Mbl HEOJAHOKPATHO paccMaTpHBajdM Bhille, 31ech Mbl pac-
cMOTpUM GoJlee TPYAHYI0 H 60Jiee BaXKHYIO Il MPAKTHYECKHX 1{e-
Jgeit o6paTHylO 3agauy:

Hanot dge obractu Dy u Dy u Tpebyerca Hatitu (00HOAUCTHOE)
KoHpopmHoe orobpasicenue f: Dy — Dy 00HOI u3 Hux Ha dpyeyro.

36. KondgopmHble u3oMoppH3Mbl H aBroMopduambel. Onpeae-
aenue Koudopmuoe orobpaxenue f o6aactu Dy na Dy 6ynem uHa-
3bIBATh elle (KOHMOpMHbIM) usomopduamom, a o6jacTH, AOMYCKAIO-
uiue Takoe oroGpaKeHue, — usomoppuoimu. VzoMoppuam obiacru
Ha ce6s1 HasbiBaercs (KOHMOPMHBIM) ABTOMODPPUIMOM.

Kondopmuble H30MOPPU3MBI HA3bIBAIOT TaK:Ke TOJOMOP(PHLIMU
H30MOpOhHU3MAMU WJIH, KOPOUE, 20A0MOPPUIMAMNU.

Jlerko BHAeTh, YTO COBOKYIHOCTH aBToMopdusmos ¢: D—D
npou3BoabHO#A o6Gnactu D ob6pasyer rpynmy, Kotopas HashlBaercs
epynnoli asTomoppusmos stoii obaactu u obozHauaercs CHMBOJOM
A (D). B kadectBe TpYMIOBOH onepayudd NPHHUMAETC KOMIMO3HIHS
gzo @1 (1. e. aBTOMOpDuU3M ¢ [1(2)]), eauHHUed cAYXKHT TOKAE-
CTBEHHOE OTOOpaKeHHe e: 2 —> 2, a OOPATHHM K ¢ 3JeMeHTOM — 00-
paTtHoe K w=¢(2) orobpakeHue z=¢~ ! (w).

Borarcteo rpynns aBroMop®u3MOB 00JacTH MO3BOJAET CYAHTH
o GorarctBe KOHGOPMHEIX OTOOGpasKeHH#t Ha Hee Jpyroii o6JacTu.
3T0 MOKa3bIBaeT

Teopewma 1. Ecau for Dy — Dy— kakoii-aub0 urcuposartstii
U30MOPGPU3M, TO COBOKYNHOCTb 8cex usomopdusmos Dy na D, daer-
csi hopmyaoti

f=q)°f0i (1)

20e @9=A(D:) — npouseonsrsili astomoppuam obaacru Ds.

< Kakos 6wmt HH Gri1 aBTOMOpusM ¢ = A(Dy), KoMno3zulus’
@ofy Oyrer, oueBMJAHO, KOH(DOPMHBEIM oOtobpakeHneM D; Ha D,
C npyro#i cTopoHHl, nycts f: Dy — Dy — NPOU3BO/IBHBIH H30MOD (HH3M;
TOTAA q)=fof0_l 6yner xoHPOpMHBIM ortoGpaxenueM D Ha cebs,
T. e. aBToMopdusm Dy, a u3 sroit popmyant caenyer (1) P .

BaMmeuanue. Jlio6oe koudopmHOe oTOOpakenue [ o6aactu D
na D* ycranasnusaer usoMopdusm F: A(D) — A(D*) rpynn aero-
MopduaMor sTux obdacreli. Dtor H3OMOpPH3IM yCTAaHABIMBAETCS
no gopmyJe

F: 9—=foqefl (2)
13*
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B camoMm gene, gas Jawboro g=A(D) orobpaxenve ¢*=
=foq@of!, oueBunHo, aBAserca aBromopdusmom D¥*, 1. e¢. npuHan-
aexut A(D*). C npyroil cropoHsl, aas jwo6oro ¢g*eA (D*) otobpa-
xeHue flog*of=p=A (D), 1.e. F B3auMHO OJHO3HAYHO mpeobpa-
syetr A(D) na A(D*). Kpome Toro,

* ok -1 -1 ~1

(Ploq)g=<f°q)1°f )o(foq)2of )=f°(q)1°q)2)°f '
T. e. F: @ o@,—>@]o¢, CcOXpaHseT TPYNNOBYIO ONEpPauHi0 H, Ta-
KuM 00pasoM, dB/asgeTcs H30MOPPUIMOM pACCMATPUBAEMBIX TPYIIL.
D10 3aMeuanue ONpaBALIBAeT NPHUHATOE BHIIE ONpPeleJeHHE.

B nanbHeflimeM MBI OTPaHHYHMCH PAcCMOTpPeHHEM O HOCB 4 3-
HBlX oOnacreli D. BoigeauM TpH u3 HHX, KOTOpble GyaeM Ha3hBaTh

KQHOHU4EeCKUMY: 5T0 3aMKHyTas mjiockocTh C, oTkpeiTas TMIO-
ckocts C u emuununmpii kpyr U={|z|<1}. B n. 10 Mbl BHIYHCAHJH
rpynnel ApoOHO-THHEHHBIX aBTOMOP(HHU3MOB 3THX obaactell. OnHAKO
copaBelHBA

Teopema 2. Beakuil KOHGPOPMHBLL a8TOMOPDUIM KAHOHUYE-
ckoll obaactu AgAseTcs ee OpOBHO-AUHELHbBIM A8TOMOPPUIMOM.

<« [lycTh ¢— Npou3BoJbHLEIH aBroMopdusM C; cyliecTByer eauH-
ctBeHHast touka 2o=C, coorsercTByIONIasn GeckoHeuHol TOuke, MO-
aToMy OVHKUHA @(2) roaomopdua Bcroay B C, KpoMe TOUKH 2o,
rjie OHa UMeeT moMac. B okpecTHOCTH momoca nopagka 1 2> 2 pyHk-
{51 HEOJHOJHCTHA, CJAeAOBaTeNbHO, (¢ UMEET B 2y MOJIOC [EepBOro
nopaaka. Ilo tTeopeme 2 m. 24 u Teopeme JluyBuaas 3akaiouaem,
4TO @ MMeer BHA ¢(2) = %—%B npu 2ZpFoco unu ¢(z)=Az+B
npu zo=oo (A u B — nocrosiHuele) H, TAKUM 0Opa3oM, ¢ siBJSETCS
apobuo-aunennoll pynxuueir. Caydait orkphitoil njiockoctn C pac-
CMAaTPHBAETCS aHAJOrHYHO.

[ycTh @ — Npou3BOJLHLI aBTOMOp)HU3M eauHHuHOrOo Kpyra U,
o6osHauum @{0) =w, U mMOCTpouUM IAPOOHO-JIHHEHAHBH aBTOMOP(HUIM

W — Wy

A w— -
1 —@w

kpyra U, nmepesoasiiuil Touky w, B 0. KoMnosuuus f=»A-¢ Takke
asasercs astomoppusmom U, npuuem f(0)=0. Tak kak, Kpome
toro, |f(2) | <! nna Bcex zeU, 10 Kk dyHKUMH [ NpUMeHHMA JeMMa
IBapua u3 mpeAblAyIIero MyHKTa, HO KOTOPOH

1f(2) 1<|2] nns Beex zeU.
Ho u o6parHoe ortobpaeHune z=/["'(w) ypoBIETBOPSET YCJ]O-

BHAM TOH e JeMMbl, ciaenosarenbho, |f'(w)i<lw| mas Bcex
weU, otkyaa, nojaras w={(z), HaXoauM, 4To

2| <|f(2)} maa Beex z=U.
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Takum o6pasoM, umeeM |f(z)|=|2z| ana Bcex z&U u no nemme
lllpapua 3akaouaeM, urto f[(2)=ei®z. Ho rtorma g¢=Alof=
=)\"1(ei%z) saBasfercs ApPOGHO-JIUHENHBIM OTOOpaXKeHUeM W

YuureiBass pesyabrarel 0. 10, MBI mojaydaeM mojHoe OMHCaHHe
Beex (KOH(OPMHBIX) aBTOMOP(PH3MOB KaHOHHUECKUX OGJacreil.

(I) 3amkuyras miaockocts C:

az+b
=Z5,  ad—be#0, (3)

(I1) Orxpuiras nnockoers C:
w=az+b, az*=0. 4)
(IIT1) Egwuuuuniéi kpyr U:

w=e“‘12 2 lal<1, o =R (5)
—az

OcranoBuMcst nonpobHee Ha aBroMopouamax xpyra. Kak
BUAHO H3 (opMmyast (D), OHM 3aBHCAT OT TPeX [AEHCTBUTENbHBIX
mapaMerpoB: JABYX KOOPAMHAT TOUKH @ ¥ uHcna a. Ilokaxew, urto,
noaGupass 3TH MapaMeTphbl, MOJKHO HAHTH ONHH H TOJNBKO OJMH aB-
ToMoppusM ASA(U), YAOBIEeTBOPAIOHIUH YCJOBHAM HOPMHUDOBKH

Ma)="b, arg ¥ (a)=aqa, (6)

rie a, beU — npousBonbHble 3ajaHHbie TOUKH U aeR — npons-
BOJIbHOE YHCJIO.

B caMom gesie, mOCTPOMM aBTOMOP(H3IMEL W: z—elt % 7§

v Z2—> 12:;’2; torga aBTOMOpH3M A =vlop, omperenseMuil u3
ypaBHerus v(w)=p(2), T. e.

w-—b =ei“-ﬂ—, )

1—bw 1—adz

Gyner ymosaerBopsth yciosusaMm (6). Ilyere MeA(U) —ewe xa-
Koli-1u60 aproMop@u3M, yIOBJAETBOPSOUINN TeM XKe ycaoBuaM. To-
raa aBroMopduaM f=voiiopu ! Gyrer, OUECBHIHO, YIOBJIETBOPATH
yeaosusam [(0) =0, argf'(0) =0, orkyna mo aemme Illsapua (xak
1 Ipu [0Ka3are]bCTBE TEOPeMBl 2) 3akJiuaeM, uro f(w)=w, T. €.
yro [=e—ToxaectBeHHoe orobGpaxcenne. Takum obpasowm,
vohrioul=e, oTKyna M=vtop=Aa.

Ilo chenaHHOMY BHIIE 3aMEUaHHIO Tpynna asToMopusMoB
A (D) awb6oit o6nactu D, usomopdHoit eauanunoMy kpyry U, uso-
Moptua rpynne A(U), T. e. ToXKe 3aBHCUT OT TPeX AEHCTBHTE/bHBIX
napamerpoB. YuuTeiBasg TteopeMy |, MOXKHO OXHAaTb, 4TO H H30-
Mopduambl- 1ByX o6sacreil, usomoppHrx U, Takxke 06pasyioT Tpex-
flapaMerpuueckoe cemeiicrso. M B camoM [nene, cnpaseiHBa
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Teopema 3. Ecau obaacru Dy u Dy uzomopghprst eduruunomy
Kpyay, TO COBOKYNHOCTb KOH(POopmuuix orobpascerud Dy Ha Dy 3a6u-
cut or Tpex OelicTeuresbrbix napamerpos. B wacrnoctu, cyugectayer
00HO u TOAbKO 00HO oTobpascerue f[: Dy— D, HOpmuposarHoe
YCcA08UAMU )

- [(z0) =wqo, arg[’ (2)=6, (8)

2de zo=Dy u we=D,— npouszsoarvro 3adanHbie TOuKU U =R —
npoU3B0OAbLHOE HUCAO.
< Ilyers fi: Dy—U u fy: Dy~ U — goupopMHbIe oTOGpaxe-
HHsl, YCTAHABAWBAWILIHE H30MOPGHU3M JanHBIX o6nacredl eXHHNY-
Homy kpyry. Toraa 1
fo=T1, o f,

Oyner, oueBUIHO, KOH(POPMHEIM ortoGpaxkenneM Dy na D,. Ilo Teo-
peMe | COBOKYNHOCTh BCeX TaKux oToOpaskeHu# 3agaerca dopMmy-
Aol f=@ofo, rae ¢ — npousBoAbLHBIE aBTOMOpu3M oGnactu Ds.
Ho, kak mul Bujgenn, A(Dz) 3aBHCHUT OT Tpex AeHCTBUTENLHBIX Mapa-
MeTpoB. [lepBoe yTBep:KIEHHe TEOpEeMH JO0Ka3aHo.

Iyers [ (z)=a, argfi(2)=0, u [,(w))=0b, argf(wy)=8,;
noctpouM mo gopMyse (7) aBromopdusM A eLHHHYHOrO Kpyra, HOP-
MHPOBAHHBEIH YCJIOBUAMH

A(a) =b, arg?»’(a)=oc=9+92—61.

f=Fy ohel,

apasercd uaoMophuaMom D HA D, u YAOBJAETROpAET yCa0BUAM (8).
B camom neJe, f(z0)=f;lok(a)=f;’ (b)=w, n argf(z) =
= —arg fy(wg) + arg A (a) + arg f, ()= —0,+e+0, = 6. Cyme-
CTBOBAHHE HOPMHPOBAHHOTO H3oMOpdu3Ma JOKa3aHo.

Ilycts cymecrsyer euge usoMopousm g: Dy— D, HOpMHUpOBaH-
HBIH TeMH e yciaoBHsAMH. Torna @=[og~! 6yner asroMopdusMom
D,, HOpPMHDOBaHHHIM YCJOBUSAMH @(wo) =w,, arge’ (wy)=0, a
7»=f20(p°f;1— aBToMOp®H3MOM U, HOPMHPOBAHHBIM YCJOBHAMHU
A(b) =b, arg A’(b) =0. Ilo noka3aHHOMY BHIIE A=¢€ (TOXKIECTBEH-
Hoe oqrobpakeHue), CJeNOBATeNbHO, H cp=f;1 oA of,=e. Takum
o6pasoM, fog-l=eu f=g »

Jlerko Bujerh, YTO pasJjIMuHEE KAaHOHHYECKHe 00acTH He H30-
MopdHbl Apyr apyry. B caMmoM nese, saMkHyTas rockocTs (cde-
pa) C naxe e romeomopdpua C u U, a cienosareinto, ee, Heb3st
¥ KOHQOpMHO oToOpasuth Ha 3Tu o6aactu. O6nactn C u U romeo-
Mop®HHE, HO KOHPOPMHOro oTobpakeHHs, cKaxeM ‘C Ha U, He cy-

Toraa



§ 11 TEOPEMA PUMAHA 199

utecTByeT, #60 TaKkOe 0TOGparKeHHe JOJIKHO OCYLIECTBJATHCS 11€J10H
dyukumeit f, naa koropoil Bcioay |f(z2)| <1, a Torma mo Teopeme
Jlnysuans f=const.

O6aacTh, rpaHHna KOTOPOH — NYCTOE MHOMKECTBO, COBMajgaer ¢
C. OGnacty, rpaHUIBl KOTOPBIX COCTOAT M3 OJTHOH TOYKH, NPEACTAB-
asor coboit maockoeth C ¢ BHIGPOUICHHOH TOUKOH H, OUEBHIHO,
KOH(pOPMHO (naxe ApoGHO-nuHelHO) wu3omopuel C. OcHoBHOM
pesyabTaT 3TOro naparpaa — teopeMa PumaHa coCTOHT B TOM,
uto Jawo0asi ofHOCBA3HAA ob6aacts D, rpaHHIla KOTOPOH COAEPKHT
foJiee ONHON TOUKH (H, CJe0BATENbHO, 6ECKOHEUHO MHOr0 TOUYEK,
u6bo oHa CcBf3ga), H3oMopdHA efuHHUHOMY Kpyry U.

Hns poxasatesibcTBa 3TOH TeOpEMBl HaM HYMKHO Pas3BHTb HEKO-
TOPBIH annapar, NoJe3Hbld ¥ B JPYTHX BOMNpPOCAX TEOPHH (DYHKLHE.

37. Mpunuun xomnaktHoctu. Onpegenenne |. CemeiicTBO
$yurunit {f}, 3azaunmix B HekoTopo# obaactu D, HaspiBaercs pas-
HOMepHO o2paruxennbvim erHyTpu D, ecau Ans jaoGoro MHOKeCTBA
K & D cywectsyer nocrostnas M=M(K) takas, uro

IF(z) <M (1

nasa sBeex zK u Beex fe{f}.

Teopema 1. Ecau cemeiicreo ¢pynxyui {f}, coromopgproix 8
obaacru D, pasHomepro oepanuueno sHyrpu D, TO u cemeiicrso
npou3goorsLx {f’} TAKICe PABHOMEPHO OepaHu4ero sHyTtpu D.

< Iycrs U {lz—-—zol<r}——npon3Boanmﬁ kpyr, U&€ D; no-
crpouM kpyr V={|z—z(<r'}, r'>r, rakoii, uto u V& D. Tlo
dopmyne Kowin a/a npousBoAHbIX B JMI0G0H Touke 2V uMeeM s
moboit f{f}

F(2)= 2;,. ({B 3 @

llycts teneps 2U, torna pis Beex {0V umeeM ]g—zl Zr —r
Y, NOb3YACh PABHOMEPHOH OTpaHHUEHHOCTBIO cemeiicTBa {f}, moay-
gaeMm u3 (2)

| @) <7 M (V) = M, (U).

Joxkaszana paBHoMepHasi orpaHuuenHocts {f’} B kpyrax U& D. -
Jhio6oe MHOXKecTBO K &€ D MOKHO NOKPHITH KPYraMu, KOMIAKTHO
npuHajsexawumMu D. Tlo teopeme Xevme—-Bopenﬂ H3 3TOro Io-

KPBITHSI MOXHO BBIGPATh KOHEUHOE {Uv}val. Torga, ecnu 0603HAYHTH
M (K) =max M, (U,), 1o nas Bcex z&K u Bcex f<{f} Gynem umern
y

I (2) | < My (K)»
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Onpenenenue 2. CemeiictBo Pynkuuit {f}, 3agannnix B He-
KoTOpoi#t obaactd D, Ha3LIBAGTCST PABHOCTENEHHO HENnPepbleHoIM 8HY-
tpu D, ecan aas aw6oro £>0 u mwoboro MHoxkectsa K € D wuai-
nerca §=40 (g, K) >0 rakoe, uto

IF(2') —[(2") | <e 3)

I1a Beex 2/, 2"=K rakux, uto {2’ —2”| <8, u Bcex f={f}.
Teopema 2. Ecau cemedicrgo pyuryuil {f}, coromopdroix 8
obaactu D, pasHomepro oeparuveno euwytpu D, To oHO u pasgro-
CTENEHHO HenpepblgHO SHYTpU D.
< [lycte K& D; o6o3Hauum uepe3 2p paccrosiHHe MeKAy Here-
pPeceKamolUMuCc 3aMKHYThIMH MHOXectBaMH K u 0D (1. e,
inf{{—z| no Bcem z=K u BceM {=0D) u uepes

K= {lz—2i<p}

e K

p-pasaytue MHoxectBa K. Tak kak, ouesunno, K® & D, to no
teopeMe 1 Haiimerca nocrosaHHas M Takas, 4TO

Iy <M (4)

nas Beex 2 e KO u Becex f = {f}.

Myers 2, 2”7 —nmBe mpousBosbHbie TOukM K Takue, 4TO
|2’ —2”| <p; Torna BCe TOUKH 2 MPSAMOJIHHEHHOro orpeska [2/, 27}
npuHannexar K® u, cregoBarenbHo, A5 Bcex z & [2/, 2”1 u Beex
fe{f} cnpaBeanuBo Hepasencrso (4). IMosromy pas Beex fe{f} mMul
uMeeM

1[F@)—-[=") 1= Fr@ydz)<Mlz' —2"|

[, 2]

Orcrofla u caeayer paBHOCTeNeHHAasi HeNPepPHIBHOCTL ceMmeiicTBa {f}
. €
Ha K, n6o ang awo6oro £>0 MOXKHO B3ATh O =min |p, 7\2)’

Onpenenenne 3. Cemeiicteo ¢ynxuuit {f}, 3ananHbiX B He-
Kotopoit o6iacta D, HaswiBaeTcss KoMnakTHoim') 8 D, ecin U3 kax-
J0# TOCaeN0BaTEeNLHOCTH [, QYHKUMH 3TOrO ceMeHCcTBA MOXKHO H3-
BJIeUb TMOANOC/IE0BATeNbHOCTE fn,, CXOAALLYIOCS PaBHOMEPHO Ha

mobom K&ED.

") BymeM paccMaTpuBaTh (DYHKHMH, onpeaeieHHbie B o6dactu D, Kagk Toukn
HekoToporo npoctpanctBa A(D). B >3ToM npocTpanCTBe BBeAeM TOINOJOTHIO, Ha-
3BaB cxodaujeics JMOGYIO, MOCAEAOBATENbHOCTD [r, PaBHOMEPHO CXOAAINYIOCH Ha
KaXJOM KOMNakTHOM noaMuHoxectee K&ED. Torla KOMIAKTHOCTL ceMeACTBa
oyuxuni {f} cBOAMTCAT K KOMINAKTHOCTH COOTBETCTBYIONIErO MHOMKECTBA TOYeK B
apocTpancTBe A(D)., D10 3aMeyanne ONpaBIBIBaeT CHEJaHHbI BHOOP TepMUHA.
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Teopema 3 (Mourteas). Ecau cemetictéo ¢pynxyuii {f}, 2o-
aomop@roix 8 obaactu D, pasHomepro oeparuuexo gnyrpu D, TO
OHO KOmMnaxkTHO 8 D.

<« a) JlokaxeM cHauaJa, 4TO €CJH NOCAeoBaTedbHOCTD [, < {f}
CXOIHMTCH B KajK/JOH TOuKe HEKOTOPOro MHOxectBa & D, Bcooay
niaotHoro B D, To OHa cXoAuTCs paBHOMepHO Ha KaxaoM K & D.
®ukcupyem ¢>0 n MHOKecTBO K &€ D; mo/b3ysach PaBHOCTENEHHON
HenpepeBHOCTEIO cemeiictBa {f}, BbiGepem pasbuenune D Ha KBaj-
paThl CO CTOPOHAMH, MapasjeNbHBIMH KOOPAHHATHHIM OCAM TJIO-
CKOCTH 2, CTOJIb MeJKHe, 4yTo 415 Jo0Onx Touek 2/, 2’=K, npunan-
JeXaUluX ONHOMY KBaipaty, H awboii fe{f} cnpasemsnBo Hepa-
BEHCTBO

@)= FE) <= (5)

MHoskecTBO K TMOKPHITO KOHEUHBIM UYHCJIOM TaKHX KBaApaTOB §p
(p=1, ..., P); rak Kak & Bcwoay miotHO B D, TO B KamAOM ¢p
Hafizerca touxka zp=¢&. Tak Kak mnocrepoBarenbHocTs {f,} cxo-
auTes wa &, 1o Hamgercsa yuceao N taxoe, uTo

Ifm(zp)_fn(zp)l<% (6)

ans Bcex m, n>N u Bcex zp, p=1, ..., P.

Tlycre Temeph 2 — npousBoJdbHan Touka K; Ha#jercs Touka Zp,
Jexallasgs B TOM XK€ KBajpare, 4to H 2, U AJsa Bcex n, n>N 6y-
JIeM HMeThb

[fm(2) —Fn () V<< Tm(2) — fm(2p) | + 1 fm(2p) — [n(2p) |
+fn(zp) —fn(2) | <e

B cuay HepaBeHcTs (5) u (6). ITo kpurepurwo Kouiu orcrona sakaio-
yaeM, uTO MOCJeA0BaTeNbHOCTL {fn(2)} cxomurcs aas Beex zeK,
TIpHYEM CXOAMMOCTh PaBHOMepHA Ha K

6) Temeph mokamxem, uto U3 Jaw6o# nmocaenosatenbuoct f,{f}
MOXKHO H3BJI€Ub IIOAMOC/AEL0BATENbHOCTh, CXOAANIYIOCST B Ka¥KaoH
TOUKe HEKOTOPOro MHOmkKecTBa & <D, Bciony miorhoro B D. B ka-
yecTBe & BhifepeM MHOMKeCTBO Touex z=x--iyeD, obe koopau-
HAaThl KOTOPBIX X ¥ Y PALHOHAAbHBI, OHO, OYEBHHO, CUETHO H BCIOAY
nnotHo B D; nycers & = {2z},

UucnoBas [OCAEIOBATENbHOCTh [n(2;) OTpaHHUEHA, CjelJoBa-

TebHO, M3 Hee MOXKHO H3BJeYb CXOAAULYIOCS MOANOC/EN0BaTeNlb-
HOCTh [ =fnk (k=1, 2, ...). UucnoBas n0OCAEIOBATENLHOCTE

frn1(22) Takxe orpaHuueHa, cjefOBaTENLHO, H3 Hee MOXKHO H3BJCYL
CXOJSIYIOCS MMOANOCAE10BATENbHOCTE fk2=fn;1 (=1, 2, ...); no-

€J1e10BaTeJbHOCTE QYHKIHH [n2 cXOauTCS, CIEN0BATENbHO, MO Kpaii-
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Heil Mepe B JBYX TOUKaX: 23 M 2. M3 NOC/AEIOBATENLHOCTH [n2(23)
U3BJIEKaeM CXOAALLIYIOCA  IOAINOC/el0BaTeNbHOCTh fk3=fn o (kB =

=1, 2,...) TaK, uTo fn3 CXOANTCA NO KpaiiHeil Mepe B TOUKaX 2,
22 U 23 AHasormIHoe IOCTPOEHHE MOXKHO MPOJ0JKATh HEOrpaHu-
yeHHo. Ocraercs BhOpaTh T4K Ha3bBaeMYyIO anaroaanbﬂy}o
NOCJ/e0BATENIbHOCTh

fll’ f22’ A fnn-"" 7)

3Ta NOCJIeA0BaTeJbLHOCTh CXOAUTCA B JIOOOH TOUKe 2,8, ubo
M0 MOCTPOEHHIO BCE €€ UJICHH, HAUHHAS ¢ p-TO, BhIOPAHbI H3 MOC/e-
JIOBATENbHOCTH [rp, CXOAALIEHACH B TOUKE Zp.

O6benunas gokasaHHoe B 6) u a), HoldydyaeM YTBepPKIcHHE
Teopemsl »

TeopeMy MonTe/si 4acTO Ha3blBAIOT NPUHUUNOM KOMNAKTHOCTL.

Onpeneneunne 4. Pyuxyuonasom Ha cemeiictBe dpyuknui {f},
onpenesienHsix B obaacru D, HasmBaerca oroGpaxenune J: {f} > C
storo cemeiictea B C (370 03Hayaer, 4TO YKa3aH 3aKOH, M0 KO-
tTopomy kaxkpoii ¢yukuuum [ {f} craBurcs B COOTBETCTBHE KOM-
nsekcHoe uncio J(f)). ®yukuuonan J Ha {f} HaswmBaerca nenpepois-
Houm, ecad A ao60i nocaenoBateabHocTH f,e{f}, KoTopas paBHo-
mepHO cxoautcs K fo{f} na a0b6om K& D,

Mim T (f) = (fo)- (&)

HDpumep. Ilycrs H (D) — ceMeiictBo Bcex ¢yHKuuii f, roso-
Mopdubix B o61actu D, u a — npoussosnhnas rouka D. Pacemorpum
p-# Ko3pdULIHEHT TeHSOPOBCKOrO pasfoxeHus [ B Touke a:

(P)
Cp (f) f (a) .

Jto — PyHKnHoHan Ha ceMmefictee H(D); nokakem, uTO OH He-
npepuiBed. Eciu f, —fy paBHOMepHo Ha kKaxkiaoM K & D, 10, B3siB
B xauectBe K okpyxnocts y={|z—a|=r}cD, MH aaa aw60ro
>0 Haiinem N rakoe, uto |f.(2) —fo(2) |<e anns Bcex n>N u
Bcex z&y. Ilo nepasencrsam Komu nmoayuum Toraa, 4tro A/s Bcex
n>N

lcp (fn) —Cp (fo) l<

a 3TO W 03HAYaeT HENPEPHBHOCTh PYHKUHOHAJA Cp(f).

Onpenenenue 5 KowmnakrHoe ceMeficrBo yuruuit {f} ua-
3BIBAETCA KOMNAKTHoiM 8 cebel), ecan npenen mo0OH MOC/er0Ba-
resbHOCTH [,<{f}, paBHOMepHO cxomsiuefica Ha Kaxiom K& D,
npuHagiexur cemeiictny {f}.

') KoMnakTHhHe B cefe MHOXKecTBa HA3HBAIOT TaKXke KOMNOKTAMU.
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Teopema 4. Beakud Qynxyuonan J, HenpepvigHoul HA KOM-
naktHom 8 cebe cemelictse {f}, OocTueaer ceoeil sepxred epanu, T. e..
cyujecrsyer pynxyus fo={f} raxas, 4ro O11 scex f&{f}

(o) 121D 1 (9)
« TTosoxum A—fsule(f)I—aro HeKOTopoe qHCa0, GHITH MO-

}KeT, paBHOe oo, [To onpeneneHnIo BepXHel I‘paHH Hafizercs mocJne-
nosartenpHocth [,={f} takas, uto |J(f,)|—A. Tak xak {f} kom-
nakTHO B cefe, TO CYUIECTBYET MOAIOC/IEN0BATENbHOCTh fnk, cxXons-

ljasica paBHOMepHO Ha KaxJoM K& D Kk HeKOTOpO# (PYHKLHH
fo={f}. B cuny HenpepriBHOCTH QYHKUHOHANA HMEEM

IJ(fo)I=nImel T =4

OTCIOJla  3aKI04aeM, BO-NMepBHX, uro A< oo H, BO-BTOPHIX, UTO
W (fo) |1 ()) | anz Beex fE{f} »

B panpHefiiieM Mb GyAeM paccMaTpuBaTh ceMeficTBa QYHKUHH,
OJIHOJIMETHBIX B HekoTopoit ob6nactu D. Ias gokasarelbcTBa KOM-
NakTHOeTH B ceGe TaKuX CeMeHCTB 0Je3Ha

TeopeMa 5 (Typeuu). Iycre nocaedosareavHocTs PyHK-
yutt fn, 2onomopgproix 6 obaacru D, paeuomepno Ha aobom K E D
cxedurca K QyHkyuu [s=const. Toa@a, ecau f(z0) =0, T0 8 At060M
kpyee {|z—zo\|<rycD ace ¢ynxkyuu f[,, Hauuwasa c HekoTOpOL,
Takxte o6paaroTca 8 HYAb.

<« [le teopeme Befiepmrpacca | rosomopdua B D; no 1eopeme
€IHHCTBEHHOCTH CYLIECTBYET MHOMKECTBO iO<|z—zo]<p}CD Ha
koropoM f=0. OGo3Hauas y={|2 — 2p|=p} u p mmlf(z)\ HMeeM

1w>0. Tak xaKk f, cxogutcs Ha y paBHOMEpHO, TO HaI/IIleTCH N ra-

KOe, 4TO
\fn(2) —F(2) | <n

s BceX 2y u Becex n>N. Ilns Takux n no teopeMe Pyie ¢yHk-
uus fo=f+ (fn—7F) uMeer BHYTPH y CTO/IbKO Xe HyJeH, CKOJbKO
HX uMeeT TaM f, T. e. Mo KpaifiHeil Mepe OAUH HY/Ib P

Cnepcreue. Ecau nocaedosgaresvrocte ¢yaxyuil f,, 2oar0-
MOpHbIX U OOHOAUCTHBIX 8 00aacTu D, cxoduTca pasHomepHOo Ha
kamdom K& D, o npedeavras ¢pynkyus { arot nocsedosaresbHo-
CcTU Aub0 OOHOAUCTHA, 460 NOCTOAHHA.

<« Ilyers f(z1)=f(22), HO 21522 (21, 22=D) u f=const. Pac-
CMOTPUM TOCJAEAOBATENBHOCT  QYHKUHE gn(2) =fn(2) —fn(22) w
kpyr {|z— 21| <r}, rae r < |21 — 22|; npenenvHas OyHKuus g(2) =
=f(2) —f(22) o6pautaerca B HyJb B TOUKe 24, CJAEAOBATEJLHO, 10
tTeopeMe I'ypBuua u Bce gn(2), HauMHAsE ¢ HEKOTOPOTO HOMepa, 06-
pPallalTCcs B HYJb B 3TOM Kpyre, HO 3TO NPOTHBOPEUUT OAHOJMCTHO-
ctd GyHKUMH [p, » ,
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38. Teopema Pumana. Jwbasa odHocsaswan obracte D, epa-
Huya KoTopoi codepxur b6oasee OOHOU TOUKU, U3OMOPPHA eOuHuYy-
Homy kpyey U.

Hnes nokasaTenbcTBa TakoBa. PaccMoTpuMm cemeficTBO S rojioMopbHBIX # 0X-
HOJMHCTHHIX B D ¢ymkuufi f, 00 Moaymo orpanHuenHnix 1 (7. e. OCYlLLeCTBJSIO-
WHX KoHpopmHOoe orobpaxenHe D B emunnunsil kpyr U). ®ukcHpyeMm TOuKy
asD u GyneM HckaTh B ceMeficTBe (yHKuuIo, A KOTopol pacTaxenue If (a)l
B TOuKe @ MAaKCHMaJbHO. BBIJEJHB KOMIIAKTHYIO B cebe yacTh S; cemeiicTBa S
H TOJb3yACh HeHmpepeBHOCTBIO GyHKkuHoHana J(f)=I|f'(a)l, Mb MoxeM yiBep-
WAaTh, YTO CYLIECTByeT QYHKIHS fo ¢ MAaKCHMANBHLIM DACTAXKEHHEM B TOUKe d.
Haxkonel, Mbl ybeaumcsi B TOM, 4TO fo peannsyer otoGpaxenne D wa xpyr U
(a2 ue TosbKO 6 U, Kax ocTasnbHble (PYHKUHH ceMeficTBa).

Takol gapuayuonnstli MeT0d, Korjaa ulleTcs (QYHKLUs, 06JaAaI0IEs TeM HIIH
HHBIM 3KCTPEMaJbHBIM CBOHCTBOM, YacTO NpPUMEHAETCA B TEOPHH (GYHKUHIL

< a) [JokaxeMm, uTo B D cyuectByer xorst Gl OfHa roJoMopd-
Haa u ofHonuctHas OYHKUMA, orpanHdyeHHas 1 no moayxwo. [lo
ycaoBuio rpanupa 0D COREPIKHUT ABe Pa3jHuHBIE TOUYKH o W f; Ko-

peHb KBaJADaTHHIA

ao6oro nytu B o6nacty D, n tak xak D onHocBsI3HA, TO MO Teopeme
0 MoHompoMmuu (1. 28) 3TOT KOpeHb AONYCKaeT BhijejeHne B D
IBYX OJHO3HAYHKIX BETBEH 1 H @2, OTJIHMUAIOHIUXCS 3HAKOM.

Kaxnaa us stux BeTBeil omHosucTHa B D, u6o H3 paseHcTBa
¢, (21) =¢,(22) (v=1 uan 2) caenyer paBeHCTBO

z2—Q
Z— P npoaoJizKaercst aHaAUTHYECKH BHOJb

2 —0 23— a

z1—Bp  2—Pp° (1)

a M3 Hero, B CHJY OAHOJHUCTHOCTH JAPOOGHO-IHHEHHOH GYHKIHM, —
PAaBEHCTBO 231=2;. IDTH BeTBH 0To6GpakawoT D COOTBETCTBEHHO Ha
o6nactn D= ¢q,(D) u Dy= @,(D), KoTOpblEe HE HMEOT OBUUX TO-
yek, #60 B MPOTHBHOM CJllyuae HAULINCh OBl TOUKH 2y, 22D Takue,
4TO @1(21) =@2(22), HO U3 TOCJEAHEr0 PaBeHCTBA CHOBA caeayer (1),
a W3 HEro — PaBeHCTBO Z1=2p, T. €. ®1(21) =—¢2(22); Mbl NPHUILIH K
npoTuBopeunto, uéo ¢,#0 B D.

O6aacts Dj COMEPKUT HEKOTODPHIH KPYr {lw—wo| <p}, u, 3ua-
4HT, @1 He mpuHuMaer B D 3HaueHuit u3 storo kpyra. I[loaromy
byHKUIHSA

fi (@) =P (2)

Q1 (2) ~w, ’

OUeBHHO, rosiomop®PHas W onHoauctHas B D, orpanvueHa: naas
BCcex 2D umeem ffi )11

6) OGosnauum 4epe3 S ceMeHCTBO BCeX rolOMOPGHBIX H OJAHO-
JUCTHBIX B D ¢yHKuuil, no MoayJio orpaHudeHHnX 1. dto. ceMeii-
CTBO Hemycto, H6o COAEpKuT (YHKUHMIO fi, 4 MO TeopeMe MoHTens
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KoMinaktHo. Yacrte S; ceMeiictBa S, cocrosiuiasi u3 BceX (YHKIHUH
f=S, nas Kotopeix
1P (@)1>=]f](@)]>0 3)

B HekoTOpoli ukcupoBaHHOll Touke a=D, KOMmnakTHa B cebe. B ca-
MOM JeJe, O CJAEACTBHIO T€OPeMbl 5 M3 MpeAbLAYUIero IyHKTa mpe-
Jesl nocJefoBarenbHocTH QyHKUUE [,=S;, cxoadauledica Ha Jw0boM
K& D, moxer 6biTh JiMlIb OfHOMMCTHOR Pyukuuedt (u Torja npu-
Hajanexartb K Sy) au60 MOCTOSHHOH, HO MOCJAeHHE ciaydall HCKIIO-
YeH HepaBeHCTBOM (3).

Pacemorpum Ha S; QyHKUHOHAN

J(H=1F(a)l.

ITo noxasaHHOMY B NpeAbAyLIEeM NYHKTe OH HelpephIBeH, U, CJaeno-
BATeNbHO, cyuiecTByer QyHKIHUA [oS;, peanusyioHias ero MakcH-

MyM, T. €. TaKas, 4To
(@) I<|T5(a) | (4)

s Beex feS,.

B) Tax kak ¢yuruua foeS1, 1o oHa koubopMHo orobpaxaer D
B exunuyuelil kpyr U. Tlokaxkewm, urto fo(a) =0,— B npoTtuBHOM cay-
yae B Sy Hauiach Ol (YHKITHS

fo (2) = fo (@)
R)= ——",
) €= o he
1 KOTOPOH |
g'(a)l=—1‘;|—fm,—2]f6(a)l>lf6(a)],
BOMpPEKH KCTPeMalbHOMY CBOWCTBY (4) dyukuuu fo.

TlokaskeM, HakoHen, 4To f, orobpamxaer D wa Bech kpyr U.
B camom pnene, myctb fo He mpuHuMaer B D HeKOTOPOro 3HaueHus

beU; rak Kak fo(a) =0, 10 b=+0. Ho u 3naueHue b" = _t];"_ He NPHHH-

Maercs 3toit pynkumeit 8 D (u6o |b*|>1), cienosarenbHo, no Teo-
peMe o MoHoJApPoMHH B D MOMKHO BBIAENHTH OAHO3HAYHYIO BETBb

KODHS
b(2) = 1//r_ﬁlﬁil:;é_ )

1—bfe(2) *

KOTOpasi NPHHaAAekKHT S (OLHONHCTHOCTL NMPOBEPSETCS TOYHO TaK
JKe, KaK B II. a), CIpaBeluBOCTb HepaBeHcTBa | (2) |< 1 oueBma-
sa). Ho torma S npuHamiexur ¥ QyHKIus
h) =R @
1-% (@) b(2)’
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AJ3 KOTOpOH L+15]
)= LFLEL g
|h (a)l_QV'lb—Ilfo(a’)l'
Ho 1+15[>2VT1b1, ubo |b|<1, 1. e. k=S, u |k (a)|>|f};(a)],
BOIIPEKH SKCTPEMANbHOMY CBOHCTBY (PYHKuMH [y B

~

§ 12, CooTBeTcTBHE IPaHUIl H NPHHLHN CHMMETDUH

39. CoorsercTBue rpaHuu. IlpuBenem O6e3 nokasaTesbcTBA Tak
Ha3bIBAeMBI# MPHHIUN COOTBETCTBHMA I'PAHHIL:

Teopema (Kapareonopu). [Tycre obaactu D u D* oepa-
HU4YeHb HOpOaHosbimu Kpugoimu 0D u O0D*; roeda koH@popmHoe
orobpascenue . D — D* moscno npodoascurs Ha epanuyy D 0Oo
2omeomoppuama 3amkHyToLx obaacred D u D*.

Jns npousBOJbHEIX ToMeoMOp¢H3MOB Teopema, KOHeYyHO, He-
cnpasénnuBa. Hamnpumep, oto6paxkeHne emaunuysoro kpyra U Ha
cebs1, KOTOpOe B MOJSPHBIX KOOP-
auHaTax z=re'®, w=pe™ 3ana-
eTCsi ypaBHEHUSIMH

p=r, p=¢-+ . ’ (1)

l—r

¥

OUEBHJHO, TOMEOMOP(HO, HO Ha

IPAHHYHYIO OKDYIKHOCTh Helpe-
pPHIBHO He NPOJOJNKAaeTcH.

Puc. 66. ToyHo TaK € HeBepHA Teo-

peMa u ans KoHpopMHBEIX 0TOGpa-

JKeHu# Ha o6siacTH, rPaHHLbl KOTOPHIX HeKOpHaHOBEL. Paccmorpum,

HanpuMep, KoHQopMHOe oTobpazkenne f kpyra Umna obaacre D, uso-

OpaxeHHYI0 Ha pHc. 66, B cocTaB rpaHunbl KOTOPOH BXOAHT UacTh

KPHBOIi 0 = sin — cHpene/bHbIM cerMenToM y={w: u=0, —1<uL1}).

MoxHe 10Ka3arb, UTO NP TOM 0TOOpAKeHHH AYraM yn, OTpPe3alo-

muMu ot D obnacru D, (n=1, 2, ...), nepeceueHne 3aMbIKaHHU{l

KOTODBIX COBNAAAeT C Yy, B IJIOCKOCTH Z COOTBETCTBYIOT AYTH An,
00

orpesatotive or U obnactu U,, npuuem n U, coBnaaaetr ¢ HeKo-
n=1l

TOPOli rpaHH4HOH TOuKOil e'® (puc. 66). B atoM cMbicjie MPH OTO-

6paxeHun [ Touke ei® COOTBETCTBYeT Liebii OTPe30K Yy, Tak uto [

HeJb3s1 HEeNpepHIBHO NPOJONNKHUTh B 3aMKHYTHIH Kpyr U.

K. Kapateonopr BBes Tak HasbiBaeMble 2PAHUMHbIE 3AEMEHTb. 0OJacTH, MO~
HHMas NOJ HHMH KJ4acChi B M3BECTHOM CMBIC/I¢ SKBHBaJIGHTHBIX CEGUEHHH 3ToH 06-
aacty. Ilpucoenunenne kK o6JacTH ee TIPaHHYHBLIX 3J1€MEHTOB HAa3bIBAeTCH KOM-
nakTuouganueii no Kapateozopu. On pokasan, u4ro KOHQOPMHOe oTOOpaXKeHHe
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ofmacTedl ycTaHaBIHBaeT B3aHMHO OJHO3HAYHOE M B HEKOTODOM CMBicje Helpe-
PBIBHOe COOTBETCTBHE TPaHMUHBIX 3IJeMeHTOB 3THX O6macreit. ITostromy chopMy-
JHpPOBaHHAfA Bhillle TeopeMa paclHpOCTPAHAETCS H Ha HEXKOPHAHOBHl OOJACTH, eCJH
HONb30BaThecs NPH 3ITOM KoMmnakTHdHKanuel no KapaTeoZOpH BMECTO OOBIYHBIX
3aMBIKaHHII 1).

IlpuBeneM, Takke Ge3 J0Ka3aTesbCTBA, HECKOJBKO GoJiee TOU-
HBIX Pe3y/NbTaToB O FPAHHYHOM IIOBEJeHHH KOH(POPMHBIX OTOGpaxke-
Huil obJjactedl ¢ KODJAAHOBLIMH TPAHMIAMH TMPH AONOJHHTENbHBIX
npeanosoxeHnHax o6 stux KpuBbiX. Uepes 0D u ID* GygeM o06o-
3HayaTh rpaHunsl obaacrelt u uepes f: D— D¥* — koudopMmHoe 0TO-
6paxenie.

[ (. u M. Puccn, U. U. HpuBaJIOB) Ecau 0D u oD* —
crpaMJisieMble XOPJAAHOBE KpHUBBle, TO [ mpofo/akKaeTcsa Ha 0D Kak
abGCoJIIOTHO HelpephlBHAs (YHKUUA AJMHBEL ayru. Ilpoussoguas [’
MOUTH B KaJAOH Touke {&0D (B cMbicjle JIMHEHHOH Mephbl) HMeeT
yrioBoe rpaHuyHoe 3Hauenue?) f’({), KOHeUYHOe H OTJIHYHOE OT
HYJs, M AJs J1060ro MHOXKecTBa Touek e 0D Mepa o6pasa e*=f(e)
paBHa

mes " = f L) dgl; (2)

e\

B YacTHOCTH, MHOXecTBaM e 0D Meprl () COOTBETCTBYIOT MHOXKe-
ctBa e¥*—0D* mepnl 0.

II (JTuanenéd). Ecmm 0D u 0D* —rnankue KOpAAHOBHI
KpuBHIE, TO arg ['(2) mpomo/mkaetcst A0 HelpepbiBHOH QyHKuuuU B D,
npuyeM AJs Bcero { & 0D

argf'(f)=0"—8, (3)

rae § H cOOTBETCTBEHHO 0% — yrAL HakJOHA KacaTeJbHHX K .KpH-
BeiM 0D u 0D* B toukax { u {*=f(g).

I (Keanor). Ecau B ycioBusix u o603HaueHusaX Mpeabaynieii
TEOpeMbl, KpOMe Toro, yriel 0 M 6%, kKak OYyHKUMH AJHHB Oyrd §
¥ s* cootBercTBEHHO Ha 0D u OD* ) ynoBiaeTBOpsiOT yeJaOBHIO Jium-

muna
o * # £
[8(s) =0 ()] <k|si—5, [, 1) =87 (s2)
rie £ u o, 0<a<1,—nocrosHHsle, ToO NPOU3BOAHAsA |’ nponon-
¥)Kaercs A0 HENPephIBHON M OTIHYHOH oT Hyad ¢yHKuu#d B D (oTO-
6paxeHHe «KOH(OPMHO®» Ha rpaHuue).

_.s2 ,

1} TlonpoGHee 06 3TOM cM., HanpuMep, B kuure: A. V. Mapxymesunuuy,
TeopHst aHaIHTHYECKHX Q)ynxuuﬁ 1. II, «Hayga», M., 1968.

2) YrsioBBIM TpaHHYHbBIM  3HAUEHHEM (bynmmn ¢ B Touke {=dD, rae oD
HMeeT KacaTejbBYIO, HashiBaeTcs ofliee IpejesbHOe 3Hau€HHe ¢ MO BCeM Heka-
caTesbHBIM NyTaM Y&D ¢ XOHUOM B TouKe {,
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IV IUsapu). Ecniu D u 0D* — aHanuTuueckue KOpPAdHOBLI
Kpusbie '), To f nmpoposkaercss 10 rosoMopduoil dyukuuu B D.

HoxasarenbcTBo yrBep:xkiaeHuit I—III MoxHO Hality B KHure
I'. M. Toaysuna «Teomerpuueckas Teopus PYHKUUH KOMIJIEKCHOTO
nepemenHoro» (M.—JI., 1967); yrBepxkaenue [V MBI OOKaKeM B
cJeayloHieM TNyHKTe. 3Jech NpHBEAEM TOJbKO Gosee mpPocToil 06-
paTHbIfl MPUHIHUI COOTBETCTBHUS T'PaHUIL:

Teopewma. ITycrs dans obaactu D u D* komnaxtHo npurad-
sexmaujue C, ¢ swoplaroseimu epanuyamu vy u v¥, ecau pynryus |
zoaomopgra 8 obaactu D, nenpepoisna 6 D u ycranasiusaer
83aUMHO OOHO3HA4HOE OTOGpaserue v Ha y*, T0 u orobpascerue
f: D—D* 83aumno 00HO3HAUHO (T.e. f[—KOHGOpMHbLE U30OMOPPUIM).

<« llycts wo— npousBoabHas Touka D*; rtak Kak [ ma y mpu-
HHMAaeT JHUiub 3HaueHHsa u3 y*, 10 f#wy Ha y 4, B CHJIy Henpephs-
HocTH, f5=W¢ B HeKOTOPOH rpaHuuHOl RoJsioce G oGmnactu D. Benu-
YHHA

N =5 A, arg{f (2) — wg} 4)

(rze arg o003HauaeT Kakywo-Ju00 HENPEpHIBHYK BAOAb MOYTH ¥
BEeTBb apryMeHTa U Ay — NpHpalLleHHé 3TOH BeTBH Ha y), OUEBHHO,
HEMmpephLIBHO MeHsieTcsl HPpH TOMOTONHOM AedopMalUH MyTH B NoJOCE
G. Ho rak kak BenuuyuHa (4) MOMKeT [IPHHUMATH JHIIL [EJOUHCIIeH-
Hble 3HAUEHMSI, TO OHA OCTAETCS MOCTOSIRHOM NpH TaKol AedopMaliu.

ITo ycaoBusiM TeopeMbl oToGpaskenue f: y-—y* romeomopdHo,
cJe10BaTeNbHO,

1
N =g Avarg (@ =w) = 1,

u60 npu OLHOKPATHOM OOXOJe y BEKTOp W — Wy AejlaeT OAUH MO-
Bopor (puc. 67). B cuay ckasaHHOro Bbille cjeAyer, 4TO H Js
J1060r0 NyTH ¥, TOMOTONHOTO Yy B nojoce @, uMeeM

o= 05 arg {f(2) — e = 1.

1) Jlyry v HasblBAIOT QHAAUTUYECKOL, eCJH ee MOXHO 3aAaTh nmyTeM 2=z (f),
tela, ], rae z(f) — amanurTuyeckas GyHKUMA AeHCTBHTENBLHOIO MEPEMEHHOrO f Ha
orpeske [e, B] (1. e. ¢yukuus, npeacTaBuMass B HEKOTOPOH OKPECTHOCTH KaXKAOH
ToukH ty & [, B] B BuAe cyMMbl psiaa no cremensm (f—fp), mpuuem 2’(¢) 0 Ha
[e, Bl. U3 rteopembr Xefine — Bopesia BbITeKaeT, uro Takas ¢yHkmHs 2z(f) wpo-
HPOJOJIKAETCH JO ToJoMODPGHON GYHKUHH KOMIWIEKCHOTO NePeMEeHHOro f B HeKo-
TOpPO# OKpecTHOcTH oOTpeska [a, B). TlosToMy amamuTuueckas Ayra — 3To TOJO-
MopdHBIH o06pas oTpeska. 3aMKHYTOH aHaJIMTHYECKOH KPHBOH HAa3bIBalOT TIo0JO-
mopdubii  06pas oxkpyxkuoctu {lfl=1} B maockocTH napaMerpa, Ipu KOTOPOM
2/ (1) %0 Ha OKPYXKHOCTH, ecnu oToOpa)kenHe z=2(f) elile ¥ B3aUMHO OZHO3HAY~
HO, TO Y Ha3bIBAIOT QHAAUTUHECKOL #0pJanosod Kpugod,



§ 12] COOTBETCTBHME TFPAHHUII M NMPHUHUMUIT CUMMETPHMH 209

K o6anactn D &€ D, orpaHHueHHOH KPHUBOH ¥, NPUMEHAM MPUHIUN
aprymenra (m. 33), mo KoTopoMy ypaBHeHHe [(z) =w, umeer B D
(a suaumr, u B D, u6o B nonmoce G HET wWp-TOYEK) TOYHO OHHH
KOpEHb. _

Tax ke mokasbiBaeTcs, UTO s J0O60H TOUKH w; € D* uncio Hy-
Jgeil pyHkuuH f(2) — w; B 06aacrtu D, pasHoe

l
Ny =ﬁA\>* arg (w — wy),
paBHo 0, u6Go npu o6xone y* BEKTOp @ — W; He JeNaeT HH OJHOro
nosHoro obGopora (puc. 67). M3 npuHumna coxpaHedus obJacTH

Puc. 67.

(1. 34) caenyer, nanee, 4ro f He MOKeT NPUHMUMATh B D ¥ 3HAYeHHI
u3 y*, u00 B 3TOM cJayyae OHa JAoJkKHa Oblia OBl NPHHUMATL 3Ha-
YeHHS M3 JOMOJHeHHs K D*.

Takum 06pasoM, f OIUH H TOJLKO OLHH Pa3s NPHHUMaeT B obJa-
ctu D m060e 3Hauenue wy U3 D* u He NPUHHMAaeT HUKAKHX APYTIHX
3HaueHHH, T. e. [ B3aUMHO OAHO3HauHO orobpawxkaer D na D* »

Gameuanue B 1okazauuoir teopeme D momer ObITb NPOH3-

BOJILHOH o6sacthio Ha C (c KopaaHoBo# rpauuueit), o D* o6g-
3aHa Owth KomnaktHo#t B C, ubGo ¢dyukuus [ gomxkHa ObITh He-
npepuBHOi B D B cMeicie C. TlocienHee yciaoBue CYLIECTBEHHO: B
camom peJe, pyHkuus f(z) =2° rosomoppHa B BepxHel MOJAYNIOCKO-
ctu D={Im2>0} n B3auMHO OAHO3HAuHO oTOoGpaxkaer dD (ocb x)
Ha OCh 4 — rpauuly BepxHell moaymnockoctd D*={Im >0}, uo s
obnacta D oTtobpaxkeHue [ He B3aHMHO OJHO3HAUYHO.

IMpumep. Hayuum oroOpaxeHue BepxHell TOJMYMIOCKOCTH
D={Im z>0}, ocyuiecTBIseMOe INAUNTUHECKUM UHTe2pAIOM, nep-
8020 poda

dz .
F, k)_of e (5)

rae k, 0<k<1,—nmapamerp u paccmarpuBaercs rojomopopHas B D
BeTBb KOpHs, KoTopast Ha orpe3ke [=[0, 1] ocu ¥ npuHEMaer HoOJO-
KHUTeNbHBIe 3HAYCHUS.

14 b. B. WlaGar
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®yukuus F(z; k) HenpepblBHO npomofkaercs B D, U Mbl Bbl-
ACHHUM cHayana, Kak oHa npeobGpasyer rpanuuny 0D, 1. e. och %
Korpa z=x omnucbiBaer cjeBa Hampaso otpe3ok [=[0, ], uHnre-
rpaa (5) '

dx
e k)"of V=) (1 - &)

NPUHMMAET TNOJIOXHUTEJbHBE (B CUIY CHENaHHOTO BHIGOpAa BeTBH
KOpHsl) 3HaueHus, Bo3pactatouine ot 0 10 3HaueHud

1
_ dx
K"of V{—2) (1 — k22 * (6)

T. e. F ycranasiuBaer romcoMopdusm orpeskoe [0, 1] ocu x u
[0, K] ocu u.

Ilpu nmepexoge uepe3 TOUKY 2=1 OAMH W3 YeTHIpeX JHHEHHBIX
MHOXKHTEJe# NOAKOPEHHOTO BhIPAXKEHHS, HMEHHO |-—x, MeHser
3nak. Tak KakK Mbl paccMartpu-
D BaeM BETBb KODHS, roJoMop -
, , ] HYIO B BepXHell MOJYIJIOCKOCTH
7 7 Vi J/\ J 7 D, To MBI AOJKHBI CUHTATh, HTO
! Takod Mepexox MHPOUCXOAUT B
, v, , pesynbTate obxona TOUKH z=1
~H+ifl 7 110 MaJioli noNyoKpyKHOoCTH y&= D
, (nyHKTHD HaA puc.68).B pesynb-
7 7 TaTe Takoro obxoxa arg(l -—z)
/ / Mensiercss or 0 no —gm, a apry-
A 0 VR MEHTHl OCTaJbHBIX MHOMKHTE/eH
p He MeHstores. Ilostomy Ha or-

He. 68.

peske ]f=[l, %] ocH X apry-

14
MEHT KOpHsA paBeH —3 » @& aPTYMEHT NOJAWHTETPaJJbHOTO BBhIpame-

by A
nua B (D) paBeH 5; 3HaueHuss F Ha orpe3ke /! MOxHO, cienosa-
TeJbHO, IPEJCTABUTh B BHe

1 x
dx dx
dI‘V(l—x"’) (1~ &%) +'1j V-2 (-

F(x, k)=

; dx
"K“L‘lj V- Da—#a)
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rjie B MOCJeAHEM HHTerpaje KOPeHb OMsATh NPHHUMAET MOJOKHTEb-
Hble 3HaueHus. Korja x onmcelBaeT cjeBa HanpaBo oTpe3ok [/=

=[1, —H ocu x, Touka F(x, k) omuchiBaeT CHH3Y BBEpPX OTPe3OK
[K, K+iK’] nnockocty w, rae

1/k
dx

Ve -0

K’ (@)

1
Ipu mepexofie yepes TOUKY 2 = 4 elile OJHH MHOXHTENb MOXKO-

penHoro BuIpaxenusf,, (l — kx), MeHnsier 3HaK. Kak u Bblllie, Mbf
y6eauMcs B TOM, 4TO paccMaTtpuBaeMasli BeTBb KODHS Ha Jyue
1
=\,
OTpULaTeNbHble 3HaueHusl. 3HaueHus F Ha 5ToM Jyue npeacras-
JSII0TCst, Clel0BaTeJbHO, B BHIE
t 17k X
dx
F(x,k)=f+f+f =
—_ 2 — p242
¢ i 1 V(1= x2) (1 —k%x?)

oo} OCH x AOJ:KHA HMETh apryMeHT —, T. €. IPHHUMAaTh

X

—k+iK— |

1k

dx
ViE=-1DE2-1) '

rje B IOcJeqHeM HHTerpaJde KOPEeHb INPDHHHUMAET TNOJOXKHTECAbLHBIE
3HayeHHsl. 3aMeHa nepeMeHHbIX x=E IOKa3nIBaeT, 4To

oo 1
dx - dg -
,,i V=1 (&2 =1) Of Visemaom

1O3TOMY JIVY [—~%, oo) ¢yukuus F npeobpasyer (i mputom ro-

. MeomoppHo) B orpesok [K-FiK’, iK’] niockocTn w (cM. puc. 68).

CoBepIleHHO aHAJOTHYHO MpoBepsiercs, 4ro QyHkuus F romeo-
MopéHO npeoGpasyer OTPHUATENBLHYIO MOJNYOCh X B JIEBYIO NOJOBHHY
KOHTYpa MpsIMOYTOoJIbHHKA, M300paxeHHOro Ha puc. 68 (cosokyn-
Hoctb oTpe3koB I, [I" u [1I').

[TpuMeHss NMPUHIMI COOTBETCTBUS T'DAHHIL, MOKHO YTBEPXKAATh,
uTO AAAunTudecKull udreepanr nepsoco poda F(z, k) pearusyer
Kongopmroe orobpascenue gepxreldl noaynaockoctu D ra npamo-
yeonsHux ¢ sepuunamu K, £ K+iK’, e0e geaununot K u K’ sot-
pasicarotcs wepe3 napamerp k no gopmyaam (6) u (7).

40, NMpuHuun cHMMETpHHM. 3hech MBI PAaCCMOTPUM OfHH cle-
HHaJpHBIA Cclyualh aHaAJHTHYECKOTO NPOACJIKEHHs, OTHoCALIMACAH K

14*%
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koHpopMabIM orobpaxkenusiM. IlpenBapurenbHo JOKakeM Tak Ha-
3BIBAEMYIO JIEMMY O HEMpepEIBHOM [IPOJOJIKEHUH.

Jlemma. Ilycre Henepecekaroujuecs obaactu Dy u Dy umeror
o00wuill npamosunelnsil yuacTok epanuyst y'), a pyskyuu fy u fy
COOTBETCTBEHHO 20A0MOPDHbL 8 Dy 1 Dy u Henpepul8HbL HO MHOINe-
créax Dy Uy u Do Uy (puc. 69). Tozda, ecau

f1(2)=[y(2) Oaa ecex z=, (1

TO PYHKYUA 5 DU
1 X = ’
f()={f (2) Oan scex =z WUy

fo(2) Oan scex ze< D,

(2)

2oaomoppra 8 obractu Dy\UyUDy=D.
< U3 ycuoBHil JieMMBl BHAHO, uTO [ HempepniBHA B D) anas mo-
Ka3aTenbcTBa ee rojsomopdHoctu no teopeme Mopepw (m. 20) no-
CTATOYHO MPOBEPHUTh, YTO HHTErpaj oOT Hee [0 rpaHule Ja00oro
tpeyroabinka A &D paBeH uymo. Ecam A
KOMMAKTHO MNpHHaanexur Dy uau Dy, 10 370
' caenyer u3 Teopemnl Koumn. Ocraerca pac-
p cMoTpeTh cayuail, korga A 1y =+ 0.
/ Ilyets vy menur A Ha 1IBe 4yacty Ay U A
N0 CBOHCTBAM HHTerpaJsoB

[raz= [pdz+ [ 1, (3)
aA AN 04,
Puc. 69. H JOCTATOYHO MOKAa3aTh, UTO KAMKALIH H3 HHTE-

rpajioB cnpasa paseH HyJ0. Paccmorpum mo-

Oy10 us yacteir Ay d Ag ¥ AJs1 MPOCTOTH 0003HAUHM €e CHOBA uepes A.

O6o3uauyum uepe3 T, TpamellHio, KOTOpas oOTcekaerca OT A mpg-

MOii, mapaJnenbHo# y U OTCTOsIIeH OT y Ha PacCTOSIHHH A; mycTb
An=A\T; (puc. 69).

ITo teopeme Kowwm uuterpan or f mo OAp paBeH HyJIO, Ciielo-

BaTe/bHO,
f fdz=
oA

Tlycrs vy u Yy’ — ocHoBaHus Tpameuud Tn (MPEANOJIOKHM, UTO
OHHM ODHEHTHPOBAHHl OJHHAKOBO); TaK KaK JI/JIHUHB OOKOBBIX €e CTo-

pOH cTpemsiTcs K Hy o npu A—0, a dyHKuMA [ orpaHuyeHa B A, 10

jfdz=jfdz- [ rdz+0(®).
4 ¥

aT,

[ raz+ [tdz= | tdz. (4)
T

aT,, oA, oT,

1) Orpesok y cuuTaeTcst OTKPHITHIM (6e3 KOHIOB).
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OGo3nauum uepe3d A(2) =2¢+k(2 — 2p) nuHeiiHoe npeo6pas3oBa-
Hue Y Ha Y7, Ienad B HHTerpaJje mo vy” 3aMeHy NepeMeHHBIX
2— A(2), moayuum

[Tdz— [fdz= [{(2)~FIr)] kY dz. )
v v’ 24

Tak xak npu A—0 ¢yukuus A(2) paBHOMepHO Ha y CTPEMHTCA
K 2, k—1 u | paBHOMepHO HenpephiBHA B A, TO MOAHHTErpasbHas
¢yHkuua B (5) paBHOMEpPHO CTPeMHTCS K HYJIO, a8 3HAYUT, HHTe-
rpan or [ no 07, crpemurca K Hysio npu h— 0. Ho u3 (4) Buano,
YTO OH He 3aBHUCHT OT A, CJEAOBATE]bHO, OH, a 3HAUHT U HHTErpaJs -
no OA, paBeH HYJIO.

Ecan A nmepecekaercs ¢ y Juiib CTOPOHOH MJIM BepUIHHOH, TO
JI0Ka3aTeqbCcTBO OueBHAHBIM 06pasom ympouiaercs P

3ameuanne Ecan Bocnosib3oBaTbea ycusieHHo# GopMoli Teopembl Kounn,
B KOTOpo#i mpeamnoJfaraercs, 4To (YHKuMa rojoMmopdHa B 061acTH U JulIL He-
npepelBHA B €€ 3aMblKaHHH, TO /10Ka3aTeJbCTBO JeMMbl CYIECTBEHHO YIMpOILAeTCs:
no 3Tofl TeopeMe KaXKIbH HHTerpas B npaBoii yactu (3) paBeH HYJIO.

Oyukuuo f, onpenenenuyo gopmyioit (2) B obaactu D, MOKHO
paccMaTpHBaTh Kak aHaJUTHYECKOe MPOLOJIKEHHE KaxKA0H U3 PyHK-
it fy u f2!). JleMMy o HenpeppIBHOM TMPOAOJKEHHH MHO3TOMY
MOIKHO YHTATh TakK: ecjau ABe obJjacti D, uMeror obuuil npsaMosiu-
HefiHbIfl y4acTOK rpaHuusl y U OyHkuuu f,, rosomopdusie B D,,
HEeMpEephiBHO CMHIKAIOTCA Ha y, TO OHM H AHAJUTHUECKH MPOLOJI-
WKawTt aApyr apyra. Oas aguddepeHuupyeMbix GYHRKUME [eficTBH-
TeJbHOTO TEePEMEHHOr0 AaHaJIOTHYHOe YTBep:KieHHe, KOHEYHO, He-
copapennuso (npuMep: Dy u Dy —orpe3aku (—1, 0) u (0, 1) u
Fx)=x]).

TlepefigeM K N10Ka3aTeJbCTBY NMPHHIIHIIA CHMMETPHH.

Teopema | (Pumau—1lBapu). [Tycre obractu D, u DY
umetor sopoanosol eparuys. 0D, u AD], npusem 0Dy codepacur
0Tpe3oK npamoll uiu Oyey OKpYHHOCTU v, @ O0D] — TaKoii ace orpe-

30K uau Oyey v*. Ecau ¢ynxyus [y xoHgpopmno orobpasmaer D,
na D}, npuuem fi(y)=vy*, To fi Oonyckaer anarutuueckoe npodoa-
ocerue 8 obaacto Dy, cummerpuunyto ¢ Dy oTHOCUTeAbHO vy, U npo-
O0MMeHHAS TaKk (QYHKYUL KOHMOpMHO OTOOpaxcaer o064acTe
DU vy U Dy na DIU y*U D5, ecau D\(\ Dy u DN D3=&J (puc. 70).

< a) PaccMorpuMm cHavana vacTHBRIE cJayya#, korma y u y*
HpeAcTaBagI0T cO00l OTPe3KH AelCTBUTENBHBIX ocell. Omnpenenum

1) Tounee: snement (D,f) siBnsercss HenmocpencTBEHHHIM aHaJHTHUECKHM NpoO-
AoJKeHHeM Kaxaoro H3 saeMeHToB (Dy, fi) u (Dg f2).
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B obnactu Ds, chMeTpanou ¢ D orHocuTelbHO OTpe3Ka ¥,

QYHKUHIO
- fe(@)= fl (2). (6)

Taxk kak npu z= D, touka z< Dy, a ¢yukuusa fi(z) rojo-

mopdua B Dy, 10 OyHKumua f2(2) =f((Z) anTurosoMopdHa B D,

(cM. m. 7) u, crenoBatenbHo, fs(2) rosomopgua B D, [lo mpun-

UMMy COOTBETCTBUS IPaHHU [y HEeMpephiBHA B Dy, npuueM 1no ycuo-

BHIO TEOpeMHl [y Ha y MpHHHMaeT JeACTBUTE/IbHEIE 3HAUYEHHUsT (MpH-

Haanexanue orpe3ky vy*). Ilosromy, xorjaa Toqxa ze D, crpe-

MHTCS K TOUKE Xy, TO Z—X U [2(2) = [i(x) =fi1(x). Taxum
ob6pasom, fi(x) —fz(x) AT Beex
x ey 1 dyHKUMY [ u fo yaOBJIETBO-
PAT YyCAOBUSAM JIeMMbl O Hempe-
peIBHOM npopoJxkeHuu. Ilo stoil
JeMMe (QyHKUHS

[i(z) 8 DUy,
9= 1. o o
Puc. 70. ronomoptra B o6aactu D, UyUD..

[To MOCTPOEHHIO [ xoudopmuo .
mo6pa>x<aer 5Ty 0611acTh Ha D Uy” UD Jas yacTHOTO cayuas vy,
v* R Teopema noKasara.

6) O6muil cayuail MPUBOAWTCS K ITOMY YAaCTHOMY ApOGHO-JIu-
neflHbIMH OoTOOpakeHusaMH. B camoMm gene, nycTb A H Ay — ApPOGHO-
JuHeliHple oro6paxkeHus, MepeBOAfALIME COOTBETCTBEHHO y U y* B
OTpe3Ku AeHCTBUTENBHBIX Ocell (OHH CYHIeCTBYIOT IO [0Ka3aHHOMY
B 1. 10). Oysxkuusg gi=ArxofieA”! Mo JOKa3aHHOMY B a) NpPOAOJ-
XKAETCsl aHaJuUTH4YecK# B obaacte A(Dz), cuMmerpuunyio ¢ A(D;)
OTHOCHTEJIbHO OTPe3Ka A(y), HNpHUYEeM INpPOAO/IKEHHAs (QYHKUHSA g
orobpaxaer A(D;) Ha oOnacte A, (DQ) (MBI MOJB3yeMcsl TeM, 4TO
Apo6Ho-auHeliHRle OTOOpaKeHHsl COXPAHAIT CHMMETPUYHBIE TOUKH,
em. n. 9). Ho torma ¢yukuusa f2=x;’og2ox ABJNSIETCA AHAJHTH-
yeCKHM TNpojoskeHneM QyHkuuu f; B o6aactb Dy u oroGpaxaer D,
Ha D; »

3ameuaune Orpe3ok y* B A0Ka3aHHOHR TeopeMe MOKeT CO-
nepkaTh GeCKOHEUHYI0 TOUKY; TOrja npojoskenue [ 6yger mepo-
mopgroim: Gynkuua [ okaxercs rosoMopoHoit B D Bciogy, Kpome
TOUKH 2y €y, COOTBETCTBYIOHIeH OecKOHeUHOH TOYKe, Tie OHAa HMeeT

noJioc. DTOT NOJIOC HelpeMeHHO MNepBoro nopszaka, u6o [ omuo-
JictHa B obsactu D (B OKPECTHOCTH KPaTHOTO ToJioca dyHKIHs
MHOTrOJIMCTHA, CM. M. 24).

B KauecrBe rmpumepa TpHUMeHEHHA TPHHLIKIA CHMMETPHH

IpHBeJeM J0Ka3aTelbCTBO TEOPEMBI O MPOAOJIKEHHH, B3 KOTOPOH
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cnenyer copMysnHpOBaHHOe B NpeABIAYLEM IHYHKTe yTBepKie-
Hue 1V.

Teopema 2 (IUBapu). Ecau epanuya obaactu D codeprcur
anaautuueckyro O0yzy vy, T0 KoHgpopmHoe orTobpaxcenue [ arot 06-
AGCTU HQ eOUHUMHBLE KPYe MONCHO GHQAUTUYECKU NPOO0ANUTL de-
pes y. ‘

< [lycth y 3amaercs mpH moMoluu GyHKOMM 2=2(f), aHaJHTH-
yeckoif Ha oTpeske [o, Bl R n Takoft, uro 2’(f) 0 (cM. onpene-
JdeHne B cHocke Ha ctp. 208). Has ao6oi fy<[a, P] Haligercs
okpectHocts U={t=C: |{—{t|<r}, B xoropyw z(f) mpoao.-
JKaeTcs, Kak roJjioMopdHas (yHKIHS KOMIJIEKCHOTO IlepeMeHHOrOo,
npuyeM B CUaY ycaoBusi 2’ (fp)#+0 MoxKHO cyuTath, uT0 2(f) OAHO-
auctia B U. ®yHkuus z=2z(f) oroGpawxkaer anamerp & = U, co-
CTOSALIMH M3 TOUeK AeHCTBUTEILHOH OCH f, HA AYTY Yo = y; MBL 060-
aHauuM yepe3 U* tor uz moaykpyros U\§, kotopnii z(f) orobpa-
xaer B D. OyHruus g(z)=fcz(f) B U+ yaoBiaeTBOpsieT yca0BHSM
NpUHOWna CHMMerpud (OHa npeobpasyer & B AYrYy eIHMHHUHOR
_ OKDYXKHOCTH) H, CJeloBaTe/bHO, aHAJHTHYECKH npodo/kaercs B U.
Orcloga BhiTekaer, uto [(2) aHaAJUTHYECKH NPOROJIKAETCSH yepes
AyTY Yo ¥

[TpHHUMAO CHMMeTpHH mToOJe3eH st (PAKTHUECKOro MNOCTPOEHHS
ko opMHOTO oTOOpakeHHss obJjacrell, o6/aajalIUX CBOACTBAMH
CHMMETPHH.

Mpumep. O6aacts D mnpeacrasiser co60il BHEWIHOCTb OODBEAHHEHHA OT-
peskos [—1, 1] u [—i, {]; o6o3sauum uepes D) ee BepXHIOW HOJOBHHY (pHC. 71).
D;  opHoaverna ¢ymkuna  wi=22 (8 D i
9Ta GyHKUMA HEOJHOANCTHA), Koropas oTO6pa- n ¢
maeT D) Ha NJIOCKOCTL € BHLIODOIIEHHBIM JYYOM
—1<Rew, < oo. TlosroMy ¢ymkuun o=V 22+1, D,
rie BbIOpaHa HyXHas BETBb KopH3, oro6paxaer D -~ --ezzzzzZ > -

Ha BepXHIOW noaymiockoctb Dy, Otpesox vy, coean- -/ / (z)
HAIOWUA uYepe3 00 TOUKH =1, nepexoguT NPH 3TOM /
) 5 -1

B OTPE30K Y*, COeNUHAIOUIUA Uepes 0o TOURM == V2. *
CaenoBaresibHo, K nociefHell GYHKIUH TPHMEHUM D,
APHHLMI CHMMETDHH, TO KOTOPOMY OHa TpOAOJ- ’:;/Z—W_Omzz??‘““
Xaercst aHasuTudecku!) B obaactb Di, cHMMeTpHu-

HYI0 ¢ D) OTHOCHTE/BHO Y, W HPOAOJ/IKEHHAss (yHK-

s o=} 2241 (Mb 0603HAYaeM e TeM XKe CHM- Puc, 71.

BoJioM) oToGpaxaeT D Ha puewnocts D* orpeska

[— V2, V2 ]. Bremmnocrs OTpe3Ka yiKe COBCEM HPOCTO OTOOPAXKAeTCsa HA Ka--
HOHWUYecKylo obJactb (HanpuMep, JuHelHON ¢ymkunedi Mbl oToGpaxkaem D* na
BHEIIHOCTb oTpe3ka [—1, 1], a 3atem npumensiem oguy H3 BeTBed ¢GyHKuuH, 06-
patnoii ¥k ¢ynunn JKykosckoro u3 mn. 11— noayuum oToOpaxienHe Ha BHYTpeH-
KHOCTb WJIH BHEIIHOCTb €IHHHUYHOIO Kpyra).

) Tounee, mpogonxaerci MepOMOpP G HO, 60 B GECKOHEUHOH TOuKe 06-
Jaactd D ¢yHKUMA BMeeT Hogioc (mepBOro mopsika).
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41. daauntudecknit cuHyc u MoayasipHas ¢yHkuus. PaccMoTpum
elle ABa npumepa GoJsee oO6ILero xapakrepa.
a) DdaaunTHueckuii cHuHyc. B m 39 mb yGenunuch B

TOM, YTO SJJIHIITHUECKUH HHTErpaJ MepBOro poia

dw
‘ z_of Vii-w) (- Reh) W

rie k, 0<k<l,—mapaMeTp H paccMaTpuBaeTCcsl OjJHa U3 BETBEMH
KOPHS B BepxHeil nojymiockoctd {Imw>0}, koHpopmio oTobpa-
)KaeT 3Ty MOJYN/JAOCKOCTb Ha MPSAMO-

H— yronbHUK Ry ¢ BepuuHamMu =K,
ez s + K+iK’. O603naunM uepes

ZL(' <z g w=sn (2, k) (2)

i * 'y T2 " 2] MM, KOpoue, w=snz obpaieHue HH-

Lloz Moy Y1 ™ terpana (1) — dyHkuuio, roaomopd-

! P ‘ Hyl0 B MpsiMOyrodbhuke Ry u otoGpa-

KawUyio ero KoHQOpMHO Ha Bepx-

snz HIOI0 noayniIockocTs {Im w>0}; dyuk-

5 - uust (2) Ha3BIBAGTCH JAAUNTULECKUM

k01 CUHYCOM.
sz Tak kak (yHKUHS sn MepPeBOAUT
Puc. 79 orpesok  [K, K+iK’] B oTpesok

[l, —k—], TO K Hell NpPHUMEHUM IMIpPHH-
LUl CHMMETpPHM, MO KOTOPOMY OHa aHaJUTHYECKH I[1pO0JKaeTcs
B IPSIMOYTOABHUK R, CHMMeTpuuHbIH ¢ RpotHocuteabno [K, K+iK'],
npuuyeM npojoJ:keHHas (yHKUHS (Mbl CHOBa o0o03HauaeM ee ue-
pe3 sn) orobpaxkaeT R; Ha HUIKHIOO NOJAYIVIOCKOCTh {Im w <0}
(puc. 72). IpogonxenHas QyHKOusl TakiKe YAOBJETBOPSET YCJI0-
BUIO HPUHOMIIA CUMMETPHM ¥ MO 3TOMY MPHHIUNY aHaJHTHYECKH
TIPOJOJMIZKAETCS B MPSIMOYTOJbHHK Ry, CHMMETPHUYHBIH ¢ R; OTHOCH-
TeqbHO oTpe3ska 2K, 2K+iK’. TlpsmoyroasHuk R; oroGpaxkaercs
CHOBA Ha BEPXHIOIO MOJYIJIOCKOCTh, H HPUTOM MO MOCTPOEHHIO M5
Bcex 2 &= Ry

sn(z+4K)=snz (3)

(cM. puc. 72; TOUKa 2;, CHMMETDHYHAs C 2 OTHOCHTEJNbHO OTpe3ka
[K, K+iK’], nepexofuT B TOUKy SHm2, a TOUKa 2z = 2-+4K, cuMMer-
puuHas ¢ 2z; orHocuTenbHO [2K, 2K+iK’],—cCcHOBa B TOuUKy snz).

Touno Tak e Mbl MOXKeM MPCIO/KHUTL (GYHKLHIO SNt B NPsSMO-
YroJbHHK R}, CHMMeTpHuHBbIi ¢ Ry oTHOCHTENBHO OTpeska [—K+ iK',
K+iK’], Toabko. 310 npofo/keHue 6y1eT MePOMOP(HBIM — B TOUKE
iK', oTMeueHHOH 3Be3104KOi Ha pHUC. 72, GYHKUUS SN HMEET MOJIIOC
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nepBoro mopsaka (cM. 3aMedaHHe MOCJe TPHHIHIIA CHMMETPHH).
IMpononkennas QyHkuua sn oToGpaxkaer R] Ha HHXKHIOW I10Jy-
NJIOCKOCTh M, 110 TOMY »Ke MPUHUOUAY CUMMETPHM, AHAJHTHUYECKH
NpoJosKaercs B MPAMOYrOJbHHUK Rj, cCHMMeTpuuHblii ¢ R} OTHO-

cuTenbHo otpeska [—K+2iK’, K+2iK’], u 3ToT npsiMOyrojnHHK
OHa oToGpajkaeT CHOBA HAa BEPXHIOIO IOJYIJIOCKOCTb, Kak H Bhillle,
Mbl IOJYUHM, 4TO 1Jis1 BCeX 2 & Ry

sn (2+2iK") =snz 4)
(cM. puc. 72).

Paccykjas TOUHO TakuM e 06Pa3oM, Mbl MOMKEM MPOIOJNKHTE
JJIMIITHYECKUHA CcHHYyC s Ha Bcio miockocth C. Tlpoaoakennas
PyHKUHA OKaxKeTcsi smepomopproti: B Toukax (K +4Km-+2iK'n,
rae m, n=0, =1, ...—Npou3BOJIbHbIe LeJbie YHCJAA (3TH TOYKH
OTMeueHBl 3Be3J0YKaMH Ha pHC. 72), OHA HMeeT MOJIChH HepBoTo
mopsiika, a B ocraibHbix Toukax C rosomopdHa. dta GyHKuMA
ob/sajaer TakxKe HHTEPECHBIM CBOHCTBOM 080AKONEPUOOUUHOCTU —
Kak BUAHO M3 cootHomeduil (3) u (4) M aHAMOTHYHLIX HM, OHa
uMeer aBa He3aBuCHMbIX nepuofa 71=4K u T2=2(K" pna 1w00uxX
ueanlx m, n==1, =2 .. . copaBeaJHBO COOTHOILLIEHUE

st (z+4Km+2iK’'n) =sn z. (5)

Takum o6paszoM, (YHKUUS Sn HHBADHAHTHA OTHOCHTENLHO He-
KoTopoil rpynnbi ABHxeHu# maockoctd C, 1. e. snHellHBIX NpeoG-
pa3oBaHH# BHAa

2> z+4Km+2iK'n (m, n=0, =1, ...).

dyukuuu, obsnazawmoure CBOACTBOM HHBAPHAHTHOCTH OTHOCHTEJNBHO
HEeKOTOpO# Tpynmel  APoOHO-IMHEAHLIX NpeoGpa3oBaHMi, Ha3bl-
BAIOTCA a8TOMOpQHumu pyrkyusmu. Kpacusoll Teopuu astomop -
Holx GyHKLMI AocBslleHa ofwHpHas JaHTeparypa').

B n. 32 Mbl roBOpPUJIH O PUMaHOBOH MOBEPXHOCTH 3JIIMIITHYE-
CKOTO CHHYyCa.

6) Moaynsprnas ¢yukuusa PaccMorpum Kpyrosoil Tpe-
yroabHuK To=ABC, 06pa3oBaHHbIH AyraMu OKpYXHOCTel, OpTOro-
HaJbHBIX K €JHHHYHOH OKpyxKHOCTH (puc. 73). Ilo teopeme Pu-
MaHa CyllecTByeT eIHHCTBeHHOe KOH(OPMHOe OTOGpa)keHHe W=
= (2) 3TOTO TpeyroJbHHKAa Ha BEPXHIOK MOJYNIOCKOCTh, MepeBo-
nsee Touku A, B u C coorBerctBeHHO B ToukH w=0, | u oo. [To
NPUHUUNY CHMMETPHH (YHKLUHUIO U MOXHO aHaJHTHYECKH MPOAOJI-

k ’
JKUTh B TPEYroJbHUKH T(l ), k=1, 2, 3, cumMerpHuHbie ¢ Ty OTHO-
CHUTE/NBHO ero CTopoH, ToYkH, CHMMeTpHuHbie BeplunHaM Ty oTHOoCH-

1) Cu., naapumep, J1, P. ®opa, AsroMopdubie dynxkuun, OHTH, 1936.
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Te/JbHO CTOPOH, MPOTHBOIMOJIOKHBIX 3TUM BEPUIHHAM, TaKxkKe Jexar
Ha eJMHHYHOI OKpY*KHOCTH. (B camom fese, npi HHBepCHH, CKakeM
otHocHTeabHo ayrn BC, nyra oxpyxHoctd {|z| =1}, conepxaasn
Touxky A, nepeliier B NONOJHHTEAbHYIO HYTy 3TOH OKPYXKHOCTH H
o6pas A, touku A nonafier Ha 9Ty AOMOJHHTeNbHYIO Ayry.) Ilo
cBolicTBaM HHBepCHU (M. 9) CTOPOHLI TPEYrOJLHHKOB 7{" cuoBa 6y~

AYT AyraMu OKPYXKHOCTEH, OPTOTOHAJbHBIX €1HHHYNOH OKPYXKHOCTH.

IMpopoaxkenHas GyHKuUs p KOHGOPMHO OTOOparkaeT KaxKAbld H3
T4 Ha nnxKHIo© NOAYNJIOCKOCTb TakK, YTO CTOPOHbI NEPeXOAAT B OAHH
u3 orpeskoB (0, 1), (1, o0),
(o0, 0). ITosatoMy K p cHoBa
"MOXKHO MAPUMEHUTb HPHHIIHIN
CHMMETPHH, H, CJI€0BaTENBHO,
{. aHAJMTHUYECKH APOJOJIKAeT-
CSl B TPEyTOJbHUKH TP, koro-
peie fmoJydarTcst H3 ¥ or-
paKeHHEM OTHOCHTEJNbHO HX
CTOPOH  (3alUTPHXOBAHLI Ha
puc. 73).

[ToBropsis onucaHHBIH Npo-
[ecc aHaJUTHYECKOTO HpO-
JOJIKEHUS HEeOorpaHWYeHHO, Mb
MOCTPOUM  TroJIOMOp(HYID B
eIMHUYHOM Kpyre YHK-
LU0 [, KOTOPasl ¥ HasbiBaercs
modyaaproi  pyuxyuel. Oue-
BHAHO, 4TC  MOAyJAsipHas
¢dyHKLMS HempoAoJKaeMa aHaJUTHYECKH 3a npenenst U, 1. e. U ap-
JsieTcs ee 06JacTbi0 rosioMopduocTH. B camoM jese, Ha OKpYXHO-
ctu 0U={|z| =1} Bclogy NJOTHBI MHOXKECTBA TOUEK, NOJYYAIOUUXCA
OTpaxKeHUAMHM KaKAOH M3 BEepUIMH TpeyroibHuka Ty, HO Xorjpa 2
CTPEMHTCS] IO COOTBETCTBYIOUIEMY TPEYTOJbHUKY K TOUKe A,, moJay-
yalpoulelicsi orpaxkeHuAMH BepwuHb A, 10 u(2) —0, a Korga 2 Tak
Xe cTpeMuTCsl K ToukaMm B, niu C, (moaydarommxcs OTpPaXKeHHAMH
B nau C), 10 p(2) crpemurca x 1 unam oo. Takum odpasom,
HeJlbh3sl IPOACJKUTE B U 1a¥Ke HETpephBHO. : :

M3 noctpoeHus sCHO TakxKe, YTO MOOYAAPHAA (YHKYUs p He
npunumaer 8 U Tpex 3naueruti: 0, 1 g co. DTUM CBOHCTBOM MBI BOC-
IHOJB3yeMcsl B faJibHeHALIeM.

3aMeTHM, JaJjee, YTO YETHOE YHCJIO OTPaKeHHH OTHOCHTENbHO
IyT CKpyxkHOCTe#l (MHBepcH#) cBOaMTCS X APOGHO-IMHEAHOMY mpe-
o6pasoBanno. [Ipo6Ho-nuHeiliHble npeoGpasoBaHHs, KOTOpbie MOJaY-
YaIOTCSl YeTHBIM YHC/JAOM OTpPaKeHHH, ONMHCAHHBIX NPH OnpeneseHud
MOAyAsApHOH (PYHKUHH, K TOMY e NepeBOAAT OKpyxkHocTh OU B
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cebs, T.e. asagiorca asroMopdunsmamu U. Oum, oueBHAHO, COCTAB-
JAIOT TPynny Ag, KOTOpas 4BjseTcs NOATPYNNOH TPyAnbl Bcex
asTomopdusmop U.

Jlerko BUAETB, UTO MOOYAAPHAR (PYHKYUS ABAAETCA UHBAPUAHT-
HOU OTHOCUTeAbHO npeobpasosanuli epynnot Ay (T. e. agrosmopgrol
¢yuxyuerr). B camom pene, nyctb AeA; — npousBoJbHOE OTOGpPa-
KeHne u 2 & U — npousBosibHAsi TOUKa; 2 NPHHAMJIENKHT HEKOTO-
pOMy TpeyroabHuKy 7 M3 ONHCAHHLEIX BBIle (TOYHeE, €ro 3aMblKa-
nuo B U), 1 dyHkuus u koHGOpMHO oToOpaKaeT ero Ha BepXHIO
WM HHXKHIOIO MOJYIVIOCKOCTh TaK, YTO BepIIMHBI TPEYroJLHHKa Ie-
pexoasit B TOUKH 0, 1 u oo.

ITo noctpoennio QyHKUUA u orobparkaer TPeyrodabHUK A(7) Ha
Ty XKe MOJNYIJIOCKOCTb, IPHYEM COOTBETCTBYIOIIHE TOUKH CHOBa ilepe-
xoisT B Touku 0, 1 u oo. [loaToMy g H p oA KoHbopMHO oTOBpa-
)kator T Ha OAHY NOJYMJIOCKOCTb € OJHHAKOBBIM COOTBETCTBHEM
TpeX IPaHHYHBIX TOUYEK, H, CJeJ0BaTEJbHO,

w(z) = r(2) 6y

(cM. m. 36).

OnuileM aHaJUTHYeCKYyl0 (GYHKUIHIO, OGpaTHYIO K MCJy/sPHOM.
Ias nmoctpoeHust 3TO# QYHKLHH PacCMOTPUM ee BeTBb z2=pu~' (w),
rooMOpGHYI0 B EepXHell HONYNAOCKOCTH U OTo6paXdiomyno 3Ty
HONYIJAOCKOCTE Ha TpeyroabHHK To. [lo npuHUMANY CHMMeETpHH 3Ta
BeTBb aHaJHTHYECKH MPOJO/IKAETCS B HHIKHIOIO TIOJNYMJIOCKOCThL de-
pe3 kaxabiil u3 (oTkpeIThX) orpeskos (0, 1), (I, c0) m (—oo, 0).
Kaxayio W3 npoao/KeHHBIX BeTBEH MOXKHO CHOBA MNPOAOJXKHThL B
BEPXHIOIO MOJYNAOCKOCTb yepes J11o60i u3 3Tux orpeskos. Ilpu srowm,
€CJIH BTOPOE NMPOAOJKEHHE MPOHUCXOAUT yepes APYroH OTpe3ok, yeM
nepBoe, TO NONYYEHHAs BeTBb OT/AMYAETCH OT HayanbHOH (OHa OTO-
6pakaeT BEPXHIOK IOJYIJIOCKOCTh HA OJAHH H3 TPEYTrOJbLHHKOB
T{). Dtor mpomece NPOAOMIKEHHS MONKHO BECTH HEOrpAaHHYEHHO;
OH H OnpefeqsieT aHAJAUTHUECKYIO QYHKIHIO, OOPATHYIO K MOAY-
JIpHOH.

HerpyaHo BHAeTb, YTO aHaauTudeckas QywKyus, obparHas K
modyaapuoil, 6eckoneuno3rnauna; Touxu 0, 1 u oo asasarorca ee ao-
2apudpmuneckumu TouKanu sergieHus. Bee snauenus 3Toll gynKkyuu
aeoxcar 8 eQuHuuHom kKpyee U.

Ha cymectBoBannu ¢yHKnuu, ofpaTHoft K MOAYJAAPHOH, OCHO-
BaHO NPOCTOe JOKa3aTeJbCTBO C/eAyIOIell TeopeMbl, KoTopas npen-
craBafer coGoil pnaseko HAyliiee 0GOGLIEHHe OCHOBHOTO CBOHCTBa
MHOTOYJ/IEHOB. .

Teopema | (Ilukap). Jwbas yesas pyrkyus, OTAu4HAA OT
NOCTOAHKOU, NpuHUMaeT 8ce (KOHeuHble) . KOMNACKCHble 3HAYeHUs,
3a uckaoderuem, GoiTo moocer, 00HOZO.
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<« TlycTb nenas QyHKuus [ He NPUHMMAaET ABYX Pa3JIHYHBLIX 3HA-
yenunt a, b=C. (DyHKL[HH

Takxke Ienas U He mpuHuMaer sHaveHuit 0 u 1. B oxpectHOCTH
npou3BosbHOH TOukH 2o&C rosomopdua dyHkuus ¢=u 'l g, rae
u! — kakag-1160 BeTBb (PyHKIUH, 0OpaTHOH K MOAYyJAsipHOH, roJo-
MopdHas B OKPECTHOCTH TOYKH Wo=g(2). Tak kar ¢yukuust g
He npuHuMaer 3HayeHu# 0, 1 U oo — 0COGLIX A/ aHAJHTHUECKOH
dyukuun p~l, To QyHKUUS @ Tpogo/KaeMa BAOAb JIOGOTO MYTH
vy <= C. Tak kak C oaHOCBA3HA, TO MO TeOpeMe O MOHOJPOMHH
(n. 28) ¢dyHkuMs @ opHo3HayHa u rosoMopdua B C, T. e. ABaAseTCH
nesoil oyukuneir. Ho Bce 3HauveHus p~! sexar B eJHHHYHOM KpyTe,
CJle0BaTeNIbHO, @ OrpaHuyeHa M, no Teopeme JlmyBuans (m. 20),
nocrosiiHa. Ho Torna u g, a ciepgoBatensHo u f, moctosiHHa W

Lenas ¢pyHkuus — 370 Mepomopduas (8 C) obyHrRuus, He npu-
HHMaloas 3HaueHust oo, Teopema [Inkapa obGoGinaercas u Ha mpo-
H3BOJibHbIE MepoMopoHbBle QYHKLUHU:

Teopema 2 (ITuxkap). Jiwbas meponoppras ¢ C pynxyus,
OTAUYHAA OT NOCTOAHHOU, NPUHUMAET 8C€ KOMANEKCHbie 3HAYEHUA

u3 C, 3a uckaoyenuem, 6ore moxcer, 08yx.

< Ilycts [-—mepomopdras ¢yHKuus, He NPUHMMaKOILAs TPex
pasJiiuHbIX 3Havenuit a, b, ceC. DTH 3HAUGHHS MOMKHO CYMTATH KO-
HeUHbIMH, H6O0 ecsid Gbl Kakoe-1uHO H3 HUX ObLIO GeCKOHEUYHBIM,
To [ Gbuta Obl mesofl GyHKLUMEH, He NMPUHUMAIOIEH ABYX 3HauyeHHH,
T. €., 110 TeopeMe 1, MOCTOAHHOII, paCCMOTpHM PpyHKUIHIO

¢ @)= T

oHa, O4eBHJAHO, pesaasi (M60 fsc) U He NpHUHHUMaeT 3HAYCHUN
1
a—c -
NocTosIHHA W
Sameuanue llenas dyukuusa e’s=0, mepomopdHas GyuKuus
tg 25 1, cmenosarenbHo, TeopeMbl [1HKkapa He MOryT GLIThH yCUJIEHBI
B OTHOLIEHHU UUC/JA HeNpUHUMAaeMBIX 3HaueHUH (Takwe 3HaueHHs
Ha3BLBAIOTCA NUKAPOBCKUMU UCKAIOHUTEAbHOIMU 3HAYEHUAMU) .
MoKHO j0KaszaTb, YTO CBOHCTBO MepOMOPQHBIX (PYHKUUI npH-
HUMaTh BCe 3HaYeHHUs, 3a HCK/IOYeHHEeM, OBITb MOXKeT, ABYX Ha ca-
MOM JeJie sIBJsieTcs JIOKAJbHBIM CBOMCTBOM HX [OBEJI€HUSt B GecKo-
HeyHocTH. MiMeeT MecTo Tak Ha3blBaeMas 6o0abuias teopema [lu-
Kapa, 110 kotopo#l sobasi QyHkuust B JIO60H CKOJb YrOJHO MaJoi
OKDECTHOCTH IIPe/lebHOU TOUKH &€ MoJI0CoB IPUHHMAeT Bce 3Hauye-
HUS, 32 MCKJIOUeHHeM, GblTh MOXKeT, AByX. TouHO Tak ke B J10GOH

. o teopeme 1 (yHkuus g nocrosiHHa, Ho Torga W f



3AJIAUH 221

OKPECTHOCTH CYil{eCTBEHHO OCOGOH TOUKHM Ja100ass (yHKUMA AOpHHH-
MaeT BCe KOHeuHble 3HAUeHHs, 33 HCK/JIKOYeHHeM, OBITh MOXKeT, Of-
woro. B aroil dopmynuposke Gosbimias teopeMa [lukapa siasiercs
CylieCTBEHHBIM ycHieHHeM Teopembl Coxonkorol).

3AAYN

1. Joxamure caedyiollee 0006uleHHe NPHHINMA apryMenTa: eciu QyRKiuus f
MepoMopdHa B 3aMKHYTOA obsactu D, OrpaHHueHHON KOHeUHLIM UYMCJAOM Hempe-
PbIBHBIX KDHBBIX, TpPHYeM HA OD HeT Hu HyseHl, ux moswocos f, To anst MoGoH
dhyuxusy @, ronoMopbHoi B D,

l m
2—;7 J‘(p(z) ;((5)) dz =Etp(ak)~2tp(bk),
ab k=t k=1

rlle MEpBas cyMMa pacCIpocTpaHsieTcst Ha Bce HYJI W, a BTOpPAd —HA BCe T O-
awcbl ¢yukuun [ B D. Ilpu @=1 nojayyaeM APHHUMI apryMeHTa. [Yxazauue:
[IPUMEHUTE K HHTerpasy B JeBOH uyacTH Teopemy Kolim o Bbiuerax.]

2. Ilycte f(2) mepomopdHa B eguHuuHom Kpyre U u HempepniBHa B oKpecT-
rocrn OU. JMokasarh, uto aast moGoro uuciaa A Takoro, uro ‘Ai>r3?[x 1, umcno

A-touek B xpyre U paBHO uuc/ay MOJIOCOB.
3. Iycts f(2) HempepbiBHa BCIoAY Ha C u romomopdua BHe HEKOTOPOTO KOM-

naxta Ko C. Hoxasars, ure [(K)=[(C\K). [Vrazaune: nyetb 20 C\K n
2)—Tf(z
fs=f(20) ua K; Torma uy)HO paccMoTpeTh (yHKIui0 g (2) = (*;——Ti—(l, J0-
<0
Ka3aTb, YTO OHa HMeeT KOHeUHOEe UMCJAO HYJeH, YCTDAHUTHL UK # NPUMEHUTL HPHH-
UMD apTyMeHTa [JS HeMpephBHBIX (DyHKuUMA.]

4. a) Haitu paanyc cxoaumoctu psana (10) w3 npuMepa B m. 34, KOTOpHIH
obpautaer Ueayio GYHKUHI0O W=2e ** B OKpecTHOCTH TOUKH w=0. 6) OOBACHUTSH,
[oueMy 5TOT pAJ KMeeT KOHEUHbII pajdyc CXOAHMOCTH. B) BmiBecTd u3 0) acuM-
nrotudeckyto hopmyay Crupaunra aas n!

5. Ilyets f1, ..., fa ro.noMop(bex B 3aMgHyTO{t ofnacTu D. JokasaTb, uto
dyuxiya q)(z)=[f1(z)l+ . +|fn(2)| mocTuraer makcuMyma Ha ee rpamuue 9D.
6. ITycts D — nosoca §— % <Imz< g} B C.TTokawxure, uto Uenas (QyHK-

ez
uus e orpanuueda na rpanuue obaactu D B C, Ho me orpanuuesa s D. Oa-
Mako BCAKAs PaBHOMeDHO orpaHuuenHas B D ronomopdHast GyHKuus [ mo Mo-
AYJI0 He NMPEBOCXOAUT
sup |7 (2) 1

f)
lIm2|=——2—

7. Ilycrs f(2) — roaomopduaa GyHKUMS B enuHHuHOM kpyre U Takas, uTo
1(0)=1 u |[f(2)[<M B U. Ilokaxure, 4To B Kpyre [zlé—M— BHIOJIHSIETCH

HepaBeHCTBO |f(2) — 1|<KM - |2].

8. Hokaxure, 4TO Ha MOBEPXHOCTH Mompyast rosomopdHo# dyrkuuu fs% const
BHYTPH BCAKON 3aMKHYTOW JIMHHA YDOBHSI {lﬂ—c} YHCAO MUHUMYMOB Ha €IHHHIY
fosblile yHcaa TOYEK nepeBaJa.

1 ﬂoxa?,aTeJIbCTBo Gosbilol TeopeMbl [Tukapa (a9 roJoMOP@PHBIX GYHKuHH)
- MOXHO Hafitu B kuure A. V. Mapkyuiesnua, uut, Ha ctp. 207,
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9. Jloxaxure, UTO BCHKOe TOJOMOp(HHOE OTOOpaxeHHe 3aMKHYTOro kpyra U
B cebsi uMeeT HenoABUKHYIO TOuky. [IpuBenHte npumep Takoro oToGpaKeHHs, Bce
HENOABHAKHBIE TOUKH KOTOPOr'0 Haxomsrtea na rpanuue kpyra U.

10. Ecau f ronmomopdua B eguunutom xpyre U, nenpepuiena B U u [f(2)|=1
nasi Bcex 20U, 1o [ — paunonanbuas (ysxuua. [Ykasauwe. TlepBrift cnocol:
CHauaJsla mpeanoJoxure, uto [0 B U, n nokaxure, uro f=const, 3areM ycrpa-
HuTe wyan f, He mensa |f| ma 6U. Bropoh crnoco: npuMeHHTe NPHHUAMN CAMMe-
Tpun.]

1. (H. I. He6orapes). Ilvers f(2) roso.topdua B BepxHeft HOYILIO-
ckoctn V={Im2>0}, nenpepuisua B VNC u f (V)= V, a | (R)=R. Hoxasars,
YTO B 3THX YcaoBUSX [ — anHefiHas ¢yukuud. [YKasanuwe: mo npHHUHNY cUMMe-
TpHH [— lenas; JOKa)kuTe, UTO OHA Bo3PacTaeT HA OCH X, 3aTe€M PaCCMOTPHTE
$yHKLIHIO g(2)=2—(zj-c——, rje Xo-— eAVHCTBEHHBIA HYJAb f, W [OKaxuTe, uro

— A0
In g == const]

12. ITyerp f(2) ronomopdhua B kpyre U u mocrosmnHa no Moayawo Ha ero
rpanyue AU. Ioxaxwure, uto argf npu oGxoge OU MeHsieTcss MOHOTOHHO.

13. Ilycts ¢ynkuuu [y B Kpyre U rojoMopHB, OTJAHUHBI OT HYJst W Bce
no MOAyJaio Menbitle eauuuubl, Torga, ecan fy(0) =0, to fv{z) > 0 paBHOMepHO
BO BCSIKOM BHYTPEHHeM Kpyre. .

14. Jloxaxure, uto moGoi konpopMHuili uaomophusm xodabua {r<|zl<<r:)ua
Kkoabno {p1<|wl<ps} Juneen. [Ykasanue: npuMeHHTE MPHHUMI CHMMETPHH.]

15. Ilokaxure, uTO J1060i KOHGMOPMHBIA H30MOP(H3M NPAMOYroJbHHKA HA
NPAMOYTOJbHYK, NEePeBOAAIIAN Bce 4 BepUINHBI B BepIUHHbI, JHHEEH.

16. Ipusegure npumep roJomMopdHOro (HO, KOHEUHO, HEOJHOJHCTHOrO) OTO-
GpaxeHns KPYroBOTO KOJblla Ha KPYT H IpHMep TaKOro Xe OTOGpaxKeHHS Kpyra
Ha KOJIbIO. )

17. Tlycts aas ¢yngunn f: €—>C  muoxectBo npoobpasos {z: f(z) =wo}
Aas mo6oi Toukn wo=C AHCKPETHO, T. e. He MMeeT NpefesHbXx Touek B C. Jlo-
KaxuTe, uyTo Takas (QYHKuMS He MOXKeET ObiThb 6oJjee ueM [BOSIKONEpPHOLHUYECKOH,
T. €. CYLWECTBYIOT HepHOIbl ®; M W2 TakHe, 4To Ji06of mepuon [ umeer Bul
O =101+ 23, TAE N1 U N2 — LeJble YHCIa.

18. TIpoBepbre, uro GYHKUMs @W=sn (2, k) B3aUMHO OJHO3HAMHO (¥ KOHDOPM-
Ho) oro6paxaer npamoyroabHuk {—2K<Rez<2K, —K'<Imz<K’} ¢ oroxne-
TBJEHHBIMY [POTHBOMOJIONHLIMH CTOPOHAMH Ha MOBEPXHOCTb, KOTOPas 0O.y-
uyTesl, ecaM B3ATh JBa 3K3eMIIAPa MJIOCKOCTH @ ¢ paspe3aMH no OTPe3KaM
(—1/k, —1), (1,1/k) n cKaeuTb Gepera pa3pe3oB KpecT-IIAKpPecT,



FTABA V
JONOJHHTEJIbHBIE BONMPOCHI

3nech MBI pacCMOTPUM JiBe HE CBSI3aHHLIE MeXJAy COGOH TeMBbl,
KOTOphle, C OAHON CTOPOHEI, 3aBeplialoT HaGop OCHOBHHIX CBejeHHH
13 TeopuH HYHKOHH OJHOTO KOMILJIEKCHOIO MepeMeHHOro u, ¢ Apyro#
CTOPOHBI, HeOoOXOAUMBbl IJsi TeopHH (PyHKUUA HeCKOJNbKHX [epe-
MEHHBIX.

§ 13. Pasnoxenns ueanix u MepoMopdHbix QyHkuui

42. Teopema Mutrar-Jledpdaepa. B n. 24 6bl10 A0Ka3aHO, 4TO
Jo6as pauHoHaJbHad (GyHKUMA passaaraercs Ha CYMMY HEKOTOPOTO
MHOrouJeHa (CBOell TIJiaBHOH 4YacTH B GECKOHEYHOCTH) M TJIABHBIX
yacrell B KOHEYHBIX 0COOBIX TOUKAX. 34€Ch Mbl XOTHM MOJYYUTh aHA-
JOTHYHOe pas/IoXeHHe AJis NPOU3BOJBHBIX MepOMOPOHLIX (yHKLHH.
Yepes a, (n=1, 2, ...) Mbl Gyiem oGo3HayaTh MHojioce ') Mepo-
MopHO# ¢yHKUMHU f, a yepes

Pn o
Vool
gn(2)= Zm (M

v=1

IJIaBHYIO 4acTh €e JOPaHOBCKOI'O PasfioyKeHHs B MOAIOCE Qn.

Ecau MepoMmopduas ¢yHKUHA [ UMeeT JUINb KOHEUHOE YHCAO
[0JIIOCOB, TO, BLIYHTAA U3 [ CyMMy ee IVlaBHbIX uacTefi B 3THX IOJIIG-
cax, MBl MOJY4YMM, OYEBHJHO, Heaylo ¢yHKuuio A. B atom cayuae
nocTaBjleHHAs 3ajaua pellaeTcs TPUBHAJbHO: (YHKuHs [ pasda-
raercsl B CyMMy Henoff ¢yHKUHH /i ¥ cBOUX IviaBHBIX yacrefl. TakuM
cOpa3oM, npeicTaBJaseT HHTepec JHLIb cayyail 6eCKOHEYHOrO YHCJ/Ia
HOJIIOCOB. 371€Ch BMECTO KOHEUHOH CYMMBI MBI MMeeM Psi M3 IiaB-
HBIX yacTell, ¥ BO3HHKAET BONPOC O €ro CXOAHMOCTH. DTOT Psji, BO-
o6llle TOBODS, PACXOAMTCH, W AJNA HNOAYYEHHA CXOAALILrocs psiaa
K TJIaBHBIM 4YaCTAM OPHXOAHTCH BBOJUThL NONpPaBKH, KOTOPHIE, KakK
MH YBHAMM, MOXHO §paTh B BHJE MHOTOUYJIEHOB — OTPE3KOB TeHI0-
POBCKHX DPasJ/OKeHHH IJIaBHLIX yacTel.

1) HanoMsuM, uro MepoMopbHas (QyHKIHS He MOKET uMeTh Gojee ueM CueT-
HOE MHOXeCTBO NOJIOCOB: B KaxkaoM kpyre {{z|<N}, N=1, 2, ..., nomocos auuib
KOHEYHOE 4Hnclo, uG0 B NPOTHBHOM CJydae CyillecTBOBaja Obl HX KOHeuHasl
fipepesibHas TOYKA, KOTopaa Gbila Obl HeH3oaMpOBaHuoi ocoGo#t Touko#, a me
NOJIIOCOM., '
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[Tepexons K TOYHBIM (POPMYJHPOBKAM M AOKA34ATEJAbCTBAM, Ipe-
e BCEro YCJIOBHMCS, YTO MOHHMATh NOJ CXOAHMOCTBIO psja H3
MepoMop(pHBIX (GYHKIHHA, KOTOpPBle MOTYT ofpaulatbcst B 6ecKoHed-
HOCTb B HEKOTOPBIX TOUKAX.

Onpenenenue. Pax u3 MepoMop®HbIX (GYHKUHA Hasbl-
Baercst cx00Auumcsi {(COOTB. PABHOMEPHO CXOOAWUMCA) Ha MHO-
xectee M, ecau JUIIb KOHEUHOE YHCJIO €r0 4JIEHOB MMEET IOJIOCH
Ha M u mocse yjaneHusi 5THX WIEHOB pPAa CXOAHUTCH (COOTB. paBHO-
MepHO cXxoauTes) Ha M.

3ajauy o pasjlokKEHHH pellideT clefyloulas Teopema cylie-
cTBOBaHHUs MepoMophHOH (YHKUHH C 3aAaHHBIMH [OJAIOCAMH H
TJIABHBIMH YacTAMH: '

Teopema 1 (Murrar-Jleddaep). Kaxosor 6ot nu Gouiis

nocaedosaresvrnocte rtouex a,e=C, lim a,=o0c0 u nocaedosareis-
n-»oo

HOCTb (yHKyuli g, suda (1), cywectsyer mepomoppran pynxyus f,
KOTOPAA uMeeT NOAKOCbL 80 GCEX TOUKAX On U TOALKO 3TUX TOYKAX,
npuvem 2a08HAR 4ACT6 [ 8 KAXCOOM noatoce a, cosnadaer ¢ gy,
< be3 orpaHuyeHus 0OLIHOCTH MOXKHO CUHTATh, YTO a4, ¥ 0 (1Go
BMECTO | MOXKHO paccMarTpuBaTh GYHKUHIO [ — go, TAE g9 — [1aBHAA
yactb [ B Touke 2=0) M Y4TO TOUKH @, 3aHyMepOBAHBEl B HOpAIKe
peybniBalomux Moayae: |a,|<K|a,| (=1, 2, ...). Purcupyem
uucio g, 0<g<1, u o6o3znauum K,={z: |2|<q|a,|}. Tak Kak pyHK-
uust g, rosomoppHa B kpyre {|z|<|an|} u K, KOMOAKTHO npu-
HAJJMeXUT 3TOMY Kpyry, TO &, MOXKHO B K, pPaBHOMepHO [PHG.IM-
3uth nonuHoMoMm Teftnopa
KRN :
P = Y L on ©

k=0

creneHb /M, Mbl BhiGepeM Tak, yToGbl AJs BcexX 2 & K, Oblio
1
!gn(z)—'Pn(z)l<'§n— (n':l: 21---)- (3)

Tlpn Takom BhibOpe P, pan
2 (gn - Pn) =f
n=1

CXoAuTCs paBHOMepHO Ha Jio6oM koMnakre K u3 C B cmbicae onpe-
penenus 1. B camom pene, nns Jswo6ore K Haiigercs Homep N Tta-
koi, uto K < K, aas Bcex n2> N; ujens paja

fu= 3 (gs — Pa) )
n=N
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rojioMopdHsl Ha K, u B cuny (3) 3tor psaa Maxopupyercs Ha K
cxoasuelica reoMeTpuueckoit nporpeccueii. CaegoBatenbuo, paa (4)
cxoauTes Ha K paBHOMEpDHO M ero cymma [y mo TeopeMe Beiiep-
wtpacca (n. 22) romomopdHa B K.

Oyukuus [ orianyaercss OT fy Ha panHoHa bHYWO (DYHKLHIO
N~1
> (g, — P,) ¢ momocaMu @, M TJaBHBIMK 4acTAMH g, (n=1,

v..y, N—1) n, caegosartenbro, umeer B K 3ajaHHbe NOMIOCH H
rnaBubie yactu. Tak xak K — IpOM3BOJBHLIN KOMHAKT, TO [ Mepo-
mopdHa u umeer B C saganHble NOJIOCH H IJIaBHBIE yactH P

Caneactsue. Jiwobyw mepomoppryo dynkyuo f moxmro pas-
A0%CUTE 8 pAd

2 gn ﬂ I (5)

pasHomepHo cxodawuiicas Ha arobom Komnakre, ede h— yeaas
Gpyurkyus, g, — 2aa8rvle wactu f u P, — nHexoTopsie noauHOMbL.

< 3aHymMepyeM moJiocel [ B TOpsiike HeyOBIBAOIUX MonyJel
(Touky 2=0 MOKHO CYUMTaThL NPABHJIbHOH, ec/i BMecTo f paccMor-
petk GyHKUMIO [-—-go, Tle go— IJaBHasi yacTk f B 3TO# TOuke) H
no Teopeme 1 MOCTPOUM psf

f0=,§l(gn_Pn)’

paBHOMEpHO CXOAsIIUACcA Ha MO0OM KoMmmnakre. OyHkuusa f— fo=A~,
OYeBHIHO, Lenas ¥

IIpumepsn. 1. MepoMopduan dyHkIua HMeeT [OJIOCH BTOPOro Mo-

12
sin? 2z
pAaaKa B ToykKax an=nasx (n=0, =£1, ...), npuueM ee rjaBHas yacTb B KOJIOCE

an paBHa gp= (z_-—rm—)2 Pan w3 raaBHBIX yacTel

)

1
h@= Y T

n=—oco

CXOANTCS PaBHOMEPHO Ha J0GOM KoMnakTe (B cMbicle ompegenenus 1), u6o B
1
ao6om kpyre {|2|<<R} Maxopupyercs cXoAsiiuMcs pPsaoM TR—RE " To-

3TOMY NONpaBOYHbIE MHOTOWICHBl P, B pasnoxeHuH (5) ne HYXKHb, ¥ ocTaercs

HalTH Heayio QYHKIHIO
sm2 2 (z—rm)2 '

n=—o0

h(z)=

Dra (QyHKIHs NEepHOAHYecKash ¢ NepHOAOM I, NOITOMY ee AOCTATOUHO HM3YUUTh

15 B. B. WaGar
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B nonoce {0<Rez<n}. B sroft nonoce |2—nnl=n(n—1) zaa a=1, 2, ...,
¢J1e10BaTelbHO,

m 0o
1 1
@ ISpE+ 212—:;;:1? +2 Y

n=—m n=m+

1
. (n—12n?

cTpeMuTcd K 0 npu 2—>oo B 3T0H noaoce. Tark Kak |sin?2|=sin?x+4-sh?y npu
9TOM TaKXe CTpeMuTcs K Hymo, To M h(2) cTpemHTcs K HyJMI0 IpH 2> 00,
O0<Re2<n. [TosTomy 4 orpaHHueHa B MoJoce, a B cuay mepHojmiHocTd ¥ B C;
no TeopeMme JluyBuajst B NOCTOSHHA H, CNeJOBaTeNbHO, PaBHa nyal0. TaknMm 06-
pasom, pasaoxenne Murrar-Jlehdiepa uMeer Buzx

1 X 1
sinfz 2 (z—nm)? " )

n=—o00

2. MepoMopduas ¢yrKunsa ctg z umeer npocThle NoJIOCH B TeX Ke TOUKAX
ap=nx% (n=0, £1, ...) ¢ rN2BHBIMH 9aCTAMH gn= = Pan w3 raaBHBIX
qacTefi pPacXOXMTCS, HO JE€TKO BHIETb, YTO MOXKHO B35Tb MNONPABOUHLIE MHOrO-
jleHkl HYJEBOH CTeneHu: paj

V[ 1 1 U -
E (z—nn +H)— E (z=n) nw
fe=—o00 n=—00

(INTPUX Y cyMMBl O3HAyaeT, YTO NPH CYMMHDOBAHHU BBUIYCKAaeTCAd HHAeKC' n=0
CXOAHTCS PAaBHOMEDHO Ha KaX/OM KOMIIaKTe. Ocraerca nafiTu ety GYHKLUIO
B pasnoxeHuu (5), 4TO MOXHO cAejaTb TAK Xe, KaK B NpPeALIAYILEM IpUMepe;
MB yGenumcs, yro b =0
HHT OBa —_
Ipoite, oanaxo, HPOMHTErpupOBaTH iz~ =

HelomMeMy TOYKH 2=0 H 2 H He NPOXOAAIIEMY 4ePe3 NMOMIOCH a, 70. [loabsysch
dopmynoit (6), MB NOAYYMM HYXHOe pasnoxenue Murrar-Jlebdaepa

W\ I
ctgz—o= 2 (z-—nn +_nE), ™

n=-—00

no moGoOMYy IIYTH, COeXH-

{(nounenHoe nuTerpHpobanHe (6) 3aKOHHO B CHJIY PABHOMEPHOR CXONMMOCTH).

Teopema Murrar-Jlebdaepa u ee caencTBue sBJSIOTCS Teope:
MaMHi CYILECTBOBAHHSI H He JaloT HHPODMalMu O TOM, KakK (akru-
YyecKH BHOMpAaTh MHOTOYJeHBl P, # nenywo dyukuuwo hA. Ias npak-
THUECKHX UeJEl Tosie3Hee He CTOJb o6miasi, HO Gosiee KOHCTPYKTHUB-
Has TeopeMa, NPH [10KA3aTeqbCTBE KOTOPOH HCMOJBL3YETCS MeTold
Ko yayyineHHst ¢X0I1MOCTH.

Teopema 2. Ecau Ha HeKOTOPOL cucTeme OKPYMHOCTEL
vo={l2| =ra}, n<ra<...., ra—> 00, mepomopgnas gpynxyus [ pac-
TeT He ObicTpee, wem 2™, T. e. CyuwjecTéyer nocroaxuas A raxas,
4T0 Oas 8cex 2y, (n=1, 2, ...)

I (z) |<Alz|™, (8),
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T0 8 pazaoscenu (8) 8 kauecrse P, u h MOMHO NPuHATG MHO20-
4AeHbL CTeNEHU He BblUle M.

< OQuxcupyem ao6yio Touky 2 & C, OTIHYHYI0 OT MOJAIOCOB f,
H TpeAnoJoXKHM, UYTO Yy COAepXKUT- 2 BHYTpPH. ODyHKUuA

F(@) = —g—f—_gl— BHYTPH yy TOJOMOp{HA BCIOAY, KPOMEe TOUKH {=2z

H noaiocos $ysxkuuu f. Briuer ee B Touke 2 paBeH [(2), cyMMYy BbI-
YeTOB B MOJIIOCAX [, JlexaluX BHYTPH yy, 0003HauMM yepes .

J_-LIIH nojxcyera § 3aMeTHM, YTO B KaxKAOM TaKOM II0JKOCEe BLIYET

9y (E)
byukuun F coBnagaer c¢ BuluetoM Gynknun Fy(§)= ;N_z

, Tie

oy €)= D g,() o3Hauaer cymMmy Bcex rVaBHEIX gacTeii [ B noJIo-
v
N
cax, Jexallux BHyTpH yy. PyHKuusi Fy palHOHaJbHAa H KpoMme
YIOMAHYTHIX TOJIOCOB OHA HMeEeT IIOJIIC B TOYKe (=2 C BBIYETOM
¢n(2), a ee BbUer B GeCKOHEUHOCTH paBeH HyJ0, H60 Fy nmeer
TaM HyJb He HHxke Broporo nopsiaka'). ITo Teopeme o mosHo#t cym-
Me BHueroB (m. 25) cymma BceX BbYeTOB OyHKUHH Fy, T. e.

s+on(2) =0, otkyna s=—gqy(2)=— VZ gn(2).
ITpumensia k F teopemy Komm o BbmeAT/ax, HaiieM
f 1O @)~ Vea @) ©

(v

Ecau 6bpl HHTErpan B JeBOH YacTH CTPEMUJCH K HYJIO MNpH
N — 00, 10 cxopuica Gbl psa H3 TaBHBIX yacTell f # monpaBku Ha
cX0AMMOCTh Oblin Obl HeHyxHbBIMH. OfHaKo y Hac 3roro, BooGuie
TOBOpPA, HeT, W AJs MOJYUYeHHs CTPeMALerocs K HYJI0 HHTerpaJa

HYXHO OO 3HAKOM HHTErpaJa BblueCTb H3 I—z HadaJbHble 4J€HBbI
€e JIOpPaHOBCKOTO pasJoxXKeHHsa B 6ecKOHEeUHOCTH, T. €. CYMMYy yJe-

HOB BHia 3to ynobHO chenath TaK: MOJOXKHM 2=0 B pa-

2

§k+1 .
BerctBe (9) M Tex paBeHCTBaX, KOTOpble INOJYYAIOTCS H3 HEro Io-
c1eoBaTeJbHbBIM AHb(pepeHIHpOBaHHEM TNO 2 (Mbl CUHTaeM, 4YTO

2=0 — npaBuJbHas TOYKA [); NOJTyUUM

1 [f@) % (0) o 250
o | g d=r = N T k=0, 1., m).

("w)

1} EcJu, KOHeyHO, BHYTPH Yy €CTb XOTS Obl ojuu noJioc f.

16*
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YMHOXHM 3TO PaBEHCTBO Ha 2* U 3aTeM BBLIUTEM CYMMY MOJIyYeH-
HBIX paBeHCTB H3 (9):

w25 Y )ioda=-1@-10- Y (a.0-P.e)

Yy k=0 (Yw)

rue

(10)

m

T s(k) *) (0)
he=Y L0 k!(o) 2", Pn(z)=2————g"kl( 2"
k= k=0

<

Hama penb gocturuyra; B caMOM jefe, OLEeHHM JieBYIO uacth (10),
T. €. BEJUUHHY

R A X (S T
Ry (@)= 5 " T(C—2)

\Y

(Mbl MPOCYMMHPOBa/NM TeOMETPHYECKYIO NPOIPecCHI0 MOA 3HAKOM
vnrerpaaa). [lonssysice HepaseHcTBaMu (8), MoOJyuaeM OIEHKY

A ' Zlm+l
lRN(Z)I< ,..N___lzl ’

13 KOTOpOH BUAHO, 4TO Ry{2) — 0 nmpu N —oco M NMPHTOM pPaBHO-
MepHO Ha Ja1060M KoMnakre W

IIpumep. Herpyano Bugers, uro ctgz orpamu4edH Ha OKPYXHOCTAX

{|z|=n n -+ )0 n=0,..., 103TOMY K QYHKIHH f(z)=ctgz——z~ npUMeHHMa

TeopeMa 2, B KOTOPOH MOXHO MNon0XKHTh m=(0. Ms cHOBa mNoOJyuaeM pasJo-
wenne (7).

B 3akaiuenne npuseieM o0606iueHue TteopeMbl Murrar-Jled-
thaepa Ha cayyad npousBoabHON obgactu D=(C. bBes orpaHuueHns
obumHocTH OyaeM CcYHTaTbh, 4TOo D COAepXKUT GECKOHEUHYIO TOUKY
(TOrG MOMKHO JOCTHUb IPOGHO-IHHEHHBIM Mpeofpa3oBaHueM) U
gyro 0D+, 1. e. uto D=£C (B 3TOM CIyyae TeopeMa TPuBHA/AbHA).

Teopema 3. Kakosor 661 Hu Oviau nocaedos8areAbHOCTd TO-
ek a, = D, He umerowas npedenorvlx Touex 8 D, u nocaedosa-
TeALHOCTY Pynkyuil g, suda (1), cyuwecrsyer mepomopgras 8 D
pynryus f, KOTOpAR umeer NOAOCHL 80 BCEX TOUKAX Gy, APUYEM
21a8HAA 4acTe [ 8 Kaxcdom noarwce a, cosnadaer ¢ gp.

< B caygae %0OHEUHOro 4YHCJaa TOYEK @, TeOopeMa TPHUBHAJbLHA,
[I03TOMY IMOC/ENOBATENbHCCTD (n HYXKHO CUHTAT. OeCKOHeuHOM.
Hns kaxaoi o, nalijem TOUYKy o, & 0D, 6anxkaimyio K a, (Takas
TOYKa CyllecTByeT, u0o HenpepbiBHas ¢yHruus p(f) =|{ — a.| no-



§ 13] P\ASJIO}KEHI/IH LEJABIX H MEPOMOP®HBIX ®YHKLHUW 229

CTHTaeT MHHHMyMa Ha KoMnakrte dD); OYeBHAHO, rp=!an — atn|—>0
npn n—>oo. Jna Bcex ze&{|{z— an|>rn} Bemuuuny (z—ap)!
MOXKHO DPasJIOXHTh B CXOASIULYIOCS TeOMETPHUYECKYIO MPOTPeCCHI0

oo

1 1 . (an — an)®

2=a;  2—0p—(ap—ap) ~ (z— an)

OTKYAa BHAHO, Y4TO NPH |2 —an|2>2r, byHkuuio (2—a,)”!, a
3HAUHT, U £, (2) MOXKHO C J1i060f CTEMEHbIO TOYHOCTH NPHOAU3IHTD

MHOT'O4NIEHOM OT HepeMeHHoTo (2— an)~!. Mul moalepem MHOro-
i

YJIeHb! Pn(z = )==Qn(2) TaK, 4ToObl NPH |2 — Q| 2> 2r, BHIIOJ-
— Un

HSJINCh HEPaBEHCTBA
i
180 (2) — Qu(2) <3 n=1,2, ... (11)

(3nech Q,— paunoHasnbanie (yHKLUH, rojgoMmopdHue B D).
Tpu caenanHoM BhiGope @, paR

=3 (6.~ Q) (12)

cXoauTcsl paBHOMepHO (B cMbic/e onpefesdeHHs 1) Ha KaxkaoMm
K& D. B camom gene, ansa qwoGoro takoro K Hafigerca uuciao N
TaKOe, UTO |2 — n|2> 2r, Aas Bcex n2> N u Bcex z< K. Pag us
rosoMopbHLIX Ha K dyHKIuA

fN': Z(gn_Qn)

n=N

maxopupyercst Ha K cxonsuefics reoMeTpHueckoil nporpeccuef,
u-nostoMy yHKuus [y ronsomopdua Ha K. dyukuusa [ orimuaercs
N=1

oT [y Ha panMOHANBLHYI0 (YHKIHIO e (g, — Qn), xoropans B D
n=1

UMeeT JHIb TNOMIOCH @, C TMaBHBIMH YacTAMH g, (n=I, ...
., N—1)1). Tak rak K— npousBosabHbifi KomMmarr u3 D, to f
YAOBJIETBOPSIET YCJAOBUSAM TeopeMbl P
Sameuanue. [lyctb naHa NPOU3BOJbLHAS NOCAEA0BATEILHOCTD

TOueKk a, &C U cooTBeTcTByWOIMX PYyHKuui g, Buga (1) (ecam
HEKOTOPOE @,=00, TO COOTBETCTBylOmas (YHKUOHSA g, SABASETCS
MHOrO4JIeHOM OTHOCHTeJdbHO 2 6e3 cBoGonHoro uneHa). [lycrs
& — MHOXKeCTBO BCeX Npele/ibHhIX TOUYEK MOCTelOBATENLHOCTH Gy

1) ToukH oln, B KOTOpHX 3TA pauHOHA/IbHAA (BYHKUHA TaKKe HMeeT MOJIOCH,
He npuHaaaexar D,



230 JOTOJMHUTENBHBIE BOIMTPOCH ra. v

(3T0 MHOXKecTBO, KaK Jerko BHJAeTb, 3aMkHyrto). Ecam B mokasa-
Te/NIbCTBE TeopeMbl 3 BLIOHpATh B KauyecTBe o, TOUYKY &, OJaHmKaill-
WYI0 K an, TO psan (12) onmpemeant QyHkuuio f, MmepoMopduyio B
JOTNOJIHEHHM K &  (KOTOpOe SABJSeTCS OTKPBITHIM MHOXECTBOM H,
cJeloBaTeNbHO, COCTOMT H3 He OoJiee 4YeM CUYETHOrO MHOXECTBA
obsacrei).

43. Teopema BeiiepwTpacca. 3gecs MBl pacCMOTPHM pasJiioke-
HUA [eJbiX QYHKUHE Ha JuHelHble MHOMXHTENH, COOTBETCTBYIOLIHE
HX HYJSIM, aHAJOTHYHBIE TAKOMY K€ DasJ/OKeHHI0 MHOTOUJEHOB:

z)—azmn(z—an)—Azmll(l——) (1)

n=1 ¢

(uepes a, Mbl 0603HauYaeM KOpPHH MHOTOYJIEHa, OTJHYHBIC OT HYJS;
Kax/Iblii MOBTOPSETCs CTO/bKO pa3, KaKoBa ero KpaTHOCTb; uepe3
m obo3HayeHa KpaTHOCTb KOpHs 2=0).

Henwle ¢yHknupm B ofiieM cJyuae HMeloT OecKoHeuHoe (cuer-
HOe) MHOXKECTBO HyJiel, H MBI IIDHXOAHM K HeOOXOAHMOCTH BMECTO
KOHeyHoOro npoussefeHust (l) paccmarpuBaTh GeCKOHeuHBIE TPO-
u3BefeHns. HanoMHum onpefeteHuss M npocteilimine (akTbl, OTHO-
cAlMecs K TakKHM npousBeieHHsM. DeckoHeuHoe mnpouspelenue c
KOMILJIEKCHBIMH YJIeHAMU

T (1 +c ®

Ha3plBaeTcCs cxod;m;umcn, €CJAH BCe €ero MHOXHTEJH OTJHYHBI OT

n
HyJI9 H YacTHYHble npousBeaenus II, =k11(1 +¢p) uMeloT mpenen
=]

II= lim I,, Takxe oTiuunbli or Hyas'); uucno II HasbiBaercs
n-» oo
BeJHUYMHOHN Tipon3BeaeHusa (2).

Tak xak 1+cn='—H” , TO ycioBue c¢,—0 saBasercs He-
n-1

06XOAMMBEIM [ CXOXMMOCTH TpOH3BeleHHA (2); OHO, KOHEYHO,
00

) :

HEJ0CTATOYHO: TIPUMEp I[(l +7[)' Jns cXORMMOCTH NpOH3Beje-
n=1

uua (2) Heo6XoAHMMa M AOCTAaTOYHA CXOAMMOCTb PAAa

. : i;l In(1 +c,) _ 3)

1) Veaosue M50 BBoauTess AAst COXpaHeHHs CBOACTBA [poHsBegeHuft 00-
pallaTbcsi B HYJAb, JUIIb KOTZa OJHH H3 MHOXUTeNefl paBeH HYJAIO.
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npy HajAJgekalleM BhiGope 3HaueHu#l JorapudmoB. B camom geae,
n

nyctsh pan (3) cxomures, T. €. YaCTUYHBIE CYMMBl X, = Z In(l +¢p)

CX0AATCA K KOHCYHOMY mnpeneay 2 TOI‘,U,a ‘JaCTI/I‘leIe npousseﬂ.e-

Hug I, =e ncrpemmcsl K npeneay ll=e Z£0, 1. e. (2) cxoguTcs.
ITyers cxoputest (2), 1. e. cywectByer lim II, =II+0; BrGepem 3Ha-
>

n->o0
yenus Jgorapudpmos InIl, Tak, uro6u InIl, —Inll, a sarem no-
aoxum In(l4c) =InIl,, sxHauenne In(1+cz) monbepem Tax, yToOnl
In(l4¢)+In(l+c)=Inlly u . a. (cuuTas BHIGPaHHEIMH 3Haye-
HHA ln(1+‘ch) ansa k=1, ..., n—1, M nonbupaem In(l+c,) Taxk,

yTOGLI Z In(l +¢p)=1Inll,). Tlpu rtakom BuiGope 3HaueHHIl fora-
E=

pudMoB Zn-—ln 1, —InIl, T. e. paa .(3) cxoaurcs.

Haxkouen, 6ecKoHeuHOoe NpOH3BeJeHHE, MHOXHTENSMH KOTOPOro
caymart QyHKuug, ToqoMopdurle Ha MHOXectBe M, Mu OyneM Ha-
3bIBATh CX00AUWUMCSA HA 5TOM MHOMKECTBE, €CJAU CPeJH MHOMKUTes el
€CTh JIHIHb KOHEeYHOoe yueiIo ofpalnainnxcs Ha M B HyJap H nocJe
BLIYEDKHBAHNA TakHX MHOMKHTeaed TNpPOH3BEJEeHHE OKa3blBaeTCst
CXOAALUIMMCS B Kaxaoé Touke M.

OcHoBHO#N Aas fAajbHeHIIEro sABJISETCS CJAEAYIOLAs TeopeMa
CyufecTBOBAHUS HeanX QYHKUHH C 3af]aHHBIMH HYJSIMH:

Teopema 1 (K. Befiepmrpacc). Kakosa 6o Hu Getra

nocaedosaresvbrocte towex a, =C, lima,=o00, cywyecrayer yeras
n->o

Pynkyusa f, KOTOPAs umeer HYAU B0 8CeX TOUKAX Qn U TOALKO ITUX
TouKax, npusem nopadox wyrs f e Touke a, TAKO8, CKOALKO uie-
HOB8, pasHeix G, umeeT OaHHAR NOCAE00BATEAbHOCTS.
<4 Be3 orpasuyeHns oGIIHOCTH MOMHO CYHTATh, YTO 4,0 (160
4
BMECTO [ MOMHO paccMaTpuBaTh UeayI0 (YHKUHIO fz(,,,) , Tne m—

NOpAAOK HyJAs [ B Touke 2=0) H YTO TOYKU A, 3aHyMepOBaHH B
nopaake HeyGuiBailomux Moxaynei. IToaGepeMm natypaibubie umcaa

Pn TaK, 4TOOBI DAL - ]
2 ()™ @

n=lI

paBHOMepHO cxoduicst B Jo6oMm kpyre {|z|<R}; aas sroro Ao-
CTaTOYHO, HANPHMEP, MOJNOKHTL Pn-+ +1=n (npumenure KpHuTepuit
‘Kommu # Bocnosb3yiitech TeM, 4TO @p —> 00).

Ilpn Takom BHIGOpE pPp GeckoreyHoe IpOH3Be/leHHE

O | (e P A CY A

ne=1i
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cxoaurcs Ha gaboMm komnakte K u3 C. Has a0KasaTenabCcTBA
paccMOTpuUM (QYHKILHIO

§+i+...+-—§i
g p)=(1—-0ge °* P
H 3aMeTHM, 4T0 ee Jorapudm
rgp €p+l €p+2
Ing@ P=In(1=0++ ... = =— =g —
npu [L|<<g <1 gonmyckaeT OIEHKY
p+l
lng@ PI<IEP (1 +12l+ .. )< (6)

Ecan Tenephb o6osznauute K, -{izl glas|}, To mas Juo6oro
K & C uaiinerca nomep N Takofi, uTo Kc:Kn A BCex n> N.
Jada Bcex Takux n B cuay (6)

\

ing (5 p)

U, CJeJ0BaTe/bHO, PAJ

2 Pt

an

I
ST=4

$ins (2. o)
n=N :

Ha K Maxopupyercd paBHOMEDHO cxoagliuMcs psaiom (4), T. €,
npeacrasasier roioMopoduyo Ha K ¢yHkuuio gy (2). Hostomy npo-
H3BeJeHHe

(=)

][g ’ pn) fN (2)=egN

CXOAUTCS U MNpeACTaBJsieT TroJoMop(QHYI0 H OTJHYHYIO OT HyJd
(I)}HK[LI/I}O Ha K. IlpousBeaenue (5) orsmuaercss oT fy MHOXKHTeNEM

"g( ,pn) KOTOpBIH o6palilaeTcsl B HYJb B TOYKaX &y, ...

., Qy_1 ¥ TOJABKO 3THX TOUYKaX.

Tak kak K — NpOM3BOJBLHLIA KOMNAakt, To f— uenasa QyHxkuus
YU HMeeT 3ajaHHbe HyJH W

Caencreue. Jwbyw yeayrw gynkyuro | moxro pasioncure
8 becKoHeuHoe npousaedeuue, COOTBETCTBYIOWEE ee HYAIM:

\ﬂn

fa=zmew [L(1— )= @),

n=1



§ 13] PA3JIOKEHHA UEJABIX M MEPOMOP®HBIX ®YHKIIM 233

ede m—nopadox HYyaa [ & Touke z=0, g — HeKoTOpas uearas
pyuryua u qucaa p, solbpaner Tax, utober cxoduacs pad (4).
< BbygeMm cuntath m=0 (a1 Yero AOCTATOYHO BMeCTO [ pac-
. 4
CcMOTpeTh (YHKUHIO %nl) H pacrnosioXuM HyJd [ B Mopsiake He-
yObIBAIOIIMX MOIyJel, NMOBTOPUB KaXKAwll Hy/Jbh CTOJBKO pas, Ka-
KOBa ero KpaTHOCTb. Ilo 3THM Hy/JsM NOCTPOHM MO TeopeMe 1 Le-
Jdy10 (QyHKLHIO

00 z 1 2 Pp
2 L = —~)
=]}(1—_>ean Pp \ 8y .
Qa
. f n=1 "
OTHolueHue . ABJSIETCA, OYEBHUAHO, Leaod (yHKuueh 6e3 Hyzedd,
0

1103TOM —1n-[2 '
y oyHkuus g (z)=In fo(z) HEOTPaHHUueHHO mpoaoskacMa

B C 1 no teopeme o MoHoapoMmuu (1. 28) fBJsieTca ueI0H (yHK-
nueit. TakuMm o6pasoM, f=esf,

IMpumepnn:

HMeeT MNPOCThie HYJAM B TOUKax a,=hnn (n==x1,

1. Llenas ¢yuguua

: N /2 \2
*2, ...). Tak kak pag (—n— CXOAMTCHA PaBHOMEDHO Ha dio6oM KOMNakTe, TO

MOJKHO TIOJIOKHUTb BCE pn=1l, H pasrxomeﬂne Beliepmitpacca npumer BHA

sinz o€ (@) H (1_____) n,
n=-—oo

rie g — HekoTopas Lenas GVHKIUS (WTPUX Y NPOU3BEJEHHA 03HAYAET, YTO HYXK-
HO nponycTuTh uujpekc n=0). OcTaerca HalTH g, a 3TO mpolue BCEro c/eaTh,

NPOHHTErpHpOBaB pas3JjoxeHlie ctgz-——z—, NoJayueHHoe B nppeablaylieM NOYHKTE.

Mpr' naitmem, uto g=0, U pasjokKeHue anMeT OKOHYATC/BHBIN BHA

1 ) (8)

- -5)er —H(

n=—co

(npu mepexone KO BTOpofl HOpMe PA3NOIKEHHS Mbl GODEAHHHAM MHOMUTEAU C.HH-
LeKcaMy i M —f, 4TO 3aKOHHO B CHJY aGCOJIOTHON CXOAHMOCTH COOTBETCTBYIO-

uero pdanaa). _

sinV z
2, llenaa QyHKLUA ——V—_— HMeeT NpOCThie HYJAH B TOUKAX Gn=n*n? (n=
z

=1,"2, ...)., OueBHAHO, MOXHO IOJQXKHTb Bce pn=0, u passoxkeHue Beilep-

HmiTpacca MPUMET BHJ
,s_iﬂfi=eg<z>n(1__z_;), ©
Vz o n*a? |

Lenasn ¢yukuust g =0, B ueM npouie Bcero YGeAHTbCH, NOACTABUB V'z Bumecro z
BO BTopoe pasaoxenue (8).
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IlpusBenem Ge3 noKasaTenbecTBa TeopeMy Apmamapa, KoTopas
NO3BOJSAET M3BJAe4Yb HEKOTOPYIO UH(POPMALHI0 O BEJAHYHHAX Pn H
DyHKIHM g, YUacTBYIOIUX B pasjomenud (7), ecau H3BeCTHO, KakK
6rictpo pacrer dyHkudsa f. YroOwt cpopMy.IHpoBaTh 3Ty TeOpeMmy,
ApPUAETCA BBECTH MOHATHE MOpsAKA lenoi (pyHKUIHH.

Ilycts maHa nenas dyuknus f; o603HauuM

M(R)=|ﬂ;i§|f(z) L. (10)

Ecau no Hekoropoil mocsenoBatebHOCTH R, — oo Beqauunna M(R)

pacrter He ObicTpee KakoH-1u60 cTenmenn R, ckaxem M (R,) << ART,
rae A=const, o f— noaunoM. D10 caenyer Hs HepaBEeHCTB Koum

A5 K03 DHIHEHTOB pasfioxeHus f(2) = D cy2® nmeem

Joal < 2R < ART,

n

OTKYAa, YCTPeMJIsisl n— oo, HaxoauM, 4to c,=0 npu k>m.

Ecan orO6pocHTh 3TOT TPHBHAABHHIA ciyuall, TO AJa ONEHKH
ckopocTtH pocta M(R) Hapmo B3ATb OYHKIHMH, pacTyluue OpicTpee
mo6oi crenenn R. TloHaTHe nopsiika BO3HHKAaeT HPH CPaBHEHHH
M(R) ¢ oynxkunamu eR". Uwmenuo, nopadxom unenoil ¢yuxumu f
HA3LIBAIOT HHIKHIOID TPaHb p TaKHX 4YHCesd i, AJs1 KOTOPHIX, HAUH-
Has ¢ HeKOToporo Rys=Ro(n), HMeeT MeCTO HepaBeHCTBO

M(R) <er* (11)

(ecam TaKHMX YMCes B HeT, TO NOJIATal0T p=00 H Ha3hIBawT [ QyHK-
et 6eckoreuHo020 nopsaoka).

dtoMy onpeneneHHI0 MOXKHO NpHAaTh Oonee ynoOGHy ¢opmy.
Uncno p=infy MoxHO onpefenuth elle Tak: AJad Jaoboro
£>0 M(R)<eR™®, wnauunas c mekotoporo R,(e), M(R)>eR"™®
N0 HeKoTOpofi MocsaepoBatenbHoctd R=R,—>oco. Ecaum npo-
JoTapu(MHpPOBaTh MABAXKIAbl 3TH HEPABEHCTBA, MBI NOJYYHM, UTO

1 InlnM
l—H—Tnn]VIR—(m<p+s, HauyMHas ¢ Hekoroporo Ro(e), ~n——;11—]—R—(1i)~>p—e
N0 HEKOTOPOH MOCAen0BaTeNbHOCTH Rn — oco. CTposi Takue mocie-
JOBaTeNLHOCTH R(k) AJg s=7§-(k= 1, 2,...), a 3areM Boibupas us
HHX JAHMaroHaJbHYI0 TOcJdefoBaTeNbHOCTh R, = @ Mpr YBHIAUM,

. Inln M(R) .
YTO M0 Hed n R ~> p. IlostoMy nopanok nenoit GpyHxuuu
7= InlnM@®),
ngnoo mR (12)

tdopmyay (12) MOXKHO NpHHATbL 33 ONMpeJeJqeHHe NOpAAKa.
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o '3 . -
Mpuwmep. Mopaakyu uenwnix bynkuuii e%?", sinz, cos Vz u e
COOTBETCTBEHHO PaBHH 7, 1, 5 H 0.

Jlis cpaBHEHHSI CKOPOCTH DOCTA LeJBX (YHKIMH OZHOrO MOpsiaka O BBOAAT
fIoHATHe Tuna. VIMenno, Tunom uejsOfi (QYHKUMM MOPSAAKA O HASHIBAIOT HHKHIOWO
rpaHby ¢ TAaKUX 4HCeJ V, AJisl KOTOpbIX, HaYHHAdA ¢ HeKoToporo Ro=Ro(v), umeer
MeCTO HEPaBEHCTBO

M(R) < e"R° (13)

(ec/n TAKMX uyMCesq V HET, MOJAraloT 0=00 W HAa3bBalOT [ (YHKUHEd MAKCUMAAL~
#Ho20 Tuna; npu 0<o< oo roBopaT, uTo | cpeduezo Tuna, a npu 0=0— MuHuU-
MAABHO2O Tuna)

FloBTopsas paccyKAeHus, NMpoBeJeHHble MJ5 MOPSAKA, MOXKHO HOJYYHUTH s
THna Qgopmyny

o= Tm nMR) (14)

R-> RP

Teopema Axmamapa'). Ecau [f—yenras ¢yurkyusa Kowey-
HO20 nopAadka p, T0 8 ee pazaodcenuu Bedepwrpacca moxcro npu-
HAT6 p,=p==E(p) u 8 KauecTs8e g B83ATb MHO20YACH CTENEHU He
svie E(p) (uepes E(p) obozHauaercs nenas 4acrtb p).

Npumep. Pynxuus nopsigka 1, cieaoBaTeNbHO, B €e Pa3NOXKEHHH

BeiltepmiTpacca MoxHo npuHaTh g (2) =az+b:

sinz £87+b
n2n2

n=1

noJsiaras 3fech 2=0, uaxogum b=0; a Tak Kak JeBasg yacTb u GECKOHEYHOe Ipo-
u3BeAeHHe — ueTHble (yHKUHH, To HenpeMmenHo a=0. Mbl jgokasanu, uro g==0,

IlpuBenem Tenepb o6oGlieHue TeopeMbl Beilepimirpacca Ha chy-
yall npousBosbHofi oOmacti D. Be3 orpanuuyeHus oGIHOCTH CuM-
taeM, uTo D comep:uT GECKOHEUHYIO TOUKY W uTO rpanupa 0D=+£.

Teopema 2. Kakosa 661 Hu Gbiaa nocaefos8aTesbHOCTs TOYEK
a, = D, He umerowan npedeasroix To4ex 8 D, cyujecrtsyer e2ono-
mopras 8 D ¢yukyua [, KoTOpas umeer Hyau 80 8cex TOYKAX Gy
U TOABKO 8 3TUX TOUKAX?).

< JlocsenoBaTenbHOCTh &, cyuraeM OeckoHeunoll. Jasa Kaxpo#
TOUKH a, HAHAEM TOUKYy o, & 0D, Gauxkaflluylo K a,; BeJIHUHHA

1) HokasaTeibcTBo TeopeMbl AxaMmapa Moxuo HaiiTu B kKuure A. Hl. Mapky-
uieBM4a, HMT. Ha cTp. 207

2) Ilopsiaok Hysds [ B TOUKe @n TaKOB, CKOJbKO WIEHOB, DABHHX Gn, HMEET
AaHHas [0CJeL0BaTeNbHOCTD.
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ry=|an—an|—0 npu n— oo, Nas Bcex z & {|z2— an|>rn} cipa-
BEJJHBO Pa3/ioXKeHUue
[ae]
2—a an—a O (a2, — 0)F
11] n=1n(1____n_n)=__“‘(n n)kv
2z~ 0Oy 22— Uy P E(z—ap)

a npu |2 — a,|>2r, OHO CXOAMTCHA PaBHOMEDHO MO 2,
MMostomy mnpu |2-—an|>2r, MOXKHO BbOpaTh HaTypaJbHOE
YKCAO P, TakK, uToOb! OBLIO

pﬂ
. - R
In 229 4 {an—0,)" <L (n=1, 2,...). (15)

z—a, - k(z—a,)k on

Ilpu takom Buifope p, GeCKOHEUHOE NPOH3BEJCHHE

pﬂ
(a“—an)k

o0 —_—

I (2—% )ek—l k(z-u,)k (16)

cxonzuTcd Ha kKaxaom K& D. B camom Lene, mast J11060ro Takoro
K uaiigercsa uucsio N Takoe, 4TO |2 — Gn|>2r, mast Bcex n 2 N u
Beex z & K. Pan u3 rosomophpusix Ha K yHkuuh

oo Py

gu@) = 3 [In 2=t 4 Y (ool

2=y k=lk(z-—a,,)k

B cuay (15) cxomurcsi Ha K paBHOMEPHO, C/e40BaTe/bHO, gy [OJIO-
mopdHa Ha K, a npousBeneHue

p
\Y (a0
z—a k(z-e,)k gy (2
o= [ (z=e0)o = o
fn () —q,

ronomopdHo ¥ He obpawaercsd B Hysab Ha K. [Toaromy u dynkuus
f, onpeneasemas®apoussenennem (16), roromopdua Ha K u obpa-
maercst Ha K B HyJb JulIb B TOYKax a, & K. Tak kak K — npous-
BOJIbHBII KOMMNAKT U3 D, 10 [ y10oBAETBOPSET YCIOBHAM TeOpeMbl P

3aMeuanue. Eciau Npeanosoxutb, 4ro obaacts D cogep ur
TouKy 2={, KoTOpasy He SIBJAsIeTCH HyJEeM HCKOMOH GyHKUuHM f, TO
¢opmysie (16) MOKHO HPHAATH HECKOJIbKO MHOH BHA. 3aMeHdM B

8
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16 L Ha L H O, Ha 1. NOJAYYAM
( ) <2 Ha ';, Qa, an n an ’ Yy

1 1 k

P ———
42"" 9y 9y
o0 1—-:— -\ A
= a
f(z)=” —x e n /o, (17)

n=1 oz

B uacrrocty, eciiu D=C, 10 HaZo MOJNOKHUTL BCE =00, U TOrJA
(17) nepeiiner B dopmyay Beiiepuirpacea (5).

Mpr 3akoHumm maparpa¢ ABYMs BakKHBIMH CJAeICTBHAMH TeO-

pembl Befiepintpacca. [lepBoe U3 HHX BBIPAXKaeT CBA3b MEKIY Me-
poMopdHeIMu ¥ TosoMmopdHbiME PyHKIuAMU. Mmenno, mepomopd-
Hast B o6snactn D dynxuusa [ B OKPeCTHOCTH Kaxaol Toukn a = D
NPeACTaB/sieTCs] KaK OTHOLIeHUe ABYX 0J0MOP(HBIX B 3TOH OKpecT-
HOCTH (QYHKUuMil: f(z)=&’(—z)-
P (2)
MOXKHO MNPHHATb YP,(2)==1, a B OKDPECTHOCTH HoJIoca 1Pg(2) =
=(z—a)P, rae p— nopsanoKk nosmoca). OxaswBaercs, 4TO MOIKHO
[IOCTpOUTh ¥ TJoOalbHOE NpefcTaBieHHE TaKoro poaa, aeficTBylo-
niee Bo Bce#t obaactu D.

Teopema 3. Jwbywo ¢gynkyuto f, mepomoppryo 8 obaactu
D, mooxro npedcTasuTs Kak OTHOUleHue 08Yx 20A0MOppHuIxX 8 D
Pynxyui (8 uacrnoctu, ecau D=C, kak OTHouwlewue 08Yx yeAvix
pyHryuil).

<4 MuoxKecTBO N0/M10cOB MepoMopdHoii B obaactu D dyHKnun
He MOXET HMETb NPEIeNbHBIX TOUeK B 3TOH oOJactu (oTclona cie-
AyeT, uto OHO He Gogaee ueM cueTHo). [lycrb @, — mociegoBarednn-
HOCTh TOJ10COB f B D, mpuueM Kaxablil 4jieH MOBTOpPsercs B Hell
CTOJIBKO pa3, KakoBa KpatHocth noJaioca. Ilo teopeme 2 mocTpoum
rojomopduyo B D QyHKIHIO ¢, KOTOpass UMEET HyJH BO BCEX TOU-
Kax &, ¥ TOJbKO 3TuX TOoukax. Ilpousmemenue [-{p=¢, oueBHIHO,
roioMopdHo B [ (KaskAbil IIONIOC norallaetcs HYJAEM § COOTBET-

CTBYIOLLErO MOPSIAKA), M03TOMY f= % -- HyXKHOe IpencTaBJje-

(B OKpecTHOCTH TNpaBUJILHOH TOYKH

Hpe »

3ameuvanue. OueBHaHO, 4TO ¥, OOpPaTHO, OTHOIUEHHE TOJIO-
Mop¢ubix B obaacth D ¢yukuuit ssasercs mepomopgHoir B D
byuxuuell. I103TOMy 3KBHBAJIeHTHB CJAELYIOIIHE [Ba ONPEAeseHH:

1) byuxkums uaseiBaercs MepoMopdHoll B D, ecnu oHa He uMeer
B D apyrux ocobriX TOUEK, KpOMe THOJIOCOB;

2) dyskuua HaswBaercs MepomopbHol B D, ecau oHa npejg-
CTaBUMA KaK OTHolulenne (QYHKUHH, rojdoMopdueix B D.

Bropoe citeficTBHe TeopeMbl 2 BhpaXKaeT pe3y/bTar, 00baB/IeHHbI
B m. 26. M HasBaau tam obaacte D 00.4aCTbl0 2040MOpPHOCTL
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¢yuxnuu f, ecan f ronomopdua 8 D u He npop;onx(ael‘csx aHaJIUTH-
YecKH HH Yepe3 OfHYy TOUKy rpaHuusl 0D.

TeopeMa 4. Jwbas obracte D =C ssaserca obracrero zo-
AOMOPDHOCTU HeKOTOPOU pyHKYUU.

< TlocTpoUM HOCJHELOBATENbHOCTE - TOUEK an, & D Tak, uToOH
OHAa He uMesa npelesbHBIX TOYeK B D, HO uTo6Hl KaxkAas TOYKa
0D O6blia mnpefesbHOH TOYKOH 2TOH 1OCAEL0BAaTENbHOCTH ).
TeopeMe 2 crpouM rojomopduyio 8 D GyHKumIo f, HMEOIYI0 TOUKH
Qn, ¥ TOJBKO 3TH TOYKH CBOMMM HYJSIMH (H, CJelOBaTeNbHO, Iie
TOXKJECTBEHHO paBHYIO Hymio). QyHKuuIO [ Heab3st aHANUTHUYECKH
HPOJOJKUTE HHM 4epe3 oaHy Touky 0D, ubo ecau Obl OBLIO BOS3-
MOMKHO TaKoe NPOJOJIKeHNe B TOUKY o & 0D, 10 o ObLia 6bl BHYT-
peHHell Toukoi o6JiacTH ronomop(pﬂocm byakuuu f, a TaK Kak o-—
I]'pr(-'.‘lIeJIbHaﬂ TOUKa HyJiei f, To Mo Teopeme eNMHCTBCHHOCTH TOTJA

0 »

§ 14. Tapmorunyeckne u cyOrapMoHudecKde ¢GyHKUHH

Mbpl 3aKOHUMM NEPBYIO YacTh ONUCAHHEM JBYX KJaccOB ZeHCTBHU-
TeJbHBIX QYHKUMH, TECHO CBSI3aHHBIX ¢ TOJOMOPOHBIMH (PYHKIHIMH.
44. T'apmonuyeckue yHkuuu. Onpenenenne. JlelcTBuTent-
Hast GyHKuust 4 Knacca C? HasbIBaercs 2apMoOHu4eckol B 06JacTH
DcC, ecim Bciony B D ymoeaerBopsiercst ypasHeHHe Jlamaaca

92 02
St ar=0 , (1)

Huddepennuannheiii onepatop B JeBol wacti (1) HaseiBaercs
onepatopom Jlanaaca u 0603HaUaeTCs CHMBOJIOM A; HETPYAHO BH-

LETh, YTO
2
A=(%“ii)(ax+ gy)_%ajaé’ (2)

CBa3b rapMOHHUYECKHX M TrosioMop(PpHEIX (yHKuuil Bblpaskaercs
caAeAyOLUIUMU IBYMA TeopeMaMu.

Teopema 1. HedcrsuresdvHans u mrumas wactu 4060l QyHk-
yuu f, eosomopgrod 6 obaacru D, a82810TcA 2apMOHUYECKUMU 8
sroil obaacru. -

< Mmeem

u=Ref=t(~P, ov=Imi=2(G—-p

) JokasaTenbcTBO CYillecTBOBAHHSI TAaKOM TI0C/Ie/l0BATe/IHOCTH  [pPeoCcTas-
ASETCSH YHTATEO.
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2
2 ow 10 of
OTKyZa BHIHO, uTO 4, v C2 Jlajee, 5295 =3 33 33 0 (y nac
% o
33
62

H aHAJIOTHYHO = =0 »

Teopema 2. Haa mobod ¢ynkyuu u, 2apmorudeckoll 8 obara-
ctu D, 20KaAbHO, 8 OKpecTHOCTU Kaodoli Touku 2o D, moscro
nOCTPOUTE 20A0MOPPHYIO 8 3TOL OKpecTHOCTU pyHKyuto f, 049 Ko-
TOpol u asaserca OelicTeurenvHoll (Uau MHUMOU) 4acToro

< HyCTb U {lz—2|<rfeD; B cuay (1) <copma
0=——= dx+ dy apaserca toudoit B U (cM. m. 15), nostomy

=0 B cuay ro.nomopdmocm f, a q)yHKnnﬂ anTHrojoMophHa)

nHTerpaJI oT ® B U He 3aBHUCHT OT niytH W B U ompeneneHa QyHK-
Hs

v(2) = f dx+ “ dy. (3)

2

OO6bIuHEIM A9 AeHCTBHTENBHOTO aHaJH3a clioco60M JOKaswpiBaercd,
yto v muddepeHuupyema B U (B cmblcie R2) u uTO ee uacTHble
NPOM3BORHLIE COOTBETCTBEHHO PaBHH

Ov _ _Ou Ov  ou (4)

Ho 3710 — ycsoBua KoMiulekcHoll nubdepeHnupyeMoctH QyHKIHH
f=u+iv, a u=Ref. @yukuus if=—v-+iusH (U) umeer u cBoeit
MHHMOH yacTtsio P

3amevaunne Eciu ob6nacts D opHOCBSI3HA, TO 3TO 3Ke pac-
Cy:KJeHHe JOKa3blBaeT cyluectsoBanue o¢yukuuu [fe H(D), nas
KoTopoii u=Re [ rnobanbHo, Bo BCcelt obuactu D. asg mHorocssz-
HBIX o0sacTeil TeopeMa HeBepHa.

[Mpumep: BoﬁﬂacmD={0<]z|<1}¢ynxuunu=lnlzl=%—lnzé

rapMoOHUYHA, HO YCJOBHAM (4) BMECTe C & YZOBJETBODSET TOJbLKO
¢byukuust v=Argz, onpeneieddas B D nuiub J0KaJbHO, BO Beell D
3ra GyHKUHS He ompejeseHa (OHa MHorosHausal).

YcTaHOB/IEHHAs CBSASh MO3BOJISIET PACHPOCTPAaHUTh Ha TFapMOHH-
deckne QYHKUMH HEKOTOpPHIE CBOHCTBA rojoMopdHBIX GYHKUHH.

1. beckoHeuHasas AuddepeHyupyemocTtn Jwbas
eapmoruyeckas 8 obaractu D ynkyus u(x,y) ob6aadaer 8 Kancdol
TO4Ke HACTHOIMU NPOUSBOOHBIMI 8CeX NOPAOKOS8, KOTOPbLEe TAKNME
A8AA0TCA 2apmoruveckumu 6 D. -

<« Tlo Teopeme 2 crpoum rosomop¢uyio B okpectHoctH U TOUKH
2=x+iy ¢yuxmuo [, Aas Kotopod u=Ref, U 3ameuaem, uTD
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6” =Re [/ (2), aj = —Im/J'(2). Tlo Teopeme | 3TH YacTHbiE NPOU3-

BOI{HbIe rapmonuunnl B U. TIpuMeHss K HUM y¥Ke NOKa3aHHOE, 10-
JYYUM CYIIECTBOBAHHE H TAPMOHHYHOCTb BTOPBIX YACTHHIX NPOU3BO/-
HBIX U T. A. P
2. Teop eMa 0 cpefHeM Ecau cbynxyus u eapmonuuna 8
kpyee U={L: |{— 2| <R}, 10 044 2106020 r <R 3HQuEHUE 1L 6 UCHTpPE
Kpyea pagHo cpeaﬂemy ee auHavenul Ha oxpywcrocTu {|T—z|=rh
2

u(z)= gﬂ— f u(z +re'ydt. (5)
0

HokazartenbcTBo MoJdydyaeTcd OTAeNeHHeM AeHCTBHTE/NbHBIX 4a-
cTell B gopmye

2
—lnf f(z +re'ydt
4

BLIpaXaloLeld TeopeMy O cpefHeM A5 roJoMopPHEIX GYHKIHI.
3aMeTHUM, UTO B 5TOH TEeOpEME BMECTO CPEZHEr0 IO OKPYXKHO-
CTH MOXHO Gpath cpedHee no kpyey U:

w(e)= kv | | u@do, ©)
1%

rae do=rdrdt —anement niomaau. asa noxasaTtenscTBa pocra-
TOYHO NMOMHOXHUTH 00e dactu (5) Ha r W UPOUHTErPHUPOBATH IO F
B npeaenax or 0 no R.

3. Teopema eaunctBenunoctu Ecau 0se pyuxunu uy
U U, eapmoruueckue 8 obaactu D, cosnadaror Ha MmHONCCCTSE
& < D, umeowem xora 0ol 00HY BHYTPEHHIOW TOUKY, TO Ui=uU
8 D.

< OGo3uauum U=t — U u pacemoTpum MHOXKECTBO

oF ={2=D: u(z)=0}. OTKpHITOE SAAPO oF MO YCJIOBHIO Hemycro;
OHO 3aMKHYTO B D, u60 ecau 2o = D sBAsieTcs NpeieJbHOH TOUKoOi

o]
of , TO CYIIeCTBYeT MNOCJe0BaTe/bHOCTE 2, &oF , limz,=2z, H
n>o0

cpyHKuHﬂ f=u+iv, ronoMopduas B OKPECTHOCTH Zy, AB/SETCH MHH-

MOH noctosHHOK '), T. €. #==0 B 3TOH OKDECTHOCTH U zoeo?' ITo-
o)

3TOMy o =D »

B paCCManHBaeMOH okpectHoctd U HafifeTcs Touka zneé’ B OKPecTHO-
ety VU kortopoit u== 0; mno ypasHenuaMm Komn— Pumana B V uMeeM
ov ov

ra—;s—(—??/- =0, 1. e. V=c=const; torna f=ic scioay B U.
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Jna rapmoHudeckux QpyHKHUH TeopeMa €AHHCTBEHHOCTH (opMy-
aupyercst B Oojee ciaboii gopme, uem s TONOMOPOHBIX: Tpe-
GyeTcst, uTOOLl MHOXKECTBO & HMEJO He NpefebHYI0, a BHYTpEH-
nioio Touky B D. B Takoll cuiabHO# (opme Teopema H HeBepHa:
rapmonnueckas B C QyHKUMS y==x paBHA HyJIO Ha MHUMOH oOcH,
He GyAyud TOXAECTBEHHO PABHOH HYJIO.

4, TlpuHuun sxkcrpemywma. Ecau capmoruueckas 8 064a-
cru D ¢ynxyus u Odocruzaer (A0KAALHO20) MAKCUMYMA UAU MU-
Humyma 8 xakxod-aubo Touke zo= D, 10 oHa nocroaswa g D.

< PaccmorpuM rogoMopduylo B okpectHoctd U Touku zo pyHK-
unio f, mas xotopoil u=Ref, ecau u mocruraer B 2y MaKCHMyMa,
T0 ¥ MOAyJb rogomopdHoit B U dyHkmun ef — rakwe (|ef|=e%);
1noaToMy f, a caefoBaTebHo M 4, nocrogHHa B U. Ilo Teopeme
eLMHCTBeHHOCTH & nocTosgHHa U B D. Cayuall MuHuMyMa cBoguTCs
K €1y4am MaKCHMyMa, €CJIH BMECTO &4 pPAcCMOTPETh (YHKIHIO
—u »

5. Teopema Jluysuaasn. Ecau ynkyus u 2apmonudna
6 C u oepanuuena xors 6b1 ¢ 00HOL cTOPOHLL, Hanpumep: u(z) <M
0.aa scex z<=C, ro u=const.

< Tax xax C onHocBA3HA, TO cyuiecTByer ienas byHkuus f
takag, yro u=Ref B C. Tlo ycsoButo Bce sHauenud f Jekart B mo-
nvinockoetn {Re f<M}; mycts A — npo6HO-nuHefiHoe oTOGparkeHyue
3TOH MOJYMJIOCKOCTH Ha eIMHWYHBIA Kpyr, Torpa Aef siBaserca ue-
JoH orpauMyeHHON ¢yBKuuel, T. e. KoHcTaHToil. OTClOZa caexpyer,
uTo f, a caexoBaTeNpHO, H w=const »

6. MuBapHaHTHOCTL OTHOCHTEJNbHO KOHGOP M-
HeIX oToOpaxeuuit. Ecau ¢yuxkyus u 2apmouudna 8 o0baa-
ctu D u 2=2(%) — koHgpopmHoe orobpascerue D* na D, 1o caomxc-
Has (Qynkuus u oz (L) eapmonuuna 8 D*.

< PaccmMoTpuM UPOHM3BOJBHYI0 TOUKY (&= D* u ee ol6pas
z0=2(Lo), B OKPECTHOCTH 2 CTPOUM roJoMopdHylo ¢yHkuuo f Ta-
Kyto, uto u=Ref; torma w-z(f)=Refe 2(), a tak xak ¢ysruus
foz(g) rosomopdHa B OKPecTHOCTH {p, TO uoz({) rapMoHHuYHa B
3TOl OKpecTHoCcTH ™

B cuoenyloumem NyHKTe MBI NOKaykeM, 4TO TeopeMa O CpeiHeM
XapakTepuayeT rapMoHuueckne (QyHKUUM, T. €. UTO CIpaBej-
JIMBa

Teopema 3. Ecau rkonewnasa 6 obaactu D ynxkyus u, so-
KOQABHO UHTe2pupyemas no naowadu, 8 Kamcdol rouxe z= D 0an
scex r<ry(2) cosnadaer co c8oum cpedHum no  Kpyzy

{€: lt—=|<rh:
u@) == [ [ u@d, )

sur?
{lt-=l<r}

TO OHA 2apMmoruyHa 8 D.

16 B. B. Ilacat
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Cefiyac MBI BOCHONb3YEMCS 3TOH TEOpEMOH IJ/15 NOKa3aTeNbCTBa
OLHOIO yTBepKAECHHA O INpelese MOCAeN0BATEJLHOCTH TapMOHHUe-
ckux GyHKuui, KoTOopoe NOHAZOOHMTCA B [AaAbHEHIIEM H3JOXKEHHH.

Teopema 4 (Xapuak). IIpedea ybwsawoueld nocredosa-
TEAbHOCTU 2apmOrudeckux 8 obaactu D ¢pyuxyud uy (k=1, 2, ...)
Agasnerca aubo eapmonudeckod e D yukyued, aubo ToNOeCTELHHO
paser —oo.

< Ilycrb cHavana u BCOAY KoHeuHa B D; no TeopeMe o cpefiHeM
IJsi rapMoHHYeckuXx GyHKuMi Uy B n1060d Touke ze=D

1
uw@=ar | [ w@do ®)
{It-21<r}
s Beex r<ry(z), rme ro(z) — paccrosune or z zo 0D. B cuay

MOHOTOHHOCTH NOCJENOBATENBHOCTH Uy B (8) MOXHO nepefitu K
npezeny npu k— oo, # MBE HOJYYHM

u@=mr [ | 2@do,
{ig~21 <r} :
npudyeM QyHKIUA U JOKAJbHO HHTETpHpyeMa mno maomwaau. Io teo-
peme 3 orcioza ciaepyer, 4yTo PpyHKnus u rapmoHuyHa B D.
Ilycte Tenepp u=-—oc B Kako#-iuGo touke 2o=D. O6Go3HAYUM
& ={z=D: u(z) =—oc}; 3T0 MHOKECTBO HEMyCTO, HGO COZEPKHT
2. OHO OTKpHITO: MycTh 21&& H paccTosiHue OT 2y 10 0D pasHo
2p; MBIl nMeeM

&[] wwdo=ue)=-w,

{it-20 <2}

1, CIelO0BATEJNbHO, Al Jio6oro ze {lz— Al <—‘2)-}

u(d) =75 u(¢) do = — oo,

{It-21<p}
6o xpyr {|t— 2| <p} coagepxur prr{lg-—zll<%}; TakuMm 0O6-

pasom, {Iz—zl]<% c &. TouHo Tak e JOKashiBaercst M 3a-

MKHyTOCTh & (B Tomosioruu D), Tlosromy & =D, T.e. u= —o0
BD» )

B 3ak/nioueHHe 3TOro HYHKTA YKa)eM, UTO NOHSITHE [apPMOHHYHO-
CTH paclpocTpaHsiercss Ha (PYHKHHM Jai06oro yucsia AeHCTBHTEILHBIX
nepeMenHsix. [lycts D — o6sacte B n-MepHOM eBKJAWAOBOM MNpPo-
crpadcetBe R®, Oyuruua u: D—R xnacca C? HasnBaercsa 2apmo-
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Huueckol B D, eciin B KaxkJ0#l TOuKe X={X(, ..., X¥n)D yaoBaer-
BOpsieTCst ypaBHeHue Jlannaca

&

n
02
fu= Y5 =0. ©)
v=] v

Has takux QyHKuMi ocraloTcsi CnpaBelJUBLIMH cBolicTBa 1—Db rap-
MOHHUYECKHX (QYHKIHI ABYX IlepeMeHHBIX. DTH CBOUCTBA HYXKIAIOTCH
B CHellHaNbHBIX J0Ka3aTenbcTBax (u6O0 NpHBeNeHHble HaMU J0Ka3a-
TEeJLCTBA OCHOBAaHBI Ha CBOHCTBAX rosioMOpGHLIX QYHKUHEH), HO MBI
Ha HuMX He Oy/JAeM OCTaHABJUBAaTHCA.

45. 3apaua [Iupuxae. B psine BOIPOCOB aHANH3a HCNOJL3YETCH
3ajaya 0 rapMOHWHYECKOM IPOLOJIKEHUH (PYHKUMI; MBI PACCMOTPUM
3Ty 3aJa4y B IpocTeledl NOCTAHOBKE.

3agaua HJupuxae 3adana odnocsasnas obracre D= C
¢ acopOanosol epanuyeti 0D u na 0D 3adana HenpepovisHas (yHK-
yus u. Tpebyerca eapmonunecku npodoaxurs u 6 obaracte D, 1. e.
nocrpouts Henpepuisuyto 8 D u capmonuteckyro 8 D d)yHKL{ufO KO-
Topas wa 0D cosnadaer ¢ 3adannol.

a) Ennncreennocts. IlokaxeM, yro 3agaua Hupuxne He
MOXET HMMeTb JABYX pasJAMuHHX pelleHudd. B camoM pene, mycTs
CYLIECTBYIOT [ABa DEUIEHWA Uy U up. Torja HX Pa3HOCTh V=1 — U
rapmonuusa B D, nenpepeiBHa B D u paBHa Hyaio Ha dD. Ecau
MaKeHMyM MM MHHEMYM U B D gocturaercs B D, TO o _npuHIMny
skcTpeMyma v=const B D, a B CH/ly HeNPepHIBHOCTH U B D; Tak Kak
v=0Ha 0D, 1o B a7oM cayuae v=0 B D. Eciu xe o6e 3TH BeIH-
uHHH focTHratores Ha 0D, 1o ouu papHul 0 ¥ onsith v=0 B D.

6) Peaykuua gk kpyry. Ilpeanonoxum, uro sagaya [du-
puxJie paspemnMa A4 equHuyHoro kpyra U={|z| <1}, u mokaxem,
YTO TOTAA OHA paspeuiuMma u Jajas Jo6oll ongHOCBA3HOK o6aactu D ¢
Moprakosol rpanuueil dD. B camom xene, no teopeme Pumana cy-
niecTeyer KoHopmuoe otobpaxkenue f: D— U, HempepblBHO 1npo-
nosxaemoe B D 1o nmpuHIMNY cootBercTBuA rpanun (. 39). [Mycrs
Ha 0D sagaHa HenpepbiBHast GYHKEHA #; 3ajanuM Ha U sHaueHus
v=uof! u 0603HAUHM UYepe3 ¥ rapMoHHYeCKOe NPOROJIKEHHE ITHX
3HaueHud B U (ono no npeanosoxenuio cymiecteyer). Torga ¢yuk-
nHa =0 eof no ceolictBy 6 npeasayIlero MyHkra 6yxer rapMoHuye-
ckoil B D; oHa HenpepbiHa B D, a Ha 0D papHa uof-lof=u, 1. e,
peuraet 3anauy Hupunxae pas D.

B) Pemenune aas kpyra. HauneMm c sBpHcTHUECKHX CO0G-
pamenuit. Ilycts 3amawa dupuxse pias enuHnuyHoro xpyra U wu
TPaHNYHEIX 3HayeHWH u pemweda. IToctpoum romomopduyi B U
dyukuuio f, HMEOMYI0 peLleHHe 3TOH 3afauu CBOeH NEeACTBUTENb-
Ho#l uactslo, IlpeanonokuM elle, 4TO [ HENpepHIBHO NPOXOJIKAETCA

16*
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B U1'), Torna B q060oil Touke z&U mo dpopmyne Komu

Fo) = | Lz (1)
6U R

Ilpeo6pasyem npasyio uacth (1) tak, ytolnl ee ZeflCTBUTe/NbHAL
4yacTb colepiKasa JHIUb M3BecTHbie 3HaueHust Re f=u na oU. Huasn

1
3TOrO BO3bMEM TOUKY 2* == = | CHMMETPUUHYIO ¢ 2 OTHOCHTeAbHO U,
z

Bocioab3yeMcst teopeMoll Komu

S N Y X (9)
O_WJ g_z*dg (2)
Yy
u BeiuTeM (2) w3 (1). Tak xak |{|==1 u MOXHO MoJNOXKHTBL {=elt,

di=it dt u, Kpome TOTO,

l L g z__t(—=1z»

t—z (-2 1—-g tz—1 li—zz|? ?
T0 OyAeM HMeThb

1) = o ff(c )=l ar,

Mur JOCTHTJIM TOCTaBJAeHHON 1ean: OTAeAsds 34eCh AeHCTBUTE/b~
Hbie YactTy, NOJYyuuM TaK Ha3biBaeMylo qbopmyﬂy Hyaccoua
P20

1 1—r? :
u (2) = o J u(@) 1—2r cos (t—(p)—!—r“’dt’ (3)

rIe NOJOXKEHO eie z2=rei®,

[TpaBas uacts ¢opmyant Ilyaccora ussecTHa, ecad 3afaHBl 3HA-
yenust ¢ Ha OU; mokaxeM, uto GyHKuus u, onpegesensas s U no
aroii dopmy.e, pelnaer 3agavy Hupuxdae 115 Kpyra.

ITpexne Bcero sameTuM, 4to siApo UHTerpaja IlyaccoHa

-2
P, 2)= 2:rn 1—2rcos(f—¢q)+r?

nocsie HECMOXKHBIX npeoGpasoBaHuil (¢ yuyeToM TOro, uto |Gj=1)
MOZKHO NPeNCTaBUTh B BHIE

PG A= rp = Re §+2- (4)

) Dr10 npeAnosoKeHHE OTHOCUTCH K lmf Tak Kak Re[ pewaer sagauy Iu-
pHXJIE M, 3HAYWT, HenpepsiBHa B U.
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[Mosromy ¢yHKkums u, onpeiensiemast uurerpasoM [lyaccona, sp-
gasierest B U peficTBuTeNbHOH 4acThio QyHKIHH
21

[ = | w32

0

(5)

ronomopéuoit B U1), u, cnenoBatenpuo, rapMoununa B U. Ocraer-
cs1 TIOKasaTth, YTO NpH 2, cTpeMsaliefica no ToukaM U K NPOU3BOJIb-
no# touke o & 0U, sHauenue u(z) crpemures K u(%o).

Hna pokasatesbcTBa 3aMETHM, 4YTO AJsi J0GOH Toukd z & U

29

jp(g, 2)dt=1. (6)

0

910 chenyer U3 AOKasaHHOro Bhillle: QYHKUHs u==]— eIHHCTBEH-
Hoe peilenue 3anayy Jupuxje ¢ rpaHHYHBIMUA JaHHBIMK u=1, H OHA
yAOBJETBOpPSIeT YCJAOBHAM, B KOTOPBIX BhiBeAeHa dopmyaa [lyacco-
Ha. Hadsnee,

lim P(g, 2)=0 npu §==§, €=U, (7)

2>
NpHYEM CXOMHMOCTL PaBHOMepHa To § Ha J6olt nyre y < dU, He
cofepxKaliefi KakoH-1u60 OKPECTHOCTH TOUKH (j, — 3TO BHJIHO H3
dopmynnl (4) (ee cpensell uacru),
Ha ocnoBasnuu (6) pasHocTh MeXay 3Hau€HHEM U U ee NPeIIo-
JlaTaeMblM [pefesoM Npu 2 — [g=e%¥ paBHa
2n

A= f QP 2)dt—ulgy)= f w@—-u@NPE 2dt. (8

Qukcupyem £>0 u, nosin3ysch HenpephBHOCTBIO u# (L) B Touke {o,
BoibepeM 8>0 Tak, utolul npu |t — £,| < 28 6bL10

l(8) — u(Co) | <t (9)

o6osHaunM vy ={{ = U: |t —1t,| < 28} u yo=0U\y; u pazofbem
uHTerpas B (8) Ha uHTerpa/nl Mo Ayram yi 4 ye. Ilis nepeoro us

1) Tonomopduocth Gysxuun (5) MOXxkHO A0Ka3aTh auddepeHNHPOBAHHEM 04
3HaKOM HHTerpana: ajs JwoGoit 2 € U umeem

21T
fz+A2)=f(2) 1 t _ Az Zu (L) dt
f s f @

Az a -2 ({—2—A2)’

OTKyAa BUAHO, 4TO Hpi AZ->0 neBad wacTb CTPIMHTCA K Hy/Mo, T. e. Cylie-
eTByet f'(2). N
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Hux B cuny (9) upu aobom zeU umeem oy

2%
[w@—2@hP@ 2)dt|<e [P 2)dt<e [ PG, 2)dt=e
Vi ¥ , 0
' (10)

(MBI BOCIIOJIb30BA/IHCh TOJOKHTENbHOCTbIO fiApa P M paBeHCTBOM
(6)).
Tenepp mosnoxuM z=re'® y OyjgeM cuuTaTth, 4T0 |[@ — fo| <9;
B caay (7) Hafimerca p, 0<p<1, Taxoe, uto
P, z)<e

Anst Bcex {&y, M BCeX 2, A KOTOPHIX |@—fpl<d, I1>r>1—p
(MBI BOCMO/IB30Ba/IHCh PaBHOMEDHOCTBIO MNPEREJbHOTO Tepexoaa
(7)). Hostomy nns Bcex 2 u3 obJaactu G,
34lITPUXOBAHHOH Ha pHc. 74, uMeeM

[lu@-uEhP z)dt|<

V2

¥

. <2M [ P 2)dt<2Me-2m, (11)
(
Yz

rue M=Ena>l<jiu(7;)\. O6benunsas  (10) wu
€0

7z
(11), monyuum, uro ana Bcex z&G cmpa-
Puc. 74. BefauBOo HepapeHcTBO |A|< (1+4nM)e, a

3TO HAM H HYXHO.
Jlokasana

Teopema 1. Jrobyto pyHKyUIO U, Henpepbi8HYIO HA 2paHuye
0D o00nocsasnoil scoplanosod obracTu D, MONCHO eOUHCTBEHHbIM
ob6pasom eapmorusecku npodoaxcurs 6 D. B wacTHocTu, 0aa edu-
ruunoeo kpyea U ara 3adawa pewaercs unreepasrom Iyaccona (3).
3amertuM, uto anst Kpyra {|z| <R} umrerpan IlyaccoHa umeer

BHI
2n

1 R2? —¢2
u(2)='_‘0 u(g) R2—2RI'COS (t—'(]))’i'fz dt’ (12)

Tne z=rei®, {=Rel’; 370 nojgyuaercs H3 HAOKA3aHHOrO NpPOCTOH
3aMeHOH NepeMeHHbIX.

B xauectBe IpuMepa IpHMEHEHUSA TaPMOHHYECKOTO MNPOpOJKe-
HUSL NPHBENEM [0Ka3aTeJNbCTBO TeopeMul 3, cHOpMYJSHPOBAHHOH B
npenninyueM nyHkre. ITycte Koneunasil) B ob6nactu D ¢yHKuus ©

1) Pasymeercs, 4To (QYHKUMS « NPeANOAAraeTCA /AOKAMBHO HHTErpupyeMoi
o IVIOWAAH.
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B Kaxao#l TouKe zeD coBNaZaer co CBOUMH YCPEAHEHUAMHU 110 KPy-
raM JOCTATOYHO MaJIBIX pajuycoB r<ry(2):

1(2)=—r ff u (g) do. (13)
it~z <r}

Ortciofia Ipexje BCEro BEITEKAET, UTO U HEMpePHIBHA B KAaxkOOH TOY~-
Ke zoD, n60 npu 6eCKOHEUHO MAJIHX Z-—Zp PA3HOCTb U(2)—u(2p)
npejcTaBasgeTCs HHTerpasioM mo ofJacTH OecKOHeUHO MaJiof ImJjo-
manu (ot WHTerpupyemoll (yHKUHMH) H, CIeIOBAaTENbHO, 3Ta pas«
HOCTb 6ECKOHEYHO MaJa.

dukcupyeM NPOu3BOALHYIO TOuKy 20D u Kpyr U={|z— 2| <
<R}& D; no rteopeMe 1 moctpouM QyHKUMIO /2, FapMOHHUECKYIO
B U, nenpepniBayo B U u pasnyio u Ha dU. Ham mocratouno moka-
3ath, yto u==h B U. Tak Kak h 1o TeopeMe O CpelHEM TaKKe Y0~
BJeTBOpsieT cootHowenuo (13) mpu moboMm zeU u {|t—z|<r}cU,
To B pyHkuus v=u—h ynosaersopsaer emy. M3 sroro cienyer, uto
eC/IM U JIOCTHTaeT JIOKaJbHOr0O MAaKCHMyMa WM MHHHMyMa B KaKoW-
aubo touke z;&=U, TO OHa MOCTOSIHHA B HEKOTOPOH OKPECTHOCTH Z2j.
JlokaxeM 3T0 yTBepxKAeHHe AN MaKcuMyMa (B cjlyyae MHHHMyMa
J0Ka3aTebcTBO aHasoruyuo). Ilycth 310 He Tak, T. e v(2) <L v (2)
B kpyre V={|z—2z|<r}, V< U, npuuem cyllecTByer Touka
2 = V, B koTopoil v(23) <v(21). B cuay (13)

| oty [ [ o
14

HO B CHJY HENPEPRIBHOCTH U CYILECTBYET OKPECTHOCTb TOUKH 23, B
- Kotopoll v<v(2) — & AJA JOCTaTOYHO MaJIOTO IOJIOKHTEJIBHOTO g,
a Tax Kak v < v(2) BcioAy B V, To mpaBas yactb NociefHero pa-
BEHCTBA CTPOFO MeHbIlle BEJIHUHHEI

_qﬂffdo=v(zl); :
v

ntr?

noJiyueHHO€e IPOTHBOpeune AOKAa3bIBAET yTBEPKIeHHE,
HenpepuiBHast GyHKuuss v gocturaer B U CBoero. MakcuMyma M
n MuaumyMa m. Ecim 06a skctpeMyMa focruratorest Ha U, roe v==0,
To M=m=0 u v=0 B U— reopeMa HokasaHna. Ilycts opuu us
3KCTPEMYMOB, CKaxXeM MaKCUMyM, JocTturaercs B U, Torpa MHOXe-
ctBo F={z=U: v(2) =M} nenycro. Ilo 10Ka3aHHOMY OHQ OTKpHI-
TO, & TaK KaK U HenpepeiBHA B U, TO OHO B TO K€ BPEeMd U 3aMK-
nyto (B tomosoruu U). Orciopa caenyer, uto &=U, 1. e. v=M
B U; u3 HenpepbIBHOCTH 3aK/iouaeM, uro v=M B U, a TaK kak
v=0 na oU, 1o onats v=0 8 U, n Teopema 10Ka3aHa NOJHOCTLIO.
B sakiioueHdne 3aMetuM, uTo 3ajgaua J[lupuxae paspeumnma
H IJig TpPOCTPAHCTBeHHBX ‘o6nacTed NPH HEKOTOPHIX YCJAOBHSX,
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Ha/J0XKeHHBIX Ha ee rpaHuny!). B uactHoctH, mnas n-mepHoro wapa
B={xe R |x|<R} sra 3ajaua pelmaercss Npu NOMOLIU HHTErpasa

ITyaccona
=_f ) RER =121 4o, (14)
T Ty—x"

tz:n:"/2
Tie Op= —F—
r(g+1)

3JeMeHT noBepxHocTH 0B B Touke y (I' o6o3nauaer raMMa-pyHKIHIO
Diutepa; I'(2) =1, nostoMy co=2nR, u Opu n=2 37a GopmMysa cos-
napaetr ¢ (12), ecnn eme 3amennuts do=R df). ®opmyaa (14) -
BoauTtcs u3 Gopmyanst I'puna?).

46. Cy6rapmonnyeckue dynkuun. Jlorapudm moayas ronomopd-
HOH QyHKIWH [ ABJAAeTCS TapMOHUYECKOH (YHKUHEH JHIIb B OKpe-
CTHOCTH TOueK, Tie [ =0, a B Hysax In|f| o6paumaercs B —oo, T. €.
Tepster rapMoHHYHOCTh. Ceffuac Mbl BBeZeM Oogee ofIIHH Kaacc
cyb6rapMoHuuyeckux (QYHKUUH, KOTOPHIH, B 4acTHOCTH, OyneT cofmep-
JKaTh U Jorapudmsl MoayJel ronomopdHbX GYHKUIUH.

OIHOMEpPHBIM @HAJ0FOM TapMOHHUECKUX (DYHKUHUHA AB.IAIOTCA AH-

o d2h
Heinsle QyHKuun A (x) =kx-+b, aas KOTOPBIX —— = 0. I'lpu nomouu

JuHeHBIX (QYHKOUH MOXHO ONPEACNHTb BBHIOYKJbE (YHKIHH cJje-
aytolium obpaszom: GyHKuus «{x) Ha3blBaercsl BBIMYKJIOH (BHHU3),
ecan aas aooro orpeska [o, B} wus obaactu ee omnpenedeins
u 060l JAuHellHON OYHKuUMH A (x) u3 HepaBeHCTB #4(w)Zu(a),
()= u(B) caexyer HepaBeHCTBO A (X) 2> u(x) nas Bcex x & [a, Bl

CyOrapmMoundeckie (QYHKUHW SIBJASIIOTCS JABYMEPHBIM aHAJIOTOM
BuINYK/JABIX (yHknuid. OHM He 0053aHBl ObITb BCIOAY HENpPephIBHHI-
MU— MOXHO OrpaHHYUTBHCS JUIIb TPeOOBAHUEM TNOJYHENPepPhiBHOCTH,

Onpeneanenue 1. [lelicTBuTenpHas GyHKUuA 4, —oo <K u< oo,
onpenesieHHAsT B OKPECTHOCTH TOUYKH 2o, Ha3bIBACTCs NOAYHENPEPbLE-
HOU ceéepxy B 3TOH TOuke, ecau s Jiwboro & > 0 nafizerca § > 0
Taxoe, 4To )

R"1!— miaowane n-mepuoil chepul 0B, a do—

[u(2)—u(zg) <e, ecanm u(p) 7 — oo,

-2z 8 . 1
|z ol < é{l ()<__%, ecan 1 (zy) = — oo, (1)
HJIH, YTO 3KBHBAJCHTHO, .
lim u(2) <u(z). (2)
Z2->2,

1) o sromy moBoay cm.: M. B, Keanww, O paspemwrumoctu u ycroluu-
socTu 3afZaun [dupuxne, Vemexd mareM. Hayk, o 8 (1941), 171—292,

2) Cm. xuuru: M. WU. Tlpusanos, Cybrapmonuseckue oyuxumu, OHTH,
M, 1937 u B. C. Baaguwmupos, MeTogh Teopun GYHKUHH MHOTHX KOMILIEKC-
HBIX nepemennnix, «Hayka», M., 1964,
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Ecan D — o6aacts, 10 ¢ynkuus u: D —[—oo0, oo), nonynenpe-
pbIBHAsl CBEPXY B Kax ol TOuKe 2 = D, Ha3bIBAeTCA NOAYHENRPEPHLE-
Hol ceepxy B 3TOd o6saactu. Herpyano Buaerb, uto mig nosyHe-
OpepuBHOCTH cBepxy GyHkuuu u B obaactu D weo6xoguMo U jo-
CTaToyHO, 4TOOBl AJ51 JIOGOTO o€ (—00, 00) MHOMKECTBO MEHBIIHX
sHavennii {z = D: u(z) <o} ObLIO OTKPBHITHIM.

O0OniunpiM 00pa3oM ompesensieTcss NOJYHENPepblBHOCTE PYHKIHN
Ha MHOXKECTBE M AOKasbiBaeTcst, uTo (QYHKIHS, MOJyHENpephBHad
CBepXy Ha KoMDlakte K, orpanuueHa cBepxy W nocturaer Ha K
CBOEr0o HauboJbIIETO 3HAUEHUS. ~

Onpenencnue 2. Oyakuus u: D—>[—o0, o0) Ha3pBaercs
cybeapmoruueckoti B obaactu D, ecan 1) ona mHOJYHENpPEpbIBHA
cBepxy B D u 2) aas mo6oro noctaTodHo MaJgoro kpyra U u ato-
Goit rapMonnueckoit B U u HenpepuiBHOH B U QyHKUUH &

hzuuna oU=>>hzzu s U (3)

Takyo ¢yHKUuO i GyieM HasblBaTh 2QPMOHUYECKOU MAMOPAHTOU
dbyHkuyu ¢ pas kpyra U,

OTMeTHM HeCKOJBKO MPOCTBIX CBOHCTB cyfrapMoHnueckux QyHK-
nuii '), KOTopble MOAYEPKUBAIOT HX AHAJOTHIO C BLINYKABIMH (PYHK-
HUAMH.

Teopema 1. Ecau cybeapmonuveckas 8 obractu D pynxyua
u GocTuzaer AO0KAALHO20 MAKCUMYMO 8 HEKOTOpol Touke 2y < D,
TO OHQ NOCTOAHHA 8 HEeKOTOPOU OKPEeCTHOCTU Zj.

< Jlycth © He NOCTOSSHHa HY B KAaKOH OKPeCTHOCTH 2o Torma
Haiizercst HOCTaTOUHO MaJbi Kpyr U < D tako#, uro u(z) < u(zo)
s Bcex 2 & U, a B HeKOTOPO# TOuke {; OkpyxHocTH 0U =y cnpa-
BeAJHMBO CTPOroe HepaBeHCTBO 4 (f1) <u(zp). B cuay moaynempe-
pPbLIBHOCTH cBepXy OYHKIMH 4 AJS NOCTAaTOYHO MaJjoro e>0 Hail-
Hetcs ayra y’ <y, Ha Koropol u(f) <u(zp) —e.

BoabMem myry v” €y’ ¥ MOCTPOUM HEUPEPBIBHYIO Ha y QYHKUHIO
h (%), nosoxus ee paBHOM u(zg) — e Ha Yy”, paBHOH u(2,) Ha y\Y,
a Ha ayrax y \y” IycTb OHa JIMHEHHO 3aBHCHT OT arg(f— 2o) =t
Torpa Ha y Gyner ¢ <}k, ¥ IO OnpeAesieHHIO CyGrapMOHHUYHOCTH

4(e) <h(z) =g | Rt @)

rae h(2) —rapMoHuueckoe npopoJdxenue A(L) B U (cm. npeamnay-
muil nyuxT). Ho npaBas uacts (4) crporo Mesbille u(2p) — NPOTH-
BOpDeuHe J0Ka3biBaeT Teopemy » .

Cuoegyolass Teopema INOKa3piBaer, 4YTO JOKaJbHOe CBOHCTBO
cy6rapMOHHYHOCTH, BEIpaxkaeMoe ompefesieHdeM 2, BieueT 3a coboii
COOTBETCTBYIOILlcE CBOHCTBO B HEJIOM.

1) IoapoGuee cm. kuury . W. Ilpusanosa, uut. Ba cTp. 248,
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TeopeMa 2. Ecau pynxyus u cybzapmoruura 6 D u obracte

G €D, 10 028 niobol ynxyuu h, 2apmonuseckol 8 G u Henpe-
puierol 8 G, .

hzZu na 0Gh2u 6 G. (5)

<« Tlonoxum v=u—h; Tak Kak 3Ta QyHKHHS NOJSyHenpepHBHA
ceepxy B &, To OHa Hocturaer B G cBoero HauGoJiblLIero 3Haue-
uuss M; rtpeGyercs nmoxkasats, uro M<0. OGosnauyum & =
={ze&G: v(z)=M}; no Teopeme 1 3T0 MHOKECTBO OTKpPBHITO, a B
cuay TOJYHENpPepHIBHOCTH U OHO TaKke M 3aMKHyTo B G. Ecanm oHO
nycto, To M nocruraercss Ha 0G, rae v <0, nosromy M <L 0. Ecau
& wuenycro, To &=CG, u Torza v=M B G, a B cuiy THoJyHernpe-
puiBHocTH v = M u B G; onatb M<K 0, u6o v<0 na 6G »

dynKIuio A, yAOBIETBOPAOULYIO yeaoBuio (5), O6ynem HasblBaTh
2apmOHuteckol maxcopantod GyHKnUM U gis obaactu G.

Teopema 3. Ecau cybeapmonuueckas 8 obractu D ¢pyurxyus
U 8 HeKOTOpol To4Ke 2z, o0baacTu G& D coenadaer co csoeil eap-
MOHUYecKold maxopanTold h 0aa G, Tou="he G.

<4 Dynxuus v=u—h cybrapmonnuna ¥ HeoTpHHateabua B G,
HO3TOMY B Kaxjoil Touke z & G, rae v=0, oHa DOCTHraeT JIOKa/b-
HOro MakcuMyMa. MuoxectBo & ={2eG: v(2) =0} Yenycro (omo
COlEPKUT 2p), O TeopeMe | OHO OTKPHITO, a4 B CHJY MNOJyHemlpe-
PHIBHOCTH U B TO Xe Bpemst ¥ 3aMkuyto B G. [losromy & =G »

Canencreue. B ycrosusx reopemsr | ¢ynkyus u nocrosuna
8o sceil o6aactu D.

Teopema 4. ITycte uy, 20e undekc o npobezaeT HeKOTOPOE
mHoocecreo A, — cemetictao yuryull, cybeapmorudteckux 8 obaa-
ctu D. Ecau sepxnsaa ozubaroujas cemeiicrsa, & (z)=sug Uq(2)

1 1==3

noayrenpepoigra ceepxyl), To oHa cybzapmonudra 8 D.

< HyXHO NpoBepuTh JHIIb YCJAOBHE 2) B OnpeAesieHHH cylOrap-
MoHnueckol ¢yHKUuu. Ilycrs kpyr U & D, a rapmounueckas B U
¥ HernpepbiBHas B U ¢yHkuua h 2> & na 0U. Torra A2 u, na oU
s Beex o€ A, a TaK Kak u, cy6rapMOHHuHBIL, TO h 2> uy u 8 U
ans Beex a e A. Orciona caenyer, yro u h 2 @& B U b

B npeapiaylleM NyHKTe Mbl J0Ka3aJH, YTO FaPMOHHYECKHE (PYHK-
1M XapaKTepU3YIOTCS TEM, UTO HX 3HAUeHHE B KaXKJOH TOYKE PasHO
WX cpellHEeMy 3HAUeHHIO WO OKPYXKHOCTH (MJM KPYry) € LEeHTPOM B
stol Touke. [IpuBefeM aHalOTMYHOE CBOWMCTBO H IS CyGrapMOHH-
yeckHXx (yHKumil, KOHEYHO, C 3aMeHO paBeHCTBA COOTBETCTBYIO-
LIIUM HEpaBEHCTBOM.

Teopema 5 (kpurepu#i Cy6GrapMOHHYHOCTH),
Zlan T020 4T0bBL NOAYHENPEPLIBHAA c8epxy 8 0baacTu D ¢pyHkyus u

!) Ecan MuoxecTBo A KOHEUHO, TO 3TO YC/IOBHE BHIUIOJHACTCA ABTOMATHYECKH,



§ 14] FAPMOHHNYECKHNE U CYBFAPMOHHYECKHE ®YHKUHU 25t

610 cybeapmoruieckol 8 D, Heo6xo0umo 1 00CTATOUHO CYlyecT8o-
sanue 045 KaHOOU Touku zezD Taxkoeo uucia ro(2) >0, uro Oan

gcex r<ry
2%
u(2) < '2—15 u(z +re)dt. (8)
0

< a) Heo6xoaumoctsb. Ilycrs u cybrapmonnuna B D, 2 —
npousBosbHas Touka D u ro— paccrosiuue ot 2 go 0D, Tak kak u
nmosyHenpepeiBHA CBEPXY, TO AJs J0O0ro r<ry CylLIeCTBYeT CXOXsi-
mascs K 4 Ha oKpyxkHoctd y={§: |{— 2|=r} yOniBamluas mocie-
JLOBaTeJbHOCTb HeENpPepPBBHEIX Ha vy (QyHKuu# up!). OOGosHauuMm
yepe3 hy rapMOHHYeCKoe mpoaoJiKeHue Uy B Kpyr U={{: |—=z|<r}.
Tak kak Ha 0U=y umeem upyi(8) L up(Z), TO 1O NPUHIHIY Mak-
CUMyMa TaKoe€ K€ HePaBEeHCTBO MMeeT MECTO W JJisl FapPMOHHYECKHX
dyukuuit A, B U, 1. e. nocnenosarensuocts Ay, y6uBaer B8 U. Ilo-
atomy B U onpepnenena ¢pyHKuus

Fi(2) = lim A, (2), (7)
k->oc0

KoTopas no teopeMe XapHaka (1. 44) ju6o rapmonuuna B U, auGo.
TOXIECTBEHHO paBHa — oo. _
Ilo Teopeme o cpefiHeM LJd rapMoHHYecKHX (YHKImii

o2
h(@) =g | s+ ety
0

nepexoAsl K Npeleny nojg 3HAKOM HHTerpada (Y4To 3aKOHHO B CHIY

MOHOTOHHOCTH), IOJYYUM, YTO
2n

hi(z) = —2—% u(z + re)dt.

Ecin h=—o0 B U, T0 TaM H u=—oc0, T. €. (6) BHIoOJHAETCA
TPUBHAJBHO. B NpOTHBHOM ciydae U3 CyGrapMOHUYHOCTH 4 H He-
paBeHcte u <X hy Ha OU sakiiouaem, uto u(2)<hy(z) aaa Bcex .
k=1, 2, ..., u B IIpepeJie npu k- oo nosyuaem, 4ro

2%

u(z)<h(z)=§l§f u(z +re') dt.
0

Heo6xoauMocTh KpuTepHs HOKa3aHa.

1) B xauecTBe TaKux ¢YHKUMH MOXKHO, HANPHMEp, B3ATDb
ur (6) = max {u@)—HrL—01, k=1, 2, ...y

npejcTaB/jsdeM YHTATeNI0 NOKA3aTh, YTO Up HEMPEPHIBHEL HA Y M YTO Up\ylh
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6) Hocratounoctb. [lycts u mosyuenpepuisHa ceepxy B D
U yaoBaerBopser yciosuio (6). OGosnauum uepes f QyHKuuio, rap-
MonuuecKyio B kpyre U & D, HenpepriBHyo B U u Takylo, 4to h>u
Ha OU. ®yHkuus v=u— h TnoayHeNpepHBHa CBepXy B U, npuueM
no ycaosuio (6) u teopeMe O cpeiaHeM JJs rapMOHUYECKHX (¢YHK-

uufl aag 6ol Touky zeU B J0CTAaTOUYHO MagbixX
2T

u(z)—h(z) <% ( {u(z+re')y—h(z + re")}dt,
i1
Ha
2mn

v(2) << —2—% o (2 + re')dt.
0

[TonyHenpepuIBHOCTH W 3TOr0 CBOHMCTBA AOCTATOUHO ST TOTO,
yrofel Aas v B Kpyre U ©Obl10 cnpaseanuBo yTBepIKAeHHe Teope-
mur 1. [Toatomy ecin M — nauGoneiuee 3Hauenne v B U, TO MHOXKe-
cteo & ={z€U: v(z) =M} OTKpHITO; B CHJy NOJYHENPEPLIBHOCTH
oHo u 3amkHyTro B U. [anbHeilimee [0Ka3aTedbCTBO HIET, KaK B
TeopeMe 2: ecau & mycto, To M pocrturaercst Ha OU u, caegosa-
reapo M L 0; eciu & memycro, o &= U u onate M L0 »

dynxkuusa h, ompexeasemas B Kpyre U ¢opmyJaoit (7), Hasw-
BACTCA HQUAYHUIEH 2QPMONUYECKOU MaxcOpanTod GYHKIUW 4 IS
9TOro Kpyra.

Tlpu momolu 3TOrO0 KPUTEPHsl JerKo AOKa3kiBaeTcsl YTBepiKie-
HHe, CeJaHHOe B HauaJe NYHKTA:

CnencrtBue. Ecau ¢ynxyus | eoaomopgpra 8 obaracru D,
10 pynkyus u=In|f| cybeapmoruyrna 8 arod obaacru.

< JlosyHenpepulBEOCTh (PYHKUHH « OueBHAHA. Ecan zo = D He
apasercs HyJdeM f, To Lnf nonyckaer BugeneHHe TofAOMOpQHON
BETBM B HEKOTOPOI OKDeCTHOCTH 2o, (yHkumsg wu=In|f| #aABasercs
JEHCTBHTENLHON YaCThIO 3TOH BETBH M, CJeZ0BaTE/JbHO, TapMOHHUHA
B 3710l OKpecTHocTH. Kputepuil (6) BhNosHSIeTCA B TOUKE 25 TOTAA
(co 3HaKOM paBeHCTBA) 10 TeopeMe o cpefHeM. Ecawm f(z) =0, 10
u(z9) =—o0 u KpuTepHil (6) BHIMTOJHAETCA B TOUKE 2y TPUBHAJABLHO P

B sakjoueHye Qo0KaxeM OJIHY TEOpPEeMYy O BEepXHeM Hpenele MO-
cieJoBaTeNbHOCTH cyOrapMoHuueckux QYHKOHH, KoTopasi O6yaer
HaM HYXHa BO BTOPOH YaCTH U KOTOpas BhIpa)kaeT CBOHCTBO P a B-
HOMEDHOCTH IMpele/bHOro Nepexoaa npu YCIOBHH PAaBHOMEpHOH
OrpaHu4YeHHOCTH (QYHKUHUH 1MOCHe10BaTeAbHOCTH.

Teopema 6 (Xaprtorc). Ecau ¢pynxyuu wy, cybeapmontiatot
6 obaactu D, pagrHomepro OepaHu4eHbl HQ KAHOOM KOMAQAKTHOM
- ngomunoxcecrse D u 8 xancdoi Touke z=D

lim uy (2) < A4, (8)
k>
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10 dasn awb6o2o muomecrsa K& D u awboeo £>0 naiiderca Homep

ko, Taxod, yro }
up(2) < A+e 9)

041 scex z= K u scex k2> k.

< Bes orpannueHust oGUIHOCTH MOMKHO CUUTATh, 4TO QYHKIHH
paBHOMepHO orpaHuueHs B D, u6o K mnorpyxkaerca B 06JacTh
D’ & D, Ha KOTOopoH u; paBHOMEDHO OTPAHHUYEHBI [0 YCJIOBHIO.
Mo3xkHo Takxke cunTaTth, uto Uy << 0 B D, u60 BMECTO Uy MOXKHO pac-
cmatpuBaTh QyHKuuu up — M, rze M — Bepxuss rpanb Bcex upBD.

Ilycrs K& D u paccrosuue ot K no 0D pasuo 3r. Jas qwoGoi
TOUKH 2p&=K 43 KpUTepus cyOrapMOHHUHOCTH 4 MBI 3aKJIOYaEM,
4TO

aruy () < [ [ u(@)do?). (10)

(—2zl <r}

Bocnosb3yemes teneps seMMoid @ ary?), no kortopoil aas .-
6oli orpaHMueHHOH MOCJEZOBATENbHOCTH H3MEPHMBIX Ha MHOXKe-
ctBe E dpynrunit up: —oo Ly L c< oo

lim ‘[ Jukd0\<\f j lim u, do.
E E

k> o0 k> o0

ITo aT1oit iemme B cuary (8)

lim jf u, () do << Anr?;

k> e 2 <t

clenoBaTenbHo, A qioboro e>0 Halinerca ky Takoe, 4YTO MpH
BCex k22 ky

uk(é)dag(A—}-%)nrz. (1D
{IE~2d <r}

ITycts Teneps 2 — aw0bast Touka Kpyra {|z — 29| <8}, rae 6<r.
Tak kak kpyr {|{—z|<r+6}& D, 10 no cpoiictBy cy6rapMoHHu-
HOCTH

ar+Pu @< [ [ w@do,
{15—21 <r+8}

1) Hast nonyyenus Hepasencta (10) xocraTouHo yMHOXHTbL ofe uacth (6)
Ha r dr ¥ NpOUHTerpupoBaTh N0 r o 0 g0 ro (cm. m. 44).
2) Cu., nanpumep, B. C. BanaguMupoB, UHT. Ha CcTp. 248. -
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a TaK KakK 3710T Kpyr coaepkur {|{—2o|<r} u y nac uz <0, To0
B cuay (11)

se+Pu@< || w@do<wt(a+d).
1E—20l <r}

Bui6upas § (npu GukcupoBaHHBIX A, r ¥ €) AOCTATOYHO MaJIbiM,
NOJYYuM, YTO [J1s1 BeeX 2{|2 — 29| <8} u BCex k2> ky

up(2) L A+e.

INonb3ysace nemmoit Xeline — Bopens, nosiyuaeM yTBepkaeHHE Teo-
peMbl > "

3aMeTHM, HaKOHell, YTO Hapsify ¢ cyOrapMOHHUECKHMH paccMar-
PHBAIOT TaKKe CynepaapmonudecKue Qyrkyul — 1pyMepHble aHamo-
rH (QYHKUMH, BHOYKJBIX BBEePX. IDTO — NOJTYHeNPepHIBHLIE CHH3Y ')
B o6Gjactu D ¢ynxnun u: D — (—o0, o], 07151 KOTOPHIX AJis1 JiI06OTO
kpyra U& D n moboit ¢pyukuun 4, rapmonnyeckoit B U u Hempe-
puiBHOl B U, HepaBeHCTBO u 2> h Ha QU Bjeuer 3a co6oll TaKoe xe
nepapenctso B U. Mayuenne Takux QOyHKIUHE CBOAMTCS K H3YYEHHIO
cy6rapMoHHYecKuX GYHKuMi, H60 AJAS CyNeprapMOHHYHOCTH (YHK-
MU 4 HeoGXOJHMO M HOCTaTOYHO, 4ToOB (GYHKuHs —u Oblia cy6-
rapMOHUYECKOH.

Ecau BCIogy 3aMeHUTh rapMoHHYeckue GYHKUuH ABYX (feficTBH-
TeJNbHBIX) TI€PEMEHHBIX TaKUMH 3Ke OYHKUHMAMEH 71 NepeMEHHbIX
(cM. m. 45), TO MOKHO paccMaTpHBaTh cyOrapMOHHUYECKHe H Cymep-
rapMoHunYeckue (QyHKuHMH B o6.aacTaX mpoctpaHcrsa R,

3AJAUHN

1. IlycTb fnama TNpousBOJIbHAS TOCAEA0BATENbHOCTh Touek a,&=C, cxogs-
mwasca K 6eckoHeuHocTH. Jokas3aTb, 4To AJst JoGOfi DOCAE€L0BAaTEIbHOCTH UHMCEST
b, e C moxHO HahiTu ueayio ¢yHKuuo f Takyo, uTo f(an) =b, ans Bcexn=1,2, ...

2. (Teopema Apnamapa o Tpex kpyrax.) [lokasaTe, yTo ecau [ rosomoptua B
{ri <2l <ra} m Mf(f)==|m‘ax If()], To In My(r) — Buinyknas ¢yukuns oT p=Inr,

Zy=r
T, e. aaa aobero re& (ry, ry)

P — P P2—p
InM K————In Mg (r)) +————1n M .
n My (1) <28 In My () + 2= 10 My ()

(Yxasanue: nonobpath o Tax, 4ToObI r‘l’Mf(rl)=rng(r2) W K MHOTO3HAYHOR
¢GyHruUM 2*f(2) ¢ oaHO3HAUHBIM MOAyJTeM NPHMEHHTb MPHHLHUT MaKCHMyMa.)
3. JlokasaTb, YTo €C/H [ — IOJUHOM CTEMEHH A, TO

My (r1) > My (r2)

=

rt 3

s mobbix 0<r1<r;. PaBeHcTBo HMeeT MecTo Jumlb pjA [(2) =c¢e2".

1) ®yuKUMS 4 Ha3bIBAETCHA NOAYHENPEPbIBHONU CHU3Y B TOUKe Zy, eciad (yHK-
IHsT —u TIOJYHeNpepbiBHA CBEPXY B 3TOH TOuKe.
e
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4. Tycts f-;fue.naﬂ byuknua u o< (0, 1) —(bm{cuponaﬂnoe udeno. oka-

sath, uro lim 4
r>o0 Mg (r

[ — nonutom crenenu He BhHillle f1,

) pasen 0, ecnH [ TpaHCUeHAeuTHA, K paBeH o, ecaH

5. Myets f (2) = 2 cn2"—nenas dyuxuus uM; (r) <A™ paa scex r>ro.
na=0

n
Aem
JIOKa3aTh, “T°|0n|<(—n— MUl BCeX JAOCTATOYHO OonblIMx n. (YKasaHde:

M (r)

f
, B mnepapenctsax Komu |cp| << o B3ATh Takoe r, YTOGM OueHKa Oblia

Haunyued; AN STOr0 HAATH MPHHMYM mpaBofl "acTd WO r.)
( Aem
n

n
‘m
) IR BCeX N =My,

6. Ecam f(z) = ) cn2®—uenan GyHkuua | cnl <
n=0

m
To My(r)<< AT ng mobore € >0 M BCEX XOCTaTOuHO GOMsIHX r. (YKa-
00 o

n
saune: My (r) <2|cn Ir"<2(A;m) rt+4 P, (r), tne noausoM P, a06a-

n=0 n=0
BJ€H, 9TOG KOMMEHCHPOBATh KOHEUHOE WUHCJIO WUJACHOB, AJAT KOTOPHX n < fg.

€\ n
A+ 5 )r n
Hmeem |Py(r) I <e 27", a samenas ™y GmiKafiMM UeIbiM &, TOJYYUM

Lo+
2( Aemr™ ) CZ(Ae ) , rne C —mexkoropana KoHcraura. ITo dop-

n=90
k
myae Crupiunra (3ax. 4 x oo IV) V 2nk (e) ~ k!, a Vank < ( 2A)

AN KOCTATOUHO GOJBIIMX k, MOITOMY OLEHKA MPOAOJIKAETCA TaK:

k
e
©° JlA+—]| ™
21 {( 2 ) ] (A+e)r™
c, S Y B <e

£=0
00 -
7. U3 3an. 5 4 6 caepyer, uto mopamok uenoft pyHxuHH [ (2)= 2 cn2" eCTh
n=0
— nlnn
p= lim —T— .
n>® I

leal
Tycrs ¢ — TuR QyHKUMH f; AOKA3ATh, UTO

L 1
(eop)® = l_fm (n" Vl'c_nT)-

HOCTDOHTB genyio q>ymmmo f Aamsoro mopsizka @ W xansoro thma O, (Otser:

f(2)= )‘ (eg::)’ )pz".

ne=l
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8. HoxasaTb, uTo a) He CyulecTByeT rojomopduoil Ha R' dynxuum, orodpa-
Kawleli R! Ha MHOXeCTBO ¢ BHYTPEHHHMH TOuKaMu; 0) CyuiecTByer uejas
dynKuus, otobpaxalomas R ' wHa Bciogy naoTHoe noamHoxecTBo C.

9. Ilycrs D —o6nacts B C ¥ mocse0BaTesbHOCTL ee TOYEK dn HE UMeEeT
npejeabHbIX Toyek BHYTpu D, JlokasaTb, uTO ajs JOGHX TOC/Ae0BaTeJbHOCTEH
KOMIVIEKCHBIX uucesa bp M Leablx uucen k,>0 naiigerca ¢ynkuus f, rosomopd-
nas B D u Takas, uTo aas Kaxugoro n ¢yskuus f(2) — b, B TOuke ¢, HMeeT
HyJb nopsika Rn.

10. B koablie #4 meabix GyHKUMHA 3agaHa TONOJNOTUS PaBHOMEPHOH CXOAHMO-
cTH na orpaHuuennnx noaMHowxecrBax C. HoxasaTb, uto nas m1000rc coGeTBeH-
HOro 3aMknyrtoro ugeana I g% ero ocroB {2: f(2)=0 mgas Bcex f&I} aBasercs
HENYCTHIM MHOKecTBOM 0e3 npeiejbHbiX TOUEK B KOHEUHOH IJIOCKOCTH.

11. doxasaTh, 4To /i BCAKOrO 3aMKHyTOro upeana / < g4 nafgercs QyHKUUA
g=1 rakas, uro I=g5% (apyrumu caoBamu, uieana | uMeeT 0gHy 06pasyIolLyio).

12. TlpuBectu upuMep OYEKLHH @, rapMoHuueckoit B kpyre U={x2+y2<x},
nenpepbiBHoit B UN{0}, paBroi nyaio Bciony Ha OUN{0} u ne paBHOR Hymo TO-
skpectBento. ([TpuMep nokaswiBaer, YTO OCBOGOXKJAeHHe OJHOH TOJBKO TOYKM rpa-
HUUbl OT YCJAOBHH MOXeT NPUBECTH K HeeAWHCTBEHHOCTH pellleHUs 3apaun upux-

ne. Oreer: ¢=1— Re? .

13. Ecan y — rnagxas xpuBas, a (yHKUUS W HenpepblBHa Ha y, 10 AeHcTBH-
TeJbHas QYHKUUS

9@ = [ n@Inlg=2]1ag]
v

Ha3biBaeTCH JIOTapUOMHYECKHM INIOTEHIHAJOM ¢ ILIOTHOCTbIO WM. JHokasarb, dTo
a) @ rapMoHuyHa BHe Y; 6) ecau Yy — OKpyxHOCTL {|zl=r} u p=1, 10 mO-
cTtosuna B kpyre {lz/<r}. /

14. Tlycts @ rapMonuusa B Bepxuelfl nosymaocckoceru {Imz>0} u pasua uymo
Bclony Ha ocu x. Jokasarh, Yrc @=oy, rjie o — HEOTpUNATEeJbHAs KOHCTAHTA
(cp. ¢ sapmaueft 11 ra. 1V). N

15. Hano, uto f(z) u 2zf(2) — KoMmn/eKcHble rapMoHHYeckHe yHKuHM (T, e.
KOMITeKCHO3Haunble (YHKUUH, YyaOBjeTBOpswliue ypasueHuio Jlaimaca). Hoka-
3aTh, UTC [ — rosoMopdHas GyHKIHS.

16. Ecau rapmonnveckne QYHKUHM @y TNOJNOXHTeabHH B o6gacth D u pan
Sy cxomutcs x0T Gbl B OJHOK TOuKe a& D, To OH cXOAUTCA DPAaBHOMepNO Ha
KoMNaxkTax u3 D.

17. Tlycrb @ — neficrputebnas QyHKunsd, rapMoHHYecKas B 3aMKHYTOH 06-
gacti D, 3a Mck/J0ueHHeM KOHEYHOTO 4YHc/Ia Todek u3 D, B KOTOPHIX OHa paB-
na — oo, Hoka3sats, 4TO Sup @ = sup @.

D éD

18. HokasaTb, 4T0 HeoGXOAMMOE H [OCTATOUHOE YCJAOBHEe CyGrapMOHHUHOCTH
¢yHRuRN @eC? BHpaiKkaeTcs HEPABEHCTBOM

_9%

ax?

0%
ay?

Ag + = 0.

19. Ecnn ¢ynxuus @ cybrapmonuusa, a ¢yuxuus £ ma R! ewinykaa, to ux
CYNepHo3uLHs U o ¢ aBAAeTCs cyOorapMoHudeckol GyHkuue.

20. Noxasate, uto MNpejea yOblBalmollell NOCIef0BaTeJbHOCTH Cy6rapMoHute-
CKHX (YHKUMH siBjsieTcs cy6rapMoHuYeckKoll (yHKuuel.

21. Mycry f— KOMIeKCHas rapMonnyecKass B oGaactd D ¢ynxuusa. oka-
3aTp, 4T0 ecau lf|=const B D, To u f=const,
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TJTABA 1

roJIOMOP®HDBIE ®YHKLUHHU
HECKOJIbBKHX NEPEMEHHBIX

[Moxany#l, IaBHYIO TPYAHOCTb A/ HAUHHAIOIIEro TNpH mepe-
XOJe K H3YUEHHIO (QYHKIHH HECKOJbKHX KOMIJIEKCHBIX NepeMeHHBIX
npejcras/sieT OTCYTCTBHE MHPOCTHIX, HAIVISAHBIX TeOMETPHUYECKHX
npeAacrapdenuil. [10sTOMy MBI ¢ caMOT'0 HayaJla OTMeTHM OCOGEHHO-
CTH KOMIUIEKCHOTO NPOCTPAHCTBA M NOAPOOHO ONuiueM psif nIpocTedl-
X obyacteil B HEM.

§ 1. KoMniaekcHoe npocTpaHCTBO

1. HOpocrpancreo C" PaccMoTpuM YeTHOMEpHOE €BKJH-
IOBO MPOCTpaHCTBO R2™, TOuKaMu KOTOPOTO SIBJISIOTCS YIOPSIAOYEH-
Hbie HaGopnl 277 JeHCTBHTE/NBHBIX yHces (X, ..., X2,). Mbl BBegeM
B HeM KOMIJIEKCHYIO CTPYKTYpY, MOJOXKHB 2,=x,+ix,., (v=
=1, ..., n). Yacro mMb OyfeM 0603HayaTh Xpi,==Y,, TAK UTO
z2,=x,+1iy, (v=1, ..., n). IlpocrpancTBo, TOYKAMH KOTOPOrO fB-
JISIIOTCS YIOPSAOYeHHble HA00PH 72 (KOHEUHBIX) KOMIJIEKCHBIX YHCEJ

z= (2, ..., 2,) ={2.}, (1)

Mbl GyfeM HasblBaTb 7-MEPHBIM KOMAAEKCHOIM NPOCTPAHCTBOM |
o6osnauath ero cumsosom C™. B uactHoctH, npu n=1 Mb moay-
yaeM -C!'=C — nJ0CKOCTh KOMIIJIEKCHBIX uHcesJ, MOXKHO CYHTATh,
yto npH Jw6om n npocrpanctBo C™ sBJsfeTcs NPOU3BEJEHHEM 1
KOMILJIEKCHBIX [JIOCKOCTeH
C"=Cx ... xC. (2)
R
n pas

Takum 06pa3oM, TOUKH A-MEPHOTO KOMIJIEKCHOTO NPOCTPAHCTBA
Cn — 3710 TOYKH 27-MepPHOTO AefCTBHTENBLHOTO NpOCTpaHcTBa R27,
OnHnako BBejeHHEe KOMIVIEKCHOH cTpYKTYpsl B R?™ cpasy BBOAHT
B 3TOM IPOCTPaHCTBE aCHUMMETpHIO— He BCe KOOPAMHATHI B
HEeM paBHONpPABHHI (HAnNpHMep, Xy H Xn44 Mbl OOBEAMHSIEM B KOM-
IJIEKC 2y, A X1 U X He OObenHHsAEM).

CiiefcTBHeM "TakoH acHMMeTpHH SBJASAETCA, B YaCTHOCTH, TO,
YTO HE BCe MJOCKOCTH npu nepexodge or R?" k C" okasmBaoTCs
paBHonmpaBHbIMu. PaccMoTpum, Hampumep, 2r-MepHYIO IJIOCKOCTB

2n
HQrI xgl u’uvxv=ﬁu (l"'= 1: Y 2n-—2f), A (3)

17*
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rie oy, H Pu— AefiCTBUTENbHblE NOCTOSHHbBIE M YypaBHEHUS He3a-
BHCUMBI, T.e. rank(e,,)=2n—2r. Tlonaras, kax BbllIe, 2,=

=x,+iXn (v=1, ..., n), OyaeM umerb
ZV+2’V 2\7—2
xv=_2‘: xn+'v=_7_v (V=1’--°’ ﬂ),

H M03TOMY MBI CMOXEM TMepenucath ypaBHEHHe 3TOH IJIOCKOCTH B

BHUAE
n

2 (a2, +al2)=0b, (w=1,...,n—r,) o)

v=1
’ . 1
rae aw, a‘w H bu KOMIIJ@KCHBI€ TTIOCTOAHHBIE )

Cpeau Bcex TaKHX TJIOCKOCTEH BLIAENHM Te, B yPABHEHHSI KO-
TOPBIX HE BXOAST NepeMeHHbIe Z,; TaKHe IJIOCKOCTH OyjgeM Hashl-
BATb (KOMIJIEKCHO) r-MEePHBIMHU QHAAUTUYECKUMU NAOCKOCTAMU.
C/enoBaTesbHO, N0 OlIpefle/IeHHIO ypPaBHEHHEM r-MepHOH aHaIHTH-
YeCKol MJA0OCKOCTH Gyner

A" \%awzv=bu w=1,..., n—r). (5)

ToAbKo aHaMHTHUECKHE TJOCKOCTH OYAYT &HACTOSIIHMH» IJIO-
cKOCTAMH npocTpakctBa Cn, Apyrue mJA0CKOCTH H3 R2" ( B yacTHO-
CTH, BCe HEYeTHOMEpHbBIE TJIOCKOCTH) He CJlelyeT CUMTaTh MNJOCKO-
ctamu u3 Cn. Hampuwmep, B C2 MHOXKeCTBO TOYeK, ONHCHIBAEMOE
ypaBHenHeM 2i=x;+ix3=0 (7. e. gByMepHasa mJockects {x;=0,
x3=0} u3 R*?), cuntaeTcs NOJOCKOCTBIO, 2 MHOXKECTBO X1-+ixs=0
(1. e. aByMepHas miaockocTh {¥;=0, x»=0} w3 R*%) He cumraercs.

KomnaekcHo (72— 1)-MepHble aHaJANTHYECKHE HJAOCKOCTH 2,,=0
Mbl GYIeM Ha3blBaTb KOOPOUHATHoLMU NAOCKOCTAMU. KOMOJIEKCHO
OJIHOMEpHBIE aHAJIUTHUECKHE IVIOCKOCTH HAa3hBAIOTCA ellle gHAAUTU-
Yeckumy npamoimy. AHanUTHYECKHE NOPSIMBle, TPOXOAAIIHE Yepes

4] 0 0
sagannyto Touky 2’ = (21, ..., zn)e=C", MoxHO sanucath ypasHe-
HHUAMHU
0 0
21-—-21 Zn—'Zn
L: T = L. = T’ (6)
1 n

rie o,=C — #ekoTophe mocrosHubie (He Bce paBupie 0). O6osHa-
yas oOGLyI0 BeJIMUHHy OTHoweHui B (6) uepes {, MBI MOXeM mepe-
NMHCaTh YPaBHEHHe AaHAJHUTHYECKOH IMPAMOH B mapaMeTpHYeCKod
Popme: ,

L: z,=20+af t=C; v=1, ..., n). (7)

1) Uro6nl mepeliTit o cucTeMbl (3) K (4), Mbl cJI0XKHIH M-e ypaBHeHHe (3)
¢ (n—r+u)-M, yMHONKEHHHIM Ha [, ® CTPYNNHPOBANTH KOIPGDULUEHTH TPH
Xy U 2y
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B Cm™ ecTeCTBeHHO BBOAHUTCH CTPYKTyPa BEKTOPHO20 NpOCTPQH-
YKTY poctp

cT8a: moj CyMMO#l BEKTOpPoB 2’ = {z;} H 2 = {z;’} IIOHHMAeTCs BeK-

TOp z’+z”={z(,+z;’}, M NOJ npousBefeHHeM BekTopa 2={2,}
Ha uncso A&C — Bexkrop Az={Az,}.

Iosnb3ysACh 3TUMH ONepalUsIMH, Mbl MOXKEM 3aMHCaTh ypaBHEHUS
aHa UTHYECKOH NpsAMOil B BeKTOPHOH dopMe:

L: 2=2+40t, (8)

rie o= (o, ..., 0p)=C"—HanpaBagoIHi BEKTOp TNpPsSIMOH, a
te=C —napamerp. TakuM 06pa3oM, aHaJUTHYECKass MpsaMasi— 3TO
JIMHeliHash BeKTOP-(QYHKUNSA KOMIJAEKCHOTO MepeMeHHOro { co 3Haue-
HHSIMH B KOMILIeKcHOM mpoctpauctse (L: C—Cn).

B C" MOXHO BBECTH CTPYKTYDPY METPUXECKO20 NpPOCTPAHCI8A.
O6runo paccMaTPHUBAIOT ABE METPHKH: €BKJAHIOBY METPHKY
e(z, 2”), unu

-2} D= =) Dy, ©

U emie OAHY METPHUKY —
p(z', ") = max |2}, — 27|, (10)
v

KOTOPYIO Mbl OyAeM HasuiBaThb p-meTpukoil. OUeBMIHO, UTO p-MeT-
pPHKa, KaK U €BKJHAOBA, yJOBJETBOPSET OGBIYHBIM aKCHOMAaM:

a) p(2,2")=p(2", 2’) — akcuOMa CHMMeTpPHUH;

6) p(2/, 2”)>0 npu 2's£2", p(z, 2) =0;

B) p(=/, 27)<p(2, ”)+p( 2”7, 2”’) — akcuoMa TpeyroJibHHKA.

B coorBeTcTBHU C STHMH MeTpHKaMH B Cn BBOgATCH M TOTO-
JOTHHU '). D710 fenaercsi yKasaHWEM CHCTEMbI OKDECTHOCTEH: B eB-
KAHA0BOH MeTPHKe 10 e-OKPECTHOCTBIO TOUYKH 20 MoHHMaercs wap:

B e)={z=C": |z2—2°<¢}, (11)
a B p-MeTpPUKe — noAauxpye (WIH NOAUYUAUHOP):
U(2° ¢) ={z=Cm: p(z, 2°) <e}. (12)
OueBuHOe nBOHHOE HEPAaBEHCTBO
0@, 212 —2" < Vno(@, 27) (13)

nokasnipaeT, uto MeTpukd (9) u (10) BBomsT B C" »KBHBaJIEHTHbIE
TOMOJIOFHH.

B sak/wueHHe 3TOr0 HYHKTAa OMHIIEM KOPOTKO KOMARAKTUDU-
Kayuro mnpocrpanctsa C?, T. €. MNONOJHEHHE €T0 HeCKOHEYHLIMH

1) TlompoGHee 06 3ToM cM. Hayaso caeiyowed raasel (M. 93,
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ssemeHraMu. Haubosee npocroit cmoco6 xKoMmakTA(GHKALHH MPHBO-

OMT K TaK Ha3bBAEMOMY npOCTpaHcTsy Teopuu ¢rynxyuii Cn. Mar
yKe rosopuJiu, uto C® MOXKHO paccMaTPHBATh KaK NPOH3BEAEHUE N
KoMnuiekcHelx miockoctei C. Ho minockoets € npucoepunenuen
6eCcKOHeYHOH TOUKH MOMOJIHseTCA A0 3aMKHyToll miockoctu C, ro-
MeoMopdHOit cdepe (m. 1 u. I). EcrecrBeHHO MO3TOMY NOMOJMHUTH
Cn no npousBeneHHSI 7 3aMKHYTHIX IJIOCKOCTEH (C(ep) — Tak MBI
W NPUXOAHM K IIPOCTPAHCTBY TE€OPHH (PYHKIUH

C'=Cx ... XC. (14)
e e —
n pas
Takum o6pa3oM, N0 ONpedeseHHI0 TOUKAMH C» apasoTcs ymno-
psiaoueHHbie HaGOPH U3 1 TOUEK, IPHHALMEeXAUMX 3aMKHYTBIM M0~

ckocTsiM C. BeckoHeuHBIMH (HecOBCTBEHHHIMH) TOUKaMHU GyayT Te
TOYKH, XOTs OBl OJHa KOOPAHHATA KOTOPHIX SIBJASETCH GECKOHEUHOI.

MHOX)ecTBO Bcex GECKOHEUHBIX TOUEK (" eCTEeCTBEHHBIM _obpasom
pasGuBaercss Ha n MHOMecTB Mv={2=C": z,=o0, 2 EC uFv.
Toukn u3 MY uMeloT, CJAef0BAaTeJbHO, BUJ, (41, vy 2yt 00,
2yt + -y 2n), THE 2y (Q55v) — KOHEUHHIE HAH OeCKOHEUHBle KOM-
nJekcHble ynucaa. Kamxpoe MY, a 3HAYUT U MHOXKECTBO BceXx 6ecko-
HEYHBIX TOYEK En, HMeeT KOMIJIEKCHYIO0 pasMepHocTh n— 1. Bce
MY nmepecekaiorcs B TOUKe (oo, ..., 00)

Tonosorust B C" BBOAUTCS, KAK B NPOH3BEAEHHH IPOCTPAHCTB:
MOZ OKPECTHOCTBIO TOUKH L= {28} &= C" nonuMaercs NpoOU3BeeHUE
OKpecTHOCTe#l ToueK 2 B 3aMKHYTHIX IUIOCKOCTSIX TEPEMEHHBIK Z,.
B sToit TONONOTHH NPOCTPaHCTBO Cn okasbiBaeTcsl KOMIAKTHBHIM: H3

Kaxa0# MocaefoBatenbocTn Touek heCr (n=1, 2, ...) MOXHO
BrIOpaTh MOATOC/AEL0BATENbHOCTb, CXOAALIYIOCS K HEKOTOPOH TOuUKe
Cn 1)

prron cnoco6 xomraktuuxkanuu C? NMpUBOAHT K TaK HA3HI-
BAEMOMY KOMNAEKCHOMY NpoeKkTusromy npoctparcrsy Pr. Bpexem

B npoctpascree C" o0Hopodrsie koopdurnatsl (O, ..., ©Opt1), HO-
AQKHUB
@ n+!
Zy = v=1,..., n, lo]= Zlo,P#0 ). (15)
n+1 y=]

OpHoponHble KOOPAHHATHE TOUKH Z&C™ onpelensioTes ¢ TOYHOCTHIO
A0 MHOMUTE/S NPONOPHHOHANBHOCTH (T. €. HAPSRY C (01, « ..\, On1)

) Komnaktaocts C" pokasmBaercs coBceM mpocto. MoXHo Takxe Boe-

noab3oBaThes TeM, yro C% sasaserca npoasaeneﬂuem KOMIAKTHHX MHOXeCTs —
_ BaMKHYTHIX cdep.
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KOOpAMHATAMU TOYKH 2 G6yAyT H (A®@i, ..., A@nt1), TAe A0 — mo-
Goe woMmmJiekcHoe uyucao). O6partHo, a06omy HAGOPY OLHOPOAHBIX
KOOpAMHAT (®y, ..., On41), TA€ 0n415=0, 0 dpopmysam (15) coor-
BercTByeT Touka 2&C" (NpHYEeM KOOpAHHATAM C Pa3sHBHIMH OTHOLUe-
HusiMu (15) cooTBeTCTBYIOT pas/HuHble TOYKH). UTOOHI yCTpaHHTH
oco6oe NOJIOXKeHHEe Toc/eJHeH OJHOPOAHOHI KOOPAHHATH ®n41, MBI
nonenuuM C® HecoGCTBeHHHIMH (GeCKOHEUHBIMH) TOUKAMH, H TOT/a
aioGriM  HaGopaM ONHOPOJHBIX KOOPAMHAT ®= (®1, ..., Onpt),
|o|+0, 6yayT cOOTBETCTBOBATH TOYKH HEKOTOPOTO TMPOCTPAHCTBA
P, KoTopoe U Ha3biBaeTCsl KOMIJIEKCHBIM NMPOEKTHBHBIM NMPOCTPaH-
crBom. Toukam P7, 119 KOTOPHX w4170, no ¢opmyaam (15) coor-
BeTCTBYIOT TOuky <", mostomy P7 geHCTBHTENLHO NOMOJHSIET
Cn. ToukaM @, A5 KOTOPBIX Wn41=0, 0TBeual0T GecKoHeyHble (He-
cOGCTBEHHBIE) TOYKH. )

Touunee, Toukamu Pr cayxkar He caMu Ha6OPH o= (®1, +.
vo., Onpt), 0|50, a Knaccel 2KBHBAJIEHTHBIX HAGOPOB, €CH CYUH-
TaTh. ABa Habopa ® H ®” SKBHBAJEHTHHIMH, KOTJa KOOPAHHATHI
©). ¥ ©] TPONOPLUHOHAJbHE (m;’=7»m;, A £ 0). B camom pesae, mo-
6oMy npeACTaBHTE/IO TAaKOTO Kjacca SKBHBaJeHTHOCTH (ANA KOTO-
POro @n+150) MBI CTABUM B COOTBETCTBHE OIHY TOUKy 2 & Cn, npu-
yeM TPENCTABHTENSM pPAa3/HYHBIX KJIaCCOB SKBHBAJIEHTHOCTH COIO-
‘CTABJAIOTCA pas3ivuHbie TOYKH. Takue Kaacch 3KBHBAJEHTHOCTH
MOXHO HaIJIJHO NPEeACTABHTb NPKM MOMOIK aHAJUTHYECKHX Ips-
MbIX B mpocrpauctse Cntl. JleficTBHTE/NBHO, SKBHBA/IEHTHEIE HAGOPHL

o=(®1, -+, Ony), |©|+0, XaparTepusyioT aHATUTHUECKYIO MHPs-
myio B Cntl:
- = Zns1 16
O e Oper ( )

NPOXOASILYI0O Uepe3 Hayas0 KOOpAMHAT (3aMeHa o JIOOBIM Aw,
A==0, HE MeHser TNPAMOH; Hed’KBHBAJIEHTHbe ® OIpelensioT pas-
JguuHple npsameie). ITostoMy u Toukm us P7 ayume npexacraBasith
Kak Takue npsiMele. B uacrtHoctH, mo6aa aHajHTHYecKas npsiMas
(16), mas xKoTopoHl ®n4+;=0, npeacrasaser GeCKOHEUHYIO TOUKY.

Xopowo H3BECTHA MOJAeAb HPOEKTHUBHON IJIOCKOCTH, KOTOpas
nosiyuaercsa u3 cheper B R? oToxkaecTB/eHHEeM AHAaMETPa/]bHO NpO-
THBOMOJIOXHBIX TOYeK (mepeceueHusi ciepbl ¢ NPIMBIME U3 R3,
H306paXkaloUMMH TOYKHM NPOEKTHBHOH MJOCKocTH). TouHo Tak xe
MOXKHO NPEeACTABJATh NpH noMomu cdepsl us R™H u peiicTBUTENb-
HOe /-MepHO€ MPOEKTHBHOE INPOCTPaHCTBO. Mpl OMHIIeM BKpaTile
COOTBETCTBYIOLIYI0 MOAeRs A P,

Tak Kak Kaxjas aHajauTHueckas npaMas us C*+l, npoxoasmas
uepe3 HauaJo, BIOJHE XapakTepusyercsi eAHHHUYHHIM BEKTOPOM

0° = —‘(‘;—, to Pr MOXHO MPefCTaB/AATh KaK MHOXECTBO TOYEK cde-
pot S={|z| =1} uz C»*.. [Ipu s3toM, 0HaAKO, C/IeAYET OTOXKAECTBUTD
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TOUKH MepeceueHHs] S ¢ aHaJIUTHUECKOH NpaAMoOi, M3oOpaxkarwolel

trouky P Ilycrb Takas npsMas L 3ajgaercd napaMeTpHYeCKHMH

ypaBHeHHAMH Z, = 0% (v=1, ..., n+1, |@°|=1); TaK Kak ypaBHe-
n+1

HueM cdepbl S CAYKHT z,2y =1, TO 015 ToueK mepecedesus L
v=1

n+1
u S 6yzeM umets | ¢ 2.0 |@3)2=1, nan |{|=1. Orcrona BuaHO, YTO
V=1

L u S nepecekarooTcd N0 OJHOMEPHOMY MHOXKECTBY — OKPYKHOCTH
{i¢] =1}, nexameit Ha (aByMepHofl) aHAJIHTHYECKOH NMPAMOH H Ha
(2n+1)-mepnoit cdepe. TakuMm o6pasoM, Touku P7 MoxkHO euie
NPefCTaBAATE KaK OKPYKHOCTH Ha eauHunyHoll chepe ScC»+ (310
HaXOLMTCSl B COOTBETCTBHH C TeM, Yro [Pm WMeeT NefCTBUTE/IBbHYIO
pa3MepBoCTh 271). B 4acTHOCTH, OKPYIKHOCTH, KOTOPBIE [MOAYYAIOTCH
B MepeceueHHd S C NPAMBIME L, 0A5 KOTOPBHIX ®ny1=0, npeacras-
JSII0T GeCKOHEUHbIE TOUKH,

B npocrpadctBe P? MOXHO BBeCTH TONOJOTHIO, O6DBABIAS
«GJIU3KHMHE» Te TIpsiMble L, KOTopble ONpeaensiorcsi «OJH3KHMH»
eMHAYHBIMA BeKTopaMyu ®° (MAM Te OKDPY!KHOCTH Ha S, KOTOphie
MOJIYYaloTCs TPU ee MepeceueHur ¢ «6Jau3KuMu» NpaMuiMu). B sto#t
TOMOJIOTHH [P" OKa3piBaeTCs KOMIAKTHHIM NPOCTPAHCTBOM.

2. Mpocreiimue o6aacTu. 31ech MBl ONMLIEM HEKOTOPbIE MpocTed-
mue npuMephbl o6sacteil B npocrpanetse Cn. ITog obsacTbio, Kak
BCErJla, MOHUMAETCS OTKPBITOE CBSA3HOE MHOXKECTBO, NMPHYEM OTKpbI-
TOCTb MHOXKECTBA O3HAuaeT, YTO KaxK/aas Touka IPHHAAJENHT eMy
BMeCTe C HEKOTOPOH OKpPECTHOCTEIO, a CBSI3HOCTH OTKPBITOTO MHO-
JKEeCTBA 03HAUAeT BO3MOMKHOCTH CBSI3aTh KaKAule 1Be €ro TOuKH 2’
u 2’ nyrem 2(f): [ —-C», rae [=[0, 1] oTpesok HeHCTBUTEILHOMH
ocu, 2(f) — HenpepbiBHast @yHkuHs, 2(0) =z, z(1)=2", npnuem
aas awoboro { &/ touka z{(f) NPUHAA/LEKUT 3TOMY MHONKECTBY.

1. Il a p paauyca r ¢ nearpom B Touke ae= C" onpenensiercss Kak
MHOKECTBO TOYEK

B(a, r)={z= Cm: |z —aj<r}, (1)
D10 —wap c UeHTPOM & B eBKAMAOBOH MeTpuke. I'paHuueii mapa
0B cayxut (27 — 1)-mepHas chepa

n
-§2n ={2EC”: lezv—aviz=f2}
v=

B npocrpanctee R,
2. lTonuKpyr (uid NOMUIDHUJIKHHIP) paiHyca r ¢ UEHTPOM
a== (" onpezne/nsieTcss KaK MHOXECTBO TOUEK

Ua, r)y={z= C": |2, —a,|<r, v=1, ..., n} (2}
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1o — wap ¢ ueHTpoM a B Merpuke p. Ou mpeacrassaser coGolt npo-
NHaBeJieHHe /1 IIOCKUX KPYrOB pajdyca r ¢ UEHTPAMH B TOUKAX dy.
MoxHo paccmarpuBaTh H 6osiee OGILHE cjydait MOJHKpyra C IeH-
TPOM @ M BEKTODHBIM pPafUyCOM r==(ry, ..., I'n):

U(a, r)={c=C": |2,—a,\<r,, v=1, ..., n} (3)

Ipanuueil 0U noaukpyra fIBAsieTCsl MHOMECTBO BCEX TOYEK, y KO-
TOpPbIX XOTS1 OBl OJHA KOODPAHWHATA 2, NMPUHALJMEKHT IPaHUIE v-TO
Kpyra, o6pasyloutero U, a ocrajbHble KOOpAWHATH 2, (UWFv) NpoO-
H3BOJIbHO MEHAIOTCA B 3aMKHYTHIX Kpyrax. Jra. rpaHALa ecTecTBeH-
HBEIM 06pa30M pa3bHBaeTcs Ha 1 MHOXKeCTB

v={z: lzv—“avl=rvv lzu_aul "u» nFvh,

Ka:kloe H3 KOTODPBIX mnpexcrasiser (2n — 1)-mepHoe of6pasoBanue
(160 21 KOOPAMHAT TOUYKHU 2 CBSI3AHB! OAHHM JAEHCTBUTENBHBIM COOT-
Houlenvem |2, — a,|=r,). TlosToMy W BcA rpavHna mOJHKpYyra

n

oU = UFV sBasiercst (2n — 1)-mepHoil. Bce muoxectBa I'V nepe-
v=1

CeKaKTCd MO 1-MePHOMY MHOXKeCTBY

r={z fzv"”'av\=rva v=1, ..., n},

KOTOpPOe HA3BIBAeTCH OCTOBOM TOJHKPYra M npeacTasaser coboi
Npou3BeJleHHe 72 OKPYXKHOCTEH,
Onumem noapobHee GUKpyr paauyca | ¢ HEHTPOM B HauaJe:

U={ZECZZ 121l<1, 122‘<I}
OTo yeTbipexXMepHOe TesI0 ABJAETCS IepecedeHneM ABYX UHAMHAPOB:
2+a<l no+a<l.

Ipannma ero — tpexmeproe teso OU=T'UT? rge I'={|z|=1,
|2, < 1} — TakKe TpexmMepHOe TeJNO, KOTOPOe paccransaercs s Ox-

HOomapaMeTpHueckoe ceMeiicTBO Kpyrop: I' = U {zi=e®, |2,|< 1},

u T?-— aHaJIOTHYHOE TeJIO. OCTOB GuKpyra I‘—I“ﬂl"" JByMepeH.
Aro—rop I'={|z/|=1, |22|=1}; B camom xeste, oroGpaxeHne
zy=e%, zy=e® roMeoMopdHO Tmnpeobpasyer Ha I -kBagpar
{0<61<2n, 0<0,< 2} ¢ OTOXKIECTBJEHHBIMH, KAK YKa3aHO Ha
pHc. 75, NMPOTHBOMNOJOXKHBIMA CTOPOHaMH (G0 ei®y+2m=eidy) 4
TaKOe OTOXKJecCTBJaeHHe gaer Top. Top T' paccianBaercss Ha OAHO-
nmapamerpuueckue cemeiictsa okpyxkHocreft {2,=e®, ‘|z| =1} u
{izi1=1, zo=¢e1%}, 0K 0, 0,<2n (Ha puc. 75 n306paxeHo Mo OJHO-
My NIpeACTaBHTENIO KaxAoro cemefictsa). OH CAYXKHT NepeceueHneM
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ABYX TPEXMEpPHBHIX LHIHMHAPOB {x?+x3=1} {(x2+ 3= 1} u, oue-
BUAHO, NeXuT B R* na (Tpexmepuoi) coepe {x}+ x5+ 13+ x3=2}#

Takum o6pa3oM, GHKpyr reoMerpuyecks CleAyeT NPeACTaBAATH
tak. HyxHo B3t B C? (Tpexmepuyw) cdepy ?’lzl=ﬁ} H Ha
He#l BuGpaTh Top I'={|2;| =1, |23| =1}. Ha atoT TOp HyXHO HATH-
HYTb aBa TpexMepHbX Tena I'={|z;| =1, |2|<1} u MP={{z|< ],
{22] =1}, Jexamux B WapoBoM CJa0€ {I <z V2_}; HX COBOKYH=
HocTe [''UT? u Gymer orpaHuunBaTh GHKpYT.

g,
ércr o
|
{-
|
|
i
i
o b
7
v
K&
Puc. 75.

3. [Tonukpyrosble (HAH NOJNHHOHJHHAPDHUECKHE)
o6umactu B (" onpene/siiorcsl Kak NpOu3BeJeHHs N IJIOCKHX 06-
JacTen:

D=DX...XD, (4) _

'(MONMUKPYTH ABJASIOTCA YACTHBIMH CJyuyasasMH Takux oGnacrefi). Eciu
Bce D,— opHocasuple o6aactu, 10 D romeoMopdua mapy. I'pa-
Huna 0D nonukpyrosoit o6aactit D pasGuBaeTcs Ha i MHOXECTB
pasMmeprocTH (2n—1):

-

IV={z2: 2,&0D,, =z,=D,, uvh

O6meit yactbio Beex I’V siBasieTCst n-MepHOe MHOXKECTBO

I'={z: z,&dD,, v=1, ..., n},

KOTOpOEe HasblBaeTCsl OCTO80M MONHKPyrosofi obaactu D.

4. O6nactu Peliuxapta (wrm n-kpyrosul e objacti) c
nentpoM B Touke ac Cn onpenensitoress Kak 0671acTH, o6Jafamline
CJAEAYIOMIMM CBOHCTBOM: BMECTe C KaXKHOH TOUKOH 20 = {23} ofbaacta
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nprHaa/iexuT u jawobas Touka
Z = {av -+ (2(\)7 - av) ew\’], 0 <6y < 2m.

O6nagre PefiHxapra ¢ 1eHTPOM B @ Ha3HIBAGTCH NOAHOU, eCiH
BMecTe ¢ KaXA0i TOUKO# 2° efi mpuHapmjexaT H BCe TOUKH 2={z,},
1R KOTOPHIX |2, —a, ||z —a,|, v=1,..., n

OueBHHO, uTO INAPHl H MOJUKPYTH SABJAIOTCA MOMHBIMH 0078«
crami Pefinxapra. Ilpy n=1 nemonummu obiacramu Pehnxaprta
G6ynyr xoabua {r<|z—al<R}, a mnoJHBIMH 0GNaCTHMH — KPYTH
{lz—a|<R}.

Bes orpannuenus oSIHOCTH MOMXHO CUMTATh, UTO HeHTp 00/1aCTH
Peiinxapra a=0 (310 nocruraercs casuroM). Taxkas ofsactb BME-
CTe ¢ KaXjao# Toukoi {2,} coxepuT BCe TOYKH ¢ TeMH Xe |z,{,

1Zsf

12,

12,1

v=1, ..., 71, 1 BCEBO3MOXHBIMHN apryMeHTaMH. YYUTHIBAS STO 3aMe-
yaHHe, MBI MOXKeM PacCMOTperb» OTOGpakeHHe

zoa(@)=(lzi, ..., [2a]) (5)

2n-mepHoro npoctpactBa C" B n-mepHoe npocrpanctso R?, Tou-
Hee, B TaK HasmiBaeMbifi abcoarornoui oxranr R =R, X ... X R,,
ut— —

n pas
rie Ri=[0, o0) — nmosiyoch HeoTpHuaTeNbHBIX uuces. DTO oToGpa-

xenue a; C* — R} npeo6pasyer o6nacts Peitnxapra D Bo MHOMKe-

CcTBO Touek D, = [R:, KOTOpoe Mbl OyJeM HasbiBaTh U300pakKeHUeM
(utu pumarpammoit) no Peiiuxapry o6mactu D. Ecan D — nosnnas
obnacts Pefinxapra, To D) BMecte ¢ Kaxaoit touxoit { 29|} coxep-
KHT Bech NPAMOYTOMbHbI napanenenumes {|2,[< |25 v=1, ..., n}

OnucanHass pgHarpaMMa MOJHOCTBIO XapaKTepH3yeT o06JacTu
Pefinxapra, a mnoHuKeHue pasMepHOCTH HA 7 eIMHHL A8 n=2
U n=3 paenaer 370 H300paxeHnHe HarasAaHeiM. Ha puc. 76 u
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77 wu3oOpaxeHpl COOTBETCTBeHHO auarpammbl Peifluxapra mapa
{121 <1} 1 monukpyra {|2z,| <1} p1a =2 u 3; HA BTOPOM H3 HHX
noxasaHst MHOXecTBa IV 1 octoB I

1221
A : 1231
P

5,06nactu Xaprorca (WIH NOJNYKPYTOBH e o6Jactu)
C NMJIOCKOCTBIO CHMMETPHH {2, =@n} ONMpenessioTcs Kak 06.1acti, 06-
Jajaiolliie CJAEIyIIIHM CBOMCTBOM: BMECTe C KamKaol TOYKoOi

2'= {20} obnacti npumamexut u ;o6as Touka 2 =(2%, ..., 2%

0 0
an+(zn-—an)e‘ "), 0<08,<2n. O6aacry XapTorca Ha3bLIBAETCS
NnoArOM, ecny BMecTe ¢ KawAo# TOukod 2° eli npuHapgexar o

. — ~0
124 BCE TOYKH 2, ANl KOTOPHIX 2,=2)
(v=1, ..., n—1), a |z,—a,| <
<‘z°—a | OuesnaHo, uto ob.1actu

OrpynerocmsXapTOTCa COCTABJAAIT Gosee MHPOKHU
K1ace, ueM o6aactu Peiiuxaprta l).
O6nactu Xaprorca ¢ NJOCKOCTBIO

Apye
' cuMMerpun {2,=0} wmoxHo H3006pa-
KaTb B MPOCTPaHCTBE Pa3MepPHOCTH
7 (2n— 1), ecan BOCHMOJAb3OBATBLCA Npe-

ob6pasosanuem f: Cr—->Cr-IXRy,
onpenensieMbIM (OPMyJIOi

2—B(z)={z1, ..., a1, |Znl}. (6)

Ilns kpaTkocTd muchMa 0603HAUMM yepe3 ‘z=(21,..., Zn—1) MPOEK-
IHIO TOUKH 2 B MPOCTPaHCTBO C»=! u uepes 'D npoexumo D s Crnt
(T. e. cOBOKyNMHOCTL Bcex 'z aasi 2 & D). Mso6paxenye nmouHoii 06-

1) TepMuH «NOJAYKPYrOBbie OOGMACTH» OTHOCHTCS K HayaJbHOMY MNepHOAy, KOT-
Ba 7Teopyust (QYHKUMA HECKOJLKHX KOMIUIEKCHHIX NepeMeHNbIX Ohila B OCHOBHOM
Teoprel GYHKUMA ABYX mepeMeHHHX. Takue oGnacTn 0641a1al0T «KpyroBLIM CBOil-
CTEOM» N0 OZHOMY IlepeMEeHHOMY, T. €. NOJOBHHe Bcex mepemennbix 8 C2
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nactu Xaprorca BmecTe ¢ Kaxnaoi Toukoii (‘2% |29|) comepmHur
BECh OTPE30K {('20, |2n|): |zn|<|22”

Huarpamma Xaprorca noHuXKaeT PasMepHOCTb Ha 1 u npn n=2
aBJsiercsl BnojHe Haraaauoid. Ha puc. 78 n3ofpaxkeHa HemoJsHas
o6aactb Xaprorca; cjeayer HMeTb B BHAY, YTO TOYKa Ha 3TOH AHna-
rpaMMe H306paxaerT OKDPYKHOCTh, & BEPTHKAJbHBIH OTPe30K, Olu-
pawomuiica ua ‘D, — xpyr. Ha puc. 79 nsobpaxenn map u3 C? u

{25

12,1

Y=t

A\
/

Z & Z; ¥
. Puc. 79.

OMKpYr; Ha PHCYHKe XODOIO BHMJHBI TPeXMepHbi€ KYCKH TPaHHILE
' 1 T? u ocroB I' 6ukpyra.

6. TpyGuartsle (MM LHJHHApHUYECKHE) obGaacTi
onpeaensiorcss ¥KaKk o6jaacTd, o6nanaioliue CACAYICIIHM CBOHCTBOM:
BMecTe ¢ Kaxjofl Toukoit 2°= {20} o6nactn mpuHaanexur u nioGas
TOYKa 2 == {zS—}—iyv], —ooLy,<Loo, v=1, ..., n. Jlwobyo Tpy6ua-
TYI0 067aCTb MOXKHO NPEACTaBUTh B BHAe NPOH3ReaeHus BX R (y),
rae B — Tak Ha3biBaeMoe OcHO8aHue 00J1acTH — HeKoTopasi 06JacTh
n-MEePHOro JeHCTBHTENBHOr0 mpoctpanctBa R7(x), x=(x|,..., X,),
a R"(y) — meficTBiTe/bHOE NPOCTPAHCTBO TOUEK Y= (Y1,...,Yn).
TaxuM o6pasom, Tpy6uaTas o06GJacTb NMOJHOCTBIO XapaKTepHayercs
ee OcCHOBaHHeM B — 06JAaCTbI0 7-MEPHOTO AEeHCTBHTENLHOrO MpPO-
CTPaHCTBA.

IMonoxkue z=x-+1{y, Toe X U y — AEHCTBUTEJbHLIE fI-MEPHBIC BEK-
TOpBI, TpyOuaryto 0671aCTh MOXKHO CHUMBOJHYECKH 3alHCATh B BHJE
T =B + iR"(y) wnmu, noapoGuee, T ={x + iy: x= B, y = Rn}.
Ilpy n=1 1pybuateiMu o6aacTssMH OGyAyT, OYEBHAHO, MOJOCEI
{a<x<p, —oo<y< oo}, a TaKKe MOMYNIOCKOCTH {¥ >0} unu {x <o}

3aMetuM, uto orobpaxenue ¢: z,—>ev (v=1, ..., 7) npeo6-
pasyer Tpy6uaryio o6aacte 1 B HekoTopyio o6aacth Pefinxapra D.
[Ipu aToM ocHoBauuio obnaactu B coorsercrByer D) — H306paxkenune
D ua puarpamme Pefinxapra.

7.TMonyrpy6uaree 06aacTH COCTABAAIOT 0/€e LWIHPOKUI
Kaacc obJsacreli, yeM TpyOuaThle, 210 064aCTH, KOTOPLIE BMecTe ¢
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kaxnoli toukoit ('2% 23} comepxar Bce ‘toukm (2%, 2 +iy,},
—oo<LY,<o0o. UnbiMu cnoBaMu, moayrtpy6uatast obaacte D —3T0
ob6aacte Buga G+iR'(y,), rae G— obaacts B (2n— l)-mepHOM
npoctpancree Cn=1(’z) X R!(x,). IToapoGuee:

D={("z, 2,)=C™ (2, x,) =G, yo= R'}.

§ 2. lNousrue ronomopdHoCTH

3. Ounpenmenenne roaomopduocru. Ilyerys B o6nactu D=C* 3a-
naHa xommiaekcHas ¢yHkuua fi D— C. Tloabsysach NOHATHAMYU
OKPECTHOCTH, BBEJeHHBIMH B npoctpaHcTBe Teopu ¢ymkumit C» u
samgayTofi miaockoctd C, Ml OGHIUHBIM 06pasoM OmpejesieM IO-
HSTHSA npefena W HempepblBHOCTH f B Touke 2°&D u B oGaactu D
(ca. m 3w I). _

Uro6b BBECTH aajibHeilmive orpaHHueHus Ha (YHKUHIO f, npea-
n0J0XHM, 4T0 D cocTOMT U3 KoHeyHbx Touek (Dc=Cn?) u uro f
npunnMaer B D jumb koHeunble snauenus (f: D— C). Ilpeamono-
®uM, yto [ muddepenunpyema B Touke 2D B cMblcae nAeficTBH-
Te.JbHOTO aHanu3a (B cMmbicse R2) 1. e, uro cymectsyer nudde-
pennuan !)

__of oF
df = ) dx,+ ...+ Bras dxg,. ) §))
Beens romniexchble mepeMeHHBlE 2, H Z, MO POpMysaaM
2y+ 2 2y—2Z
Xy= _V_2_\L’ Xy = V_Qi_v., (2)

MBI MoxeM (opMmaabHo nmepenucath (1) B BHae

_or O gy OF s of =
df—azldzl+...+ oz, dz, + 3%, dzl+...+—ézdz,,, 3)
TIe NOJOXKeHo maa v=I1, ..., 1
of 1 (of . of of _1({of . of
dzy 2 (axv g Gx,H.v)’ , 02y _2_(6xv + Oxpyy )' (4)

Onpepenenne 1. Pynxkuusa f, onpeneneHHas B HeKOTOPOH
okpectHocTH Touku 2 (" nasnisaerca dugepenyupyemoil B 310
TOYKE B CMbIC/le KOMIJIEKCHOro aHasnusa (B cMbicie C"), ecan oma
o epenuupyemMa B Heit B cMbicie R27 u B 370# TOuKe

of
=0 (v=1, ..., n), (5)

3z,

) Kak u B cayuae OfHOrO NepeMeHHOrO, MBI cuuTaeM [=u-+iv u nox df u
du do

oxy T axy

Dxy TOHIMAEM COOTBETCTBEHHO dutidv u
v
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T. e. auddepennnuan HMeeT BUA
_ of oF
df—-gz—ldzl+...+§;dzn. (6)

3amerum, uto ycaosHa (5) KOMIJIEKCHO! AH(pdepeHnUpyeMOCTH
cofepxkar 2n AefCTBUTENbHBIX ypaBHeHHH OTHOCHTENBLHO ABYX ASH-
crButedbubix GyHKUn# (4=Ref u v=Imf). Takum o6pasom, npu
n>1 sta cucreMa auddepeHnalbHHIX ypaBHeHHi mepeonpede-
JeHa: YNCA0 ypaBHeHHII B Hell GoJbllle YUCIA pacCMaTpPHBaeMBIX
byHknuA. C HEKOTOPBIX TOYEK 3peHHA B KayeCTBe MPOCTPAHCTBEH-
HOro apajora KOMIJIEKCHOH (DYHKIHMH OJHOTO KOMIJIEKCHOro fepe-
MEeHHOI'O €CTeCTBeHHee pacCMAaTPHUBATh HE OJHY, a N KOMILIEKCHBIX
OYHKUHH OT KOMINIEKCHBIX TNEpeMeHHBIX, T. €. BeKTOP-PyHKUHIO
f=(fi, ..., [n) BekTOpa 2= (21, ..., 2,). OJHAKO U 3TO He crmacaer
MOJI0XKeHUs: 3andchiBasg ycaoBHA (B) AJAA KaxaoH KOMIOHEHTH f,,
MBI [IOJIyUHM cHCTeMY 2n2 [eHCTBHTENbHBIX YpaBHeHHH OTHOCHTEIbHO
2n peHCTBHTENBHBIX YHKUMH, T. € CHCTEMY, TaKXKe mepeompese-
JIeHHYIO npH n>1.

[TepeonpenenesHocTs yca0BHE KoMILIeKcHOH auddgepenuupye-
MOCTH (YHKUHMH HeCKOJNbKHX [epeMeHHBIX BJeyeT 3a cobolf palk
NPHUHUHUIIHAJNBHBIX OTJIHYMH IIDOCTPAHCTBEHHOH TEOPHH OT IIOCKOMH;
C HEKOTOPBIMHM H3 HMX MBI NMO3HAKOMHMCS B JaJjbHellllleM H3JI0XKe-
uuu. OTMeTHM, YTO TepeonpefeseHHble CHCTEMBI HTPAIOT BAaXKHYIO
poJab B TeOPHH YPaBHeHHII C YaCTHBLIMH NPOMU3BOJHBLIMH H UTO CH-
crema (D) siBigeTCS OJHUM H3 OCHOBHBIX NMPHMEpPOB TaKHX CHCTEM.

Onpenenenne 2. Oynkuusa, audoepednnupyemas B CMbicae
Cn B Kax /0¥ TOuKE HEKOTOPOH OKpeCTHOCTH Touku 2 C», Hasbi-
Baerca 2040mopdrol 8 Touxe 20, DyHKUHUA, roroMopduas B Kaxk IoH
TOYKEe HEKOTOPOTO OTKPBITOTF O MHOXKecTBa Q< (g" (B yactHOCTH,
06/1aCTH), Ha3bIBAETCA 20A0MOPPHOL HA MHOXCecTse Q.

3aMeTuM, UYTO TNpH ONpeJeNeHUH IOHATHA TOJIOMOPPHOCTH Ha
IpOU3BOJNBLHOM (He 06s3aTeJbHO OTKPHITOM) MHOXKecTBe M uMeercs
TOHKOCTb, KOTOpas BHAHA H3 CJeAYIOLIEro mpuMmepa.

[Tpuwmep. Ilycts muokectBo M C? cOCTOUT M3 ABYX 3aMKHy-

TBIX IHAPOB §1={|z——(0, 1)|<—;—} " §2={|z+(0, l)|<%},

1
COeMHEHHBIX OTpe3koM L = { 21=0, z,=1x, | x| < - } . Onpepe-

JauM Ha M QyHruHIO
2, 2€B,

f(2)= 0, ze=1L, 7)

\—2, REB,

Ona, oueBHAHO, HempepblBHa Ha M, u Aaa Kaxnofi toukn 20&M
MOXKHO HNOCTPOUTb OKpecTHOCTb Ux, B KOTOPYIO [ npopo/mkaercs,
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Kak rojscMopodHas gyHkuus. B camom gene, aaa touexk B, BJI0OYas
touky (O, ~2—) nepeceuenrst By u L, B KauecTse TAKHX OKPECTHOCTEN

MOXKHO B3aTb lApbl, HE MepeceKalomuecs ¢ Be,  NPOJOIKHTL B HHX
f, nosoxus ee paBHO# 2. [das Touek B, cresaeM aHaJOTHUHOe IO-
CTpOEeHHE, TOJNBKO NOJO0KHUM f(2) =—z;. HakoHel, Is1 BHYTPEHHHX
Touek L Bo3bMeM MHIaphl, HE COJepIKalllie KOHIOB 3TOTO OTpe3Ka, i
nonokum B Hux f=0, OQHAKO H3 TeOPeMbl €IHHCTBEHHOCTH, KOTO-
PYIO MBI J0KaeM B 1. 6, cjiefyeT, YTo | HesAb3sl [POIO/IKHTE A0 T'O-
JoMOpPOhHOH (YHKIHH HHM B KaKylo CBA3HYI0 OKPECTHOCTh {2 BCero
MHoxecTBa M. B camMoM pene, K3 3TOH TeopeMbl Cjaemyer, u4To He
CymecTByer rosioMopdHo#t B  GyHKUMH, KOTOpas Ha OLHOM LIape
K3 Q paBHa 2, a2 B APYTOM —24.

W3 sroro npyMepa BUJIHO, UTO HEOOXOLHUMO Pa3iuyaTh ACKAADHO
2010MOpHbIe HA MHOXKecTBe (QYHKIHH, KOTOpbie B KaXKLOH TOuxe
MHOKECTBa MOMKHO JIOKAJAbHO MPOJOJIKHTE J0 ToNoMopdhHOH GyHK-
UMK, U QYHKIUH 24006a46HO 20A0MOpPHbIe, KOTOPBIE TPOLOMKAIOTCS
10 QyHKUHI, FOJOMOPQHBIX B OKPECTHOCTY BCEr0 MHOMKeECTBA. B qa.ib-
HelilmeM, TOBOpPA O ToJdOMOP(MHOCTH (PYHKIHHM HA MHOXXECTBE, MHI,
KakK npaBuio, 6yieM HMeTb B BHAY IM0Ga/lbHYIO TOJOMODPGHOCTE.

OueBupHO, cyMMa M TNpousBeleHHe IBYX ¢yHKUuH, auddepeH-
nupyembix (B cmeiciie C") B HekoTOpO#l TouKe 2, Takke AupdepeH-
IHpyeMbl B 3TOH TOYKe, TO3TOMY mgHddepeHnHpyeMble B TOuKe PyHK-
nun obpasylor KoJapLo. B gacTHocTH, YHKUMH, roioMopdHBbR
B HekoTopoil ofaactu DcCn, 06pasyor. KoJblp, KOTOPOe MBI HY-
aem ofosHauath cumBosiom (D).

CrnpaBep/iuBo Tak:Ke npaBmiao AnddepeHIUPOBAHHSA CHOKHBIX
¢yHKUHHA, KOTOpoe Mbl C(HOPMYyJHPYEM B CJAEAVIOUIHX ABYX BHIAX.
Ilycts dynkuus f nuddepenruupyema B cmoicie Cm B Touke 2°= (2%},
a w=7(29.

(I) Ecau dyukuus ¢ auddepenuupyema B w® B cmeicae C, ro
@of nudpdepenuupyema B cMbicsie C7 B rouke 20

(I) Ecan o¢yHxomm @, (v=1, ..., n) AnddepenuupyeMs B
cmpicaie Cm B rtouke L0 npuuem @, (5% =2, to dyHKuus fog=
=f(g1, ..., @n) auddepenuupyemMa B cMeicie C™ B Toure 0.

B uacruocty, nycts f rosomopdHa B Hekotopoidl o6aactu D=Cn
u 2=L({) — ananutuuyeckasa mnpsMas, nepecekawomasicss ¢ D (1. e

COBOXYMHOCTb JHHEHHBIX (ysKnuit 2,=2) + og, v=1, ..., 1, ne-.

pemennoro {=C Takux, yto x0T Obl 0AHO 3HaueHHe z&D). Toraa
cyx)enue [ Haary npaMyio (1. e. caoxHag Gyuxkuus fo L{f)) ro-
JgoMopdHo, Kak (YHKIUA OJHOTO KOMINIEKCHOTO MepeMEeHHOro Ha
TOM OTKPBLITOM MHOXECTBe NJA0CKOCTH {, KoTopoe momapgaer B D
npu orofpaxkeHuu L.

Eute Gostee yacTHBIfi cayuait Mbl [OJdyUMM, €CJIH PACCMOTPHM
aHANMTHYECKHE MpPSMBlE, «mapaJesbHble v-#i OCH», T. €. NpsMble

\
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z2,=0, 2,=2% W) Hast atoro cayyas chesaHHOe TOIBKO YTO

yTBEpK AeHHE OSHaanT qTo ecsu f rosomopua B obaactu D=Cn,
to Qyukuns (2}, ..., 23 & 2% - .., 25) Oymer rosoMopdHoi,
KaK QYHKIHS OJHOTO KOMIJIEKCHOTO NepeMeHHOro, Ha COOTBETCTBYIO-
HIEM OTKPBLITOM MHOXECTBe IJIOCKOCTH (. MHBMU c/0BaMH, QyHKUHS,
rosiomopoHas B obaactu DCn, asasercs rosomopdHoit (B cMbiciIe
C) dynkumeit no Kaxao#l KOOpAMHATE 2, B OTAEJNBHOCTH '),
Oxkasbipaercs, YTO COPaBeINHBO H oépamoe yTBepKIeHHe: eC/u
dyukuus [ B HeKoTopo# o6nactn DCn rosomopdHa 0O KaXKAOMYy
nepeMeHHOMY 2, B OTAEJNBHOCTH, TO OHa aBTOMaTHYeCKH Gyner aud-
tdepermiipyemoii B D B cMbicsie R2® no coBOKyNHOCTH MepeMeHHbBIX
¥, CJAeZ0BATe]bHO, TOJOMOPQHOH B CMbICIe onpeneleHus 2, JToT
BAKHBIfl QaKT COCTABJAACT COAEpIKAHHE TaK HA3LIBAEMOH OCHOBHOM
TeopeMnl XapTorca H SIBASETCA AAJAEKO He TpHBHAAbHBIM. Herpu-
BHAJBHOCTL 3TOH TeOpeMbl BHAHA XOTa OBl M3 TOrO, UTO ee nefi-
CTBUTEABLHBIN aHaJOT HepepeH. B caMOM jene, H3 CYLIECTBOBAHHSA
YaCTHLIX NPOU3BOAHBIX (DYHKIUH HeHCTBHUTENbHBIX NEPEMEHHBIX HE
c/lelyeT Jake HelPePHIBHOCTU 3TOMH (pyHKuHH Bot xopouwio Hu3BecT-

Hblfl npumep: dyuxkuus f(x, y)= x2+y2, f(0, 0)=0, paspuizua

Hauaje KOOPAUHAT, XOTS ee YacTHbIe MPOH3BOLHKE (BCEX MOPSAKOB)
BCIOMy CylllecTBYIOT. B HekoTopom cMbicsie Teopema Xaprorca npej-
CTaBJsieT coG0fl aHa/Or YTBEpPXKAEHUS O TOM, UyTO (QYHKIHS HECKOJIb-
KHX TepeMeHHBIX, KOTOpasi SIBJSETCH MHOTOWIEHOM M0 KaXKaoMy
nepeMeHHOMY, GyIeT MHOTOYJIEHOM H MO COBOKYIIHOCTH MEpPeMeHHBIX
(cM. 3agauy 16 B KOHIE I/1aBHI).

Teopemy Xaprorca Mbl gOKameM B 0, 5, 31eCb K€ Mbl NPHBEAEM
rlepeueHb 3J1eMeHTAaPHBIX CBOHCTB [0JOMODPOGHBIX (DYHKIUH HECKOJb-
KHUX TIeDEMEHHBIX, aHAJOTHUYHBIX CBOHCTBAM (YyHKUHH OAHOro Mepe-
MeHHoro. BnpoueM, HaM ymoOHee BMECTO roJoMOpP(HOCTH paccma-
TpUBaTh GoJsiee OOIlee yC/IOBHE:

(A) Dynxyus [ nenpepoisna 8 obaacru D—C™ no cosokyntocru
nepementolx u 8 Kaxcool Touxe =D eoaomopdhra no Kamdoti xo-
opourare,

{Mur cefiuac yxe ybenumes, UTO M3 3TOTO YCJAOBHS BhITEKaeT H
auddepeHUHPYEeMOCTs NO COBOKYNHOCTH ME€peMeHHHX, T. e, T[oJo-
mopduocTs ¢yukuuu. Ilocse poxasatenncrBa TeopeMmbt Xaprorca
CTaHeT SICHBIM, YTO TpeOOBaHUe HelpepbIBHOCTH H3JHIIHE, HGO OHO
BHITEKAET K3 rOJOMOP(MHOCTH A0 Ka)KAOMY MEpeMEHHOMY.)

1°. Ecau ¢yuryus | ydosaersopser ycaosuo (A) 8 3aminyTom
noaukpyze U={z = Cn: |2,—a,|<r,}?), 10 8 Kawood rouxe z=U

1} BToT BHIBOA CJASAYET TakxkKe HEMOCPEACTBEHHO H3 onpejenenuit 1 u 2.
2) 3to osmauaer, uTo [ npoaomkaercs N0 GYHKUHH, Y/l0BJIETBOPAIOILEH YC10-
o (A) B HeXOTOPOM OTKPLITOM NOJYKpyre, cogepxamem U,

18 B. B. Wadar
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OHAQ npedcraa/menﬂ praTHblM UuHnreepasom Kowiu

F©) by ... dbs
1) = g f f FETARN AL ®)

20e T'— ocTos noaurxpyea, 1. e. npoussederue CPAHUHHOLY OKPYOKC-
wocred y,={|Z, —a,| =3},

<«ITpu mobom ‘2= 'U, rae ‘z u ‘U oGosuavarot npoekuuu 2 u U
B mpoctpaHcrso C*=! (21, ..., 2n—1), Oyukuua f=f('z, z,) roso-
MopdHa 1Mo 2, B Kpyre {|2, — @, |< rp}; cienoBaTesbHO, MO HHTEs
rpaapHoil popMyse Kown us u. I

@) = o f 102 L) 4o
vrl

€ —=Z2n

Ipu awboM LSy, 1 q060M ‘z&’U QyHKUHIO, CTOAINYIO NON 3Has
KOM MHTerpaja, MOXKHO npeicraBuTb HHrerpajsoM Kowu no mepe-
MEHHOMY Zp—i, [IpHUEM B CHJy HEMPepBIBHOCTH [ MO COBOKYIHOCTH
' nepeMeHHBIX NOBTOPHBIi HHTErpaj MOXHO NPeACTaBHTb KaK Kpar-
HBIl 10 TPOH3BEAEHUIO Yn—iXYyn. [lpomonKasg 3To paccyxieuse,
MBI ¥ nipugeMm K (8) »

B panpHefiiiem Mb GymeM 3anHceiBath QopMmyay (8) B cokpa-
I1EHHOM BUJE:

_ 1 f (&) dt
f(Z) = (2m')” p —g‘:z_f (9)

' 1 1
rae GyneM cuutatb di=dl{; ... d{, u iy T s
Tak xe kax B 4. I, us npexcraBseHds (GYHKIHUH HHTErpasoM
Komm BBIBOIMTCS BO3MOXKHOCTb Da3/lOXKeHHs ee B CTENEeHHOK P
s 370r0 pasioKHUM sApo uHTerpaja (9) B KpaTHYIO reOMeTpHyes
CKYIO MPOTPECCHIO:

oo

L1 1 __1 (z—-a)" ‘
{—z {—a (l_zl_al) (I_Zn“an) {—a L—a)
Li—ay )" En—aa 110
rae k= (k, ..., kp) — 1eJOUHC/ICHHBIA BeKTOD, |R|=Fi+.. +kn,
k,>0n '

(-z-a)k_(zl-—a, )kl (z,,—-a,,)kn
L=a Li—a N fn—an *
Pasnoxenne 3T0 MOXHO nepenucarb B BHAE

oo

1 (z—a)*
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rae R-El=(k+1, ..., ka+1); npu mobom z& U oHe cxomuTest
a6coI0THO M paBHOMepHO mo [ Ha I'. YMHOXKasi ero Ha HENpephiB-

Hyl0 (M, CIeAOBaTe/bHO, OTpaHHYeHHY0) Ha I' QYHKUHIO Gy 1 Al

Terpupys mo I' MOWIEHHO, MBI M TOJlyyaeM HyXKHOe YTBepXKIEHHe:

2°. Ecau ¢pyukyus | ydosasersopser ycaosuto (A) 8 samknyrom
noauxpyze U, 10 8 KawOoi rouke zU ona npedcrasaserca Kpar-
HOIM CTeNneHHoIM pooM

o0

fe)= 3 cule—a) (10)
¢ KoahpuyuesTamy
=1 f (@) dt
ck"(m)ﬂrf (E—a)+’ (th

i

2de k= (Ry, .., ka)— yerouucaennoiti sBekrop (k2> 0) u (z2—a)k=
=(2,—a)1... (2, = a,).

3° (Teopema Aob6ens). Ecau crenennoii pad (10) cxoour-
ca 8 Kakot-aubo rtouke [=Cn, To Ha a0bom MHodxCECTse
Kef{z: |2,—a,|<|ty—a,l} aror pad cxoourcs abcorwrHo u
PABHOMEPHO.

< U3 cxoguMocTH psjfa B TOUKe { CJeiyeT OTPaHHUEHHOCTb ero
uJeHOB B 9Tol Touke: |cp({— @)*| < M s Beex k=(k;, ..., ky),
k, 2> 0. OGo3HauuM

M Tt OSe<Ly=lon;

. k
Toraa B J1060# TouKe 2K 6y11eT[ck(z—a)k|<q lck (4 -—a)k[< Mq"'
rie ¢° = qf‘ . qﬁﬂ. Ocraercst saMeTHTb, YTO KpaTHasi MNpo-

rpeccus Zqu CXOJIUTCS >

Tak Kak uieHbl CTENEHHOrO Psija HENpPepbIBHBL N0 COBOKYIHOCTH
nepeMeHHpIX, a AnddepeHnypoBanve Mo JOGOMY NepeMeHHOMY 2,
He HapylIaeT ero cXOAHMOCTH, TO K3 2° u 3° caeayer

4°, Ecau pynrkyus [ yoossergopser ycaosuro (A) 8 samxuyrom
noauxpyee U, 10 8 Kascood Touke ze=U oHa umeeT 4QCTHble npous-
800HbIe BCex nNOPAOKOB, HENpepolHsle N0 COBOKYNHOCTU nepe-
MEHHDBLX,

B uacrHocTH, orcioma caeayer, uto Jio6as (QyHKUHA, ynoBje-
TBOpAIomlas ycaoBHIO (A), muddepeHuHpyeMa OO COBOKYIHOCTH
NepeMeHHbIX, T. €. rojomMopdHa, a Takxe YTo BCE€ YaCTHbHIE MPOU3-
BOJANbIe TONOMOPGHOH (YHKIUH rosoMopdHBL

OG6r1uHbIM 00pa3oM JOKa3blBAETCsl TeOpeMa e[{HHCTBEHHOCTH pPas-
JioXKeHUs1 QYHKIHUN B CTENEHHON psii ¢ HaHHBIM LEHTPOM: '

18*
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5°, Ecau eoaomoppran 8 Touke a ¢yHkyus [ pasaoxcena @ cre-
neuroli pad suda (10), ro Koagpuyuentor 37020 pada onpedeastorcs
no gopmyaran Teidiropa:
ak1+"'+kn

1 i -

1 alklf
Cy, = —_ —
PR R 9t gt R

2=

20e kRl=Fk1 ... kL.

[loab3ysice dopmyaamu (11) nas tex xe KoshPuunenros u oue-
HHBas BXOMsLlNE B HHWX HHTErpaJbl, HOJYIYHM

6° (Hepaseuncrtsa Kouwn). Ecau gunkyus | eosonmopgpua
6 samknyrom noaukpyee U={|z,— a,|<r,} u |[| <M na eeo
octose T, T0 KOIppuyLenTOl TEUAOPOBCKOLO pasﬂoofceﬂﬁﬂ [ 8 Touke
a yO0BAETBOPAIOT HEPABEHCTEAM

M .
el <= (13)
r

, (12)

Z=0

E_ Lk k
—_ 1
ede ri=rt...rn

B 3ak/amouenye OCTAHOBHMCA Ha MOHATUM rojomopbHocTH B Gec-
KOHEYHBIX TOYKAX, IJ/1 4ero, Kak U B TeopuH (QYHKUUI OJHOrO mepe-
MEHHOr0, BOCHOJB3YEMCsI IIPOCTHIMH Mpeofpa3s0oBaHUAMM, TMEpeBo-
namuMy GecKoHeuHble TOUKM B KOHeuyHble. ITH NpeobpasoBaHus, ox-
Hako, naa npocrpancte C» u P™ BrGHpaloT NO-pasHOMY.

B cayuae npocrpasctBa Teopuut ¢pynxkuni Cn taknmu mpeobpa-
30BAHUAMH CJYXaT ApoOHO-AHHEHHble NPeo(pasoBaHHs OTIEJNbHBIX
nepeMeHHBIX: QyukuHs [ HasplBaercss rosoMopPHOH B GeCKOHEUHOM

0 — Q Q
TOYKE 2 -—(00, ceey 00, 2D ey 2n), ecau QyHRIUA

AU SN AT T &

rosomopdra B 1ouKe (0, ..., 0, Zhs1, ..., 29)=C"

B cayyae KOMIIEKCHOTO NpPOEKTHBHOTO mpoctpanctsa P mosbe
3YIOTCS TAK Ha3biBAeMBIMH MPOEKTUBHLLMU NPeodbpa3ORAHUAMU, KO-
TOpblE B OXHOPOXHBIX KOOPAHHATAX HMEIOT BHJI

n+l
m= 2o, ((=1,..., n+1, Det(ay) +0)
=
WIH B MaTpHU4HON 3allHCH -
p=A4e
(3nech @= (@1, -+, @np1) B 0= (W1, ..., Wn+1) — BEKTOPHL, a A=

= (ots;) — MaTtpuua). TaxkuMmp npeoBpasoBaHusIMM  OGecKOHeuHbIe
ToukH P’ (111 KOTOPBIX ©p41=0) MOXKHO, OYUEBHJHO, NEepeBecTH
B KoHeuHble (pn150).
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dyurmusaMu Touek P 6yayt Takie dyHkuum f(w), KoTopble He
MEHSIIOTCS TpH 3aMeHe o H3 Ao, rae A&C\{0}, 1. e, ogHoponubie
GYHKUMH (HanoMHHM, 4TO TouKamH P7 cayxar kjaaccel 3KBHBa-
JEHTEbIX Ha0opoB ®, a He camu 3TH Habopw). TonomopdHOCTh
¢yHkuny f B KoHeunoit Touke ®={w,}= P" nouumaior Kax roso-
MopdHOcTs B Touke 2=C", 1ig KOTOPOH ®, CIyXKAT OJHOPOAHBIMH
KOODAHHATAMH, T. €. B Tque( 2. w".). [Ton ronomopd-

D1 OR8]

HOCTBIO [ B GeCKOHEeuHOll TOYKe H3 P momumaercs ronomMophHOCTH
byuriun f(Aw) B cootBercTBylomeH KOHeuHOH Touke (B KOTOPYIO
IPOeKTHBHOE NpeobpasoBanie o->A® NepEeBOAHT JaHHyl OecKo-
HEUHYI0).

4. MlmopurapMonnyeckne GYHKIHH. 31eCb Mbl PacCMOTPHM
BKpaTLe NeHCTBHTEJbHbIE H MHHMBlE YacTH oJOMOP(OHBIX (QYHKIMH.
Haunem c¢ mpocroro saMeuanus: ‘ecian (yHKUus [=u-+iv roJo-

Moppua B Touke 2e=(C™", TO B OKPECTHOCTH 3TOH TOUKH aaéf ={)
- . v
(v=1, ..., n), n nostomy ¢yuxkuus f=u-—iv auddepennupyema
B cMBicie R?7 B 3TOH OKpeCTHOCTH, W TaM IJs Jioboro v=1, ..., n
afv_l(af . of _(0f _
0zy 2 \omy ! 0yv)_ 0€v)_0' 1y

Takue ¢ynkuun § wMbl OyleM Ha3bIBaTb GHTUSOAOMOPHHLIMU B
TOUKE 2.

[lycte f ronomopdua B Touke 2eCn, Torna B cuay 3T0rO 3aMme-
. . 1 .
YaHHS AJIa ee JeHCTBUTENBHOH YacTH u = 7(]“-!—]“) B OKPeCTHOCTU

du 1 4
TOYKH Z UMeeM Dz =? EZL BOCHOJIb3yeMCH elle TeM, 4TO roJo-
<y v

moppHas GVHKLUHS HMeeT YACTHBHIE NPOH3BOAHBIE BCEX MOPAAKOB,
HenpephBHEE TO COBOKYNHOCTH IiepeMeHHbX (3To Oymer IOKas3aHo

B 1. 5). Ha 3TOoM OCHOBAHHM MOXHO yTBepXKJAaTh, UTO CyLLECTBYET
d%u 1 2 -

_—=— - W YTO MOXHO MEeHATb IO K -

02, 02y | 2 03,02y 1 1 A pasox nudpeperuy

of a8 ( af )_
poBanus, T. €. 3%, 02y — Ozy \ 02 = 0. Taxkum ob6pasom, axs Ja10-
O6bix p, v=1, ..., n Mbl UMeeM
d?u :
Fiozy O @)

PaznenuB feficTBuTe/IbHBIE H MHHMBIE YAaCTH orneparopa B JeBoH
gactu (2):

0 Ja _ 1 % + 9? )""LK 9?2 02
02y 0zy T4 (Oxu dxy Oyp dYv 4 \dxy i axy, d!/v)’
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MBI NOJYY4HM, YTO ycjoBHe (2) pacmamaercs Ha n? ypaBHeHH# €
YacTHHIMH [POH3BOAHBIMH BTOPOTO NOPSLKA:
0%u + P Pu
Oxy Oxy Oy dyy ~ Oxp Oyy Oxvy Oy,

=0 &)

(1, v=1, ..., n; ypaBHeHHs BTODPO# IPyNObl NIPH ="V TPUBHAJDBHHI).
Onpenenenne. Pynkuua u(x, y) k1acca C? B objactu
Dc=R?", ynoBaerBopsiomas B Kaxao# Touke (X, y) =D ypaBHeHHsIM
(3), nasbiBaeTcd nAtOpUSAPMOHUYECKOL B 3TOH 00JACTH.
TIpu n=2 nmopurapMonuueckue QyHKOHHM HA3HBAIOT AHTapMo-
HHYECKUMH; YC/IOBHS NUMapMOHHYHOCTH BBIPAXKAIOTCS CAEAYIOLIHMHU
4eTBIPbMS ypaBHEHHAMH:

2 62 2 2
Qg Fu_g P Fu_
Oxy oy] ox; Oys
(4)
o%u 0%u %u ou

=0, =0.

6x1 0xg 6y1 ay2 6x1 6y2 - 6x2 ayl

TlmopurapMonyuueckue QYHKUMHM CBs3aHbl C  FOJOMOPGOHBIME
$YHKIHAMH HeCKOJbKHX TIEDEMEHHBIX TAaK e, KaK TapMOHHUECKHe
(B R?) ¢ ronomopdHbIME QYHKIHAMH ONHOTO MepeMeHHOro. MimeHHo,
clpaBeJIMBH CJAeAYIONINE NBE TEOpPEeMBI:

Teopema 1. [Hedcrsureavras u mHuman <acru Qyukyuu f,
ecaomopproi 6 obractu D=Cn| agasrorcs naropueapmonudecKumy
8 310U obaacru.

< Jlna pefictBuTe/bHOA yacTH u=Ref TeopeMa yxe jnoxasana.
Tak kak BMecte ¢ [ u dyukuns —ifeH (D), a Im f=Re(—if), 10
TeopeMa CIpaBel/iuBa H A MHHMOH yacTH »

OGpartHas TeopemMa cmpaBeanusa, BooOlle TroBops, JULIb JO-
KaJbHO.

Teopewma 2. [Jaa awboid ¢pynryuu u, nawopusapmosuieckol
okpecrnocry U tourku (x0, y°) =R, cywecrsyer eoaomoppuas @
rouke 2°=x0+iy® ynryus f, OelicreuresvHan (uAU MHUMASR) HACT6
KoTOpOU pasHa U. .
2n

< [udpdepennuanbHas dopma o = 2 pydx, HA3BIBAETCS 3aMK-
HYTOH B HeKoTopoil- o6aactu usz R27, eCJm B 3TOll o6GJacTu Bce
p=C! 1 BHIIOJHAIOTCS YCJI0BHA

Opy. _ Opy

oy ~om, W v=lo.. 20) (5)

Paccvorpum B U puddepenuraipayio GopMy

G .
o= (- 2 dry+ 2 ay,); - ®

- v=1



§2] TOHSITUE TOJIOMOPSHOCTH 279

Tak Kak uesC? 10 ee koadduumenTs npuHamiexar Kaaccy Cli
YC/I0BUSL 3aMKHYTOCTH 3TOH (POpMBI HMEIOT BHJ
% Pu Qw0

Oxy Oyy 0%y oy, '’ OYy Oyy  Oxy 0%y

w, v=1, ..., n)

H cOBIaJaloT ¢ yCJAOBHAMM NJAIOPHrapMOHHUHCCTH (3).
- Takum obpasowm, ¢opma (6) samkuyra B U. Ho B geiictBuTeN B~

HOM aHaJu3€ JoKa3blBaeTcCsd, UTO KaxKpgasi 3aMKHyTasn (bopma
2n

® = X p,dx, JOKaJIbHO TO4HA, T. €. CyllecTByeT GyHKuHs ve&C!
v=1

-

Takas, 4to ®=dv, WK

a
py= O;V (v=1, ..., 2n); (7)
aTta (QYHKIHA BbIpa)KaeTcs HHTerpaJom
x x 2n
v(x)= fm= prvdxv,
X0 20 v=1

KOTOpPBIH He 3aBHCHT OT NYTH M NPH (HKCHpoBaHHOH Touke x° AB-
JsieTcsl QYHKLIHeH OT X.
B cayuae ¢opmer (6) Me HMeeM
x, 9 g,
" ou ou
ote, = | M= 2, + 2% ay,)
(0,9 v=1
n ypaBHeHus (7) COBMajalOT C YCAOBHAMH KOMILEeKCHOH nudde-
peHuupyemMoctd ¢yukuun f=u-+iv. Tak Kak euwe f=C! B HeKkoTO-
poit okpecti#ocTH ToukH 2°=x"+iy% To [ rosomopdna B 3TOl TOUKE
nu=Ref. .
TonomopdHaa B Touke 20 QyHKuUMA if=iu — v uMeer u cpoeil
MHHMOH H4acThio »
[lepBas rpynna ypasHeHuii (3) nopm p=v gaer

%u 0%u .
62+——62 = (. (8)
xV yV
CgnapbiBast 3TH ypaBHenus Aas v=1, ..., n, Ha#igeM, 4To onepa-
Top Jlansaca or YHKHHH 4 MO NEePeMEHHBIM X1, Y1, ..., Xn, Yn

n
0%u d%u .
Au = — + = 0.
(5 o)

Cile10BaTeNIBHO, NAOPpUESAPMOHULECKUE QYHKYLUL COCTABAAOT noo-
Kaace xaacca eapmonudeckux @ynikyud B npoctpancTee Rm (oye-
BHJIHO, [IPAaBHJLHEIA npu n>1).



280 TOJIOMOPO®HBIE ®YHKUHWH HECKOJIBKHUX MEPEMEHHBIX [rJ. I

EcTecTBeHHO BO3HHMKaeT Bonpoc 06 onpefedeHHH ILIIOPUrapMo-
HUYECKOH B Hekotopo# ofsacty DcR?m byHKoMHM 1O 3aj)anHHBIM
rpaHHyYHBIM 3HaueHusM (3amava [lupuxje). DToT Bompoc penlaercs
He TaK NpOCTO, KaK B cJyyae rapMoHHYeckKMX (yHKuuMi. Mbr npo-
HJJTIOCTPUPYEM BO3HMKAIOLHE TPYAHOCTH Ha [puMepe ONHOH ‘M3
npocrefiminx obnacreit — noaukpyra U={z=C" |z,|<1}. Tak kak
coriacHo (8) malopurapMoHuYeckas (QYHKUMS ABJSETCS FapMOHHU-
YeCKOH M0 KaXKIOMy NnepeMeHHOMY 2,=x, iy, B kpyre {|z,]| <1}, To
Mbl MOXEM TMOC/AeloBaTelbHO NpuMeHsith HHTerpana Ilyaccora us
n. 45 u. I. Mpl moayunm mns Jgwoboro zeU

2n

w@= | P, 2)dt, ... [ 2@ PG 22) dl,

0

rae gv = eitvr = {gv} n
1 1— l 2y ’2

P& 23)= 55 7= P
— sapa Ilyaccona. O6o3nauast uepes
Pae 2= 11 PG 2 ©)
n-mepuoe sapo [Ilyaccona, wuepes Q,=[0, 2a] X ... X [0, 2x]
rn-MepHbli ky6 n uepes di=df, ... df, sneMent oébeM;,pralgepenumeM
tdopmyay Ilyaccona B cieAyoOlieM COKpalleHHOM BHIE:
()= [u) Pa(, 2)dt. \ (10)

Qn

B npaBylo uacTtp 3TOH (hOPMyaBl BXOIAT JHUIIbL 3HAYEHHS 4 HaA
octoBe nomukpyra I'={Z: |{,| =1}, 1. e. Ha n-MepHO# uwacTu rpa-
uunsl 0U (Bes rpannna {2n — 1)-mepua). OTciofa SICHO, YTO HEJb3H
MpPOU3BOJIBHO 3a/aBATh 3HAYEHUS IJIIOPHLAPMOHHUECKOH (QYHKUHH U
Ha Bcell rpanuue noamkpyra. Ecam nonacraButh B NpaBylo uacThk
(10) 3Hauenus xaxof-nudo HempepwlBHOH Ha I' GyHkmum « (L), TO
dhyukuusa u(z), onpeneasemas B U 310l dopMysol, KakK HeTPYAHO
npoBepuTh, OyAeT AJsl Bcex v=1, ..., n YIOBJETBOPATbL ypaBHe-
unam (8). Oaxako 3ta ¢yHKuUud, BoOOIIe roBops, He Gyjer yIOB-
JETBOPATb JPYTHM ypaBHeHHaM (3), T. e. He OyJAeT NAIOPUTapPMOHHU-
yeckoit B U. g naopurapmonmysoctn () Ha 3HaueHust u(g)
HYXXHO HaJIOXKUTh IOMNOJHHTE/bHblE YCJAOBHS, Ha KOTOPBIX MBl HE
OCTaHABJHBAEMCS.

5. OcnoBuas Teopema Xaprorca. 37ece Mbl JOKaXKeM TEOPEMY
© TOM, 4TO H3 roJoMOPpPHOCTH (PYHKIHU 110 KaKAOMYy IepeMeHHOMY
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clenyer ee roJoMoppHOCTL O COBOKYIHOCTH I€pPEeMEHHBIX, -— 00
5TOH TeopeMe yixKe LL1a peub B 1. 3. Tam ke GBLIO yCTAHOBJEHO,
YTO M AOKa3aTeqbCTBa 9TOH TeopeMbl JOCTATOYHO AOKA3aTh, UTO
BcAKas (QyHKUudA, roroMopdHas Mo KaxAOMY MNepeMeHHOMY, SB-
JIAE€TC HENPEPLIBHOH [O COBOKYNHOCTH MEPEMEHHHIX, T. €. 0BJajaer
ceoficteom (A).

HokaszatenbcTBy MBI npepnomieM psap JjemM, [lepeas us Hux
YTBEPXK AT, YTO [OCTATOYHO YCTAHOBHTH JIHIIb OTPAHHUEHHOCTb
paccmarpuBaeMoli ¢yHkuun. I[lpu stom Ham noHazobures aemya
Ipapua B BHEe HeckoabKo Gosee ofileM, ueM B m. 35 u. 1.

Ilyers ynkuug ¢_rosoMopdHa B Kpyre U,={|z|<rt=C, npu-
yeM =0 B HeKOTOpOH Touke Zo=U, n S)q)\\ < M sciony B U,; Toraa
Bcroay B U,

()| < Mr =2l (1)

[r?— 2p2]

(mp r=M=1 u 2,=0 nonyyaem oO6HBUHYIO bOpMYIUPOBKY). as
OKa3aTeJbCTBa BO3bMEM JpoOHO-MHHeHHOoe oraofpaxenuwe U, Ha
enuHAYHL kpyr U:

2—2
A/: Z2—>r 2—‘_0—,
r< —2q2
o6o3naunMm yepes A~! ob6paTHoe oToGpaxente U -~ U, u paccmoTpum
1 - o
pyHKUHIO Y=—r QoA . Ona ynoBneTBopsieT YCJAOBMSAM O0OLIYHON

aemmbt HlBapua, n mo aroit temme | (2)|<|z| Bcrogy 8 U. 3ame-
HAS 3mech 2 HA A(2), moayunM HepaBeHCTBO (I

Jlemma 1. Ecau pynkyus f zoromopgua no kamncdomy nepemsen-
nomy 2, 8 noauxpyee U=U(a, r)') u oepanuuena 6 U, 10 ona
Henpepoviena 8 Kancooil Touke U no cOBOKYNHOCTU nepemennbly.

< [lycts 2% z <= U— nponsBosibHble TOYKH; pachuilleM Npupa-
lleHHe f KaK CyMMY NpHpaUleHHH MO OTAENBHBIM KOODAMHATAM

f(2)—F(2 = 2 {F@h s BY_s By ees B,)—
-f(z?’ e 2\07’ 2v+l’ e Zn)} (2}

H pacCMOTPHM v-€ c¢aaraeMoe Kak (QYHKHHIO @, .MEpPEMEHHOro =z,

Hpd (UKCHPOBAHHHIX OCTaJbHHIX 3HAUEHHAX apryMeHTtos. Ecau
M

|f|<7 B U, 1o (yHKuus ¢, yIOBAeTBOPSET YCIOBHSAM JEeMMBb!

HIBapuna B TONBKO YTO pHBeAEHHOH (HOpME, U, TPUMEHAA HePaBElCTBO

1) Dro osnauaer, uro aas moboh a=U n moboro v=1, ..., n dynxuwis
f(a, ..., @y, 2y, @y4y, ..., @n) nepeMeHHOro 2y TonoMopdHa B  Kpyre
{l= vl < ryrcC.
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(1) K gaxkjaoMmy ciaraeMomMy cyMMmbsl (2), Mbl HaiflieM, 4TO

lzv—zgl
I’%"égzvl

1F(2)—F )< M N,

va=l

Orcloza ¥ cjeayeT yTBepKIeHHe »

Hrak, 11s nokasatesbcTBa TeopeMbl XapTorca ocTtaercs JAoKa-
3aTh OT'PaHHYEHHOCTb B HEKOTOPOM MOJHKpYre ¢ LEHTPOM B @ GYyHK-
nHy\, rosoMop@HOi No KaxKJAOMY MepeMeHHOMY. 3aMeTHM, 4To orpa-
HHUEHHOCTb B KaKOM-TO NOJHKPYTE, He 00s13aTe/IbHO C LEHTPOM B &,

caellyeT H3 OAHOH JIMIIb HENpPephlBHOCTH [ IO

{2t OTHEJbHBIM NepeMeHHbIM. JToT (HaKT cocras-
JsieT COJepKaHHe TaK HA3bIBaeMOH JeM MH
Ocryna:

JJemma 2. pedcrasum norukpye U=
={z=C": |2,|<R} kax npoussedenue ‘U=
={z=Cn» . |2,|<R}!) wua «kpye U,=
={2,.=C: |2:|<R}. Ecau pyurxyus f(’z, 2,)
HenpepoieHa no 'z ¢ ‘U 0asn awbdol z,&U, u
HenpepolaHa no 2, s Uy 044 a0bol '2e<’U, To
cyujecrsyer noauxpye W="WxU,cU, & ko-
ropom | ozpanudena (cM. guarpammy Xapror-
ca Ha puc. 80). , 5

< 113 pukcuposaHHoro 'ze’U 0603HauuM

M('2)= max |f('z, z,)|
Puc. 80. 2,SU,

H pPacCMOTPHUM MHOXKECTBA &, ={2&'U: M('2)<m}. DTH mHOXKe-
CTBa 3aMKHYTHI, H60 ecin 2W e &, (=1, 2,...) u 2W—>"2, 10
H ‘ze &, (B camom pedne,|f(2W, z,)|<<m pas mo6oro 2,0y, B
cuay HenpepbiBHOCTH [ 110 ‘z Toraa u |f(’z, 2,) | < m Ras mo6oro
2,0y, 1. e. M(’z) < m). OueBHIHO, &m O6Pa3ylOT BO3pacTaio-
Iy [OCAeN0BATEIbHOCTh H Ji06as Touka '‘2&'U TNpHHAMJIEKHT
BCeM &, HauHHasg C HEKOTOPOTo,

CymectByer &, COmepikalllee HeKoTopylo ofaacth 'Go'U.
B caMoMm jelse, B NPOTHBHOM cClyuyae Bce &m OBUIM OBl HHUTJE He
NJOTHHMY, Ho Torga B ‘U cymectsoBad 6w wap B'cCn~!, cBoGox-
HBlil oT Touek &, B B' — wap B2, cBo6oaHbl# OT ToueK &9, H T. K. —
MBI TIOCTPOMJM OBl MOCTeR0BaTeNbHOCTD wapos B* < C*~!, kotopsie
HMeloT obulyio Touky ‘2°<’U, U 3Ta Touka He NpHHalIexala Obl
HUKaKOMY & .

) HanoMmuum, uro uepes ‘2= (21, ..., Zn—1) MH YCIOBHJIHCb 0GO3HauaTh
apoexuuio 8 C-1 touygn ze=C”,
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~ TakuM o6pasom, cymecrByer o6aactes ’G, B Kotopoil |f('z, 2a) | <
<M pna aw6oro z,&U,. Ocraerca sni6paTs B ‘G NOJAUKpPYT
'W={z |2,—2|<r), u Torna 8 W="WXU, Gyner |[|<M »
- UYrofrl g0Ka3aTb OTPAHHYEHHOCTb [ B MOJHMKpyre ¢ LEHTPOM B 4,
npujeresi UCNOJb30BAaTh [OJOMOP(HOCTD MO OTHEJNbHBIM IepeMeH-
HeiM. [Ipu stoM Ham norpebyercsti nemMmMa XaprTorca, cylle-
CTBEHHO ONHpamllascs Ha CBOHCTBA eyGrapMoOHHYecKHX (YHKIHH.
Ilns ee (GopMyNIHPOBKHM BBefeM Cleiywllue o6ozHauenHs: V=
=U('a, R), 'W=U("a,r) (ruR-— cxaaspsl, r<R), Un={|2,]| <R},
V="VxU,, W="WXU, (puc. 81).

Jlemma 3. Ecau ¢pynxyus f(’z, 2,) 2oao-
Mmopehua no 'z 6 'V Oaa arbozo z,=U, U 20-
A0MOpGHA no 2 8 W, TO OHQ 2010MOPPHA 80
scem noaukpyee V.

<« bBe3 orpanHHueHds oOIHOCTH CUHTaeM
‘a='0. Oaa moboro ¢pukcupoBaHHoro 2,=Un,
u Jdioboro ‘ze2’V dyuxruusa [ npeacraBiasiercs 14
(B cuny rosoMop@HOCTH MO ‘2) CXOASIIHMCA
CTeNMeHHbIM PAIOM

< V(! >\F //,' |
2)= e (2,)(2)%, 3) ¥ H1
f(2) ,k?:O 1 (22)(2) (3) v U \/W
rae k= (ky, ..., ku—1). Kosppuuuents storo < <
psana z 4

1 alklf(lo’ 2,)
cr(2,) = ;.—-——(a’z)k . Pre. 8l

rosomopdubl B kpyre U,, Kak Ipou3BojHble TojJoMopbHOH o 2,
¢yukuun (Touka (0, 2,)=W). ITostoMy (yHKIHH ’—-;—llnlck(zn)&

cyG6rapmonuunsl B U,,.
BriGepeM npou3BOABHO uHciO p<<R; TaK Kak A J1060To
neU, '

ezl >0

npu |k|— o0, To pns gwéoro z,&U, Haligerca |k|, HauuHas ¢ Ko~
TOporo Gyjer ﬁ Inle,(z,) [+ Inp <0, ™. e. '
‘ 1

= 1
lg}gwmlnick(zn)l<ln7~ (4)

_Teneps Bocnosbayemcst roaomopduocteo [ B W: [ orpanuuena
B W (nyerv |f|<< M), u cnpasennusn HepaBeHcTBa Korun

‘Ck(zn)lr””<M
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aas awoéoro 2,=U,. Hostomy ans moboro z,.=U, u awb6oro |k}

1

1 Mlkl
mlnlck(zn)i<1n — <A (5)

Taxkum o6pasoM, paccMarpuBaemMble cyGrapMoOHHYeCKHe (PYHKLIHHU
VIOBJETBOPAIOT YCAOBHAM TEOPEMBl O BepxHeM npenede (m. 46 u.I).
ITo atoit Teopeme a5 aw060ro g<p MOXHO HalTH HOMep Ry TakoH,
yTo a5 BeexX |k|>Ro um BCeX 2, |2, 1< 0, uMeeM

1 , 1
-,——len|ck(zn)|<ln < T €,

[er(za)|0! *IS L

Orcioga caenyer, uto pax (3) cCXomuTCcs paBHOMepHO B MI060M MO-
auxpyre U (0, ¢’), ¢’ <o, HO W/IeHbl 3TOrO psfa HEHPCPBIBHBI [0 2,
[103TOMY H €ro cyMMa [ HelpepbiBHA, a C/eJ0BaTeJNbHO, OIpaHHYeHa
B U (0, ¢'). DTOT HOJMHKPYT MOKHO CUHTATh CKOJMb YFOAHO GJIM3KHM
K V, a Tak Kak V Cc caMoro Havajsa MOXHO OblJIO HEMHOTO YBEJH-
unTh !), TOo f orpaHnyeHa H, 3HauyuT, No JemMe | ¥ yTBepxKaeHHIO 4°
u3 1n. 3 roiomMopdpHa B V »

Tenepb BCE FOTOBO AJ51 10KA3aTEJAbCTBA OCHOBHOH TeopeMbl,

Teopema Xaprorca. Ecau ¢pynrxyus [ coromoppua g 210604
Touke obracru D=Cm no kamdomy uz nepemennoix z,, TO OHA 20-
aomoppua 8 D.

<« [locTaToyHO JHOKa3ath rodoMopdHOCTE [ B MpoOuU3BOJBHOK
Touke 2°<=D, npnueM 6e3 OrpaHHUeHHs OOGIIHOCTH MOXKHO CUHMTATh,
yto 29=0, Urak, nycte { romomMopdHa N0 KaxkJAOMYy MepeMeHHOMY
B noaukpyre U0, R); tpebGyercs HOKasaTb, 4TO OHa rojJoMopdHa
B HEKOTOPOM HOJHUKpyre ¢ nentpom B 0.

3710 yTBepkKAeHMe Oy/AeM [0Ka3bBaTh HHAYKLUHEH IO YHCAY KOM-
NJIEKCHBIX NepeMeHHbIX. [/ ogHOro nepeMeHHOro OHO TPHUBHAJIBHO;
NPEANON0XKUM, UTO OHO BepHo asa ¢yHKumui (n#— l)-ro nepemen-

Horo, u o6osnayum ‘U = U\{’0, % . VI3 npennonoxenus caenyer,

yto ¢ynKums [ (2, 2,) HenpeprBna o'z B ‘U ang moboro z,&0,=
={|2,| <R} u 10 2, B Up ana moboro ‘z&’U. Ilo aemme Ocryna [
OrpaHHYeHa, a 3HAYMT, H TOJOMOPHHA B HEKOTOPOM TOJHKpYre
W='WXU, tne ' W=U("a, ryc’U (puc. 82). -

2

PaccMotpuym tenepb nodHkpyr V="VXU,, roe’V =1U (’a, ?R) .

Quesuano, VU (0, R), ciaeposarenbuo, [ ronomopdua no ‘z 8 'V

1) B yciosMA JieMMbl BXOAHT ro/IQMOP(HOCTD B 3aMKH Y T bl X [OJUKpyrax.
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AJ121 J11060r0 2,0 ,, @ [0 TOMABKO UTO JOKA3aHHOMY OHa roJloMopd-
Ha no z B W. [o nemMe Xaprorca oTciofa CJAeLyeT, 4TO OHAa TOJ0-
MopdHa Mo 2 v B NOJHKPYre V, KOTOPBIH yKe COREpIKHT TOUKY
z2=0. TakuM oGpa3oM, yTBepK/JeHHe NOKa-
3aHO M aJg (PYHKUHH n NepeMeHHHX P

TIpuBeneM ewe oAHYy (QOPMYJIHPOBKY
TeopeMbl Xaprorca.

bByneM rosopute, uto QyHKHUS [ roJo-
MopdHa B Touke a=C" B cMmbicae Puw a-
Ha, ecJu ‘

(R) f ronomopdHa no xaxaomy nepe-
MEHHOMY 2, B HEKOTOPOM TOJHKpyre
Ula, ).

ByneM roBoputb, uro { rosomopdHa B
9TOH TOUKe B cMbicje Befiepmrpacca, Puc. 82.
ecsn

(W) [ pasnaraercs B HexoTopom noaukpyre U(a, r) B crenen-
HOH pan :

0o

l°(2)=| > ci(z—a).

k1=0

Umnapkauus (W) = (R) ouesuana, wMmmaukauus (R)= (W)
COCTABJAET CO/EpKaHHe OCHOBHOH TeopeMbl Xaprorca. ATy TeopeMy
MOXHO, CJeJ0BaTebHO, CPOPMYJHPOBAThL TAK:

Housrusn 2oromopprocru 8 cmoicre Pumana u 8 cmoicre Belep-
wuTpacca IKBUBAREHTHSL.

§ 3. Toaomopdubie dhyHkuuu

6. Mpocreiimue ceoiicrBa., B npexwiayitem naparpade Gbin oT-

MeueH psl CBOHCTB TroJOMOpP®HBIX (QYHKIMH HECKOJBKHX MepeMeH-
HbIX, KOTOpble SBJSAIOTCA paclIpoCTPaHEHHEM COOTBETCTBYIOIHX
CBOMCTB (YHKIMH OJHOrO NepeMeHHOro (HMHTerpa/jbuas ¢dopMmyna
Koutn pns mosMKpyros, passioXKMMOCTh B CTeNeHHOH psax, Gecko-
HeyHas AubQepeHunpyeMoctb, HepaBeHcTBa Koumm). 3nech Mbl
NPONOJIKHM H3YUeHHe TAKHX CBOHCTB.
- Haunem c TeopeMnbl enmHcTBeHHOCTH. B ¢opmyauposke n. 21
4. | oHa HA OPOCTPAHCTBEHHBIN c/JyYall He pacIpoOCTPaHseTCs: PyHK-
s 2,2, rosomopduas B C? u He paBHAs TOXK/JGCTBEHHO HYJIO,
ofpaillaeTcs B HyJ/b Ha MHOXECTBe C Npefe]bHbIMH TOUKaMu (aHa-
JIUTHYECKHX MaocKocTaX {21=0} u {22=0}). Bepua takas

Teopema 1 (exwncTBenHnocTH). ELcau pynkyus
feH (D) & nexoropoti Touke 2° obractu D=C™ obpaujaercs 8 Hyab
8mecTe co 8Cemu 4ACTHbIMU npou3sodusimu, 1o f=0 8 D.
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< Bce kosdpdhuuneHTH TeHJOPOBCKOTO pasJoxenus [ B Touke 2¢
pasHul 0, caenoBaTenbHo, f=0 B HEKOTOPOH OKPECTHOCTH 3TOH TOY-

ko]
ku. O6osnaunM & ={z<D: f(z)=0} u & — oTkpHTOE sAPO &
(COBOKYNHOCTb BHYTPEHHHX TOYEK 3TOMO MHOMXKeCTBa). MHOXKecTBO
. .

& OTKPHITO H HenycTo (OHO COMepXHT 2°); Kak M B u. I, foKa3bi-

Q
BaeTcsl, YTO OHO 3aMKHYTO B D; nostomy &=D »

- B nokasannoil Teopeme, no cyuiectsy, tpeGyercs, uto6H [ oGpa-
maJjach B HYJb B 2#-MePHOH OKpecTHOCTH TOUKH 2°. Ilaxke u3 oGpa-
IIeHHA B HYJb B (2n— 2)-MepHO!l OKpeCTHOCTH TOYKH, BooGiie ro-
BOpS, He CJeNIyeT TOXK/JAECTBEHHOrO OOpamleHHs (PYHKLUHH B HY/ib
(npumep: f(2) =2, obpailaercs B Hy/b Ha (21— 2)-MepHOM MHOMe-
cte {z=Cn: zn=0}). Mmerorcs, oaHako, cayuaH, Korja obGpatie-
Hue (QYHKIHU B HYJb B n-MEPHO#l OKPECTHOCTH TOYKH BJieYeT 3a CO-
60l TOXIECTBEHHOE €€ PaBEHCTBO HYJIO:

Ecau ¢pynxyus f=H (D) obpawaerca 8 Hyre 8 OelicTéuTeAbHOLE
okpecTHOocTy TOuku 2°<D, T. e. nHa mHOxmecTse {z=x+iy=Cr:
lx —x0 <r, y=y°, 10 f=0 86 D.

< B HeroropoMm noauxpyre c¢ uentpom 2° OyHkuua | pasna-
raercs B psill

(=]

f(z) = | Eo ey (2 — 2"

k=

Ionaras spech y=y° Hailijzem, 4TO
oo
D cp(x—x)¥ =0
1E1=0
ana Beex xe{lx— x| <r}. Ouddepenuupys 310 TOKAECTBO MO
x"=xfl xﬁn, a 3ateM mnoJarast x=x% HaligeMm, 4TO Bce Cp=0.
Ilo reopeme 1 Torga f=08D »

TeopeMma 2 (IpPHHLUHUID MaKCHMyMa MOAYJas). Ecau
Qyuryus feH (D) u |f| Jocrueaer makcumyma & HeKOTOPOU TO4Ke
aeD, o f=const 8 D.

< PaccMoTpuM JI06YIO aHANHTHUECKYIO NpAMYI0 2=[(}) =a+ o,
npoxolAuLyio yepe3 Touky @. CyxeHnue [ Ha 9Ty NIpAMYIO — QYHKIHS
@, (£) =fol(t) —ronomopdpro B HexoropoMm Kpyre {|{|<p}, a
| @, | mocturaer makcuMyMa npu [=0. [lo mnpuHunny MakcuMmyma
mony/s i (GYHKIHH OIXHOTO NeEpeMeHHOTo @, (§) =c(w) — nocto-
aHHas, 3aBHcamlas or o. Ho ¢, (0) =f(a) He 3aBucur 0T o, no-
sToMy ¢{w)=const u f=const B okpectHocTH TOYKH a. [lo Teope-
mMe | f=const 8 D » .

Ecau [ rosnomopdua B o6nactu D=C™ u HenpepuiBHa B D, tO
makcuMyM |f| mocruraerca wa rpamnue 0D. Omsako B C™ npm
n>1 cymecrsylor Takue o6iaactH, B KOTOpHX |f| mis Jo6oit

r
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fcH(D), denpeprBHOd B D, PakKTHYECKH ROCTHTAeTCs He Ha Bceil
0D, a numb Ha HEKOTOpOM ee MoAMHOXKecTBe. HauMeHbiee Takoe
3aMKHYTO€ TIOJMHOXECTBO Ha3biBaercsi epanuyeid [llurosa obaa-
ctu D. Tounee, rpannueii lllunosa o6aactu D Ha3piBaerTcss Takoe
3aMKHyTOe MHOXecTBO ScdD, yro: 1) ana moboél fe=H (D), He-
npepuiBHO# B D,

max| f(z) |= max|f(2) | (1)

zeD zES

# 2) moboe 3aMKHyTOe MHO:KecTBO §, o6aapatouee csoiictBom 1),
cogepxur S.

TMlpumMeps.

1. llap B={z=C»: |z|<1}. INokaxem, uTo 3XeCb TpaHHULA
[llnnoBa coBnajaer ¢ TomoJoruueckoil rpanuuef. s 510ro BO3b-
MeM TPOH3BOJIbHYIO TOUKy (&AB u noctpoum GYHKIHWO f, roJo-
Mop¢uyo B B, HenpepbBHylo B B H Takyio, uto |f(Z) | > |f(2)| Ans
Bcex z&B\{. O6o3HauuM uepes

(Z, C) = vgl zvav

CKaJ/isipHOe NPOH3BEleHHe BEKTOPOB Z M { B KOMILIEKCHOM MPOCTPaH-
crBe Cn. Tlo nepasencTBy Byuskosckoro — IllIBapua

Re(z, 1) <[ (2, D) <2,

n6o |t} =1, npuuem pasenctBo Re(z, §) =|z|=1 nocruraercs B B
auuib npu 2=_. [Tosromy ¢yhkuus f(z) =e% Y obnanaer HyXXHbIM
CBOHCTBOM.

2. Monukpyr U={z=C": |z,|<1}. 3nech rpanuua [unosa
CcOoCTaBJIsieT JHLIb fi-MepHyl0 yacTb (2n— l)-mepHo#l TOMOJOrHue-
CKOii rpaHHIB, HMEHHO, OHa COBNIajaeT ¢ OCTOBOM moaukpyra. s
JLOKa3aTeJdbCTBa paccMOTpuM Jiobyio dbyHKuHIO f, roioMoppHyio B
U u unenpepuiBHyio B . Ilpexae Bcero 3aMeTuMm, 4TO (yHKUHSA
f(’z, Tn) nas mo6oro GUKCHPOBAHHOIO §n, |Ln| =1, aBAsETCS rOJIO-
mopduoii pyHkuuel ‘2 B noaukpyre ‘U=Cn-1. B camom xese, ee
MOXHO TNpEeACTAaBUTb KaK Hpefes MOC/AEAOBATENBHOCTH (YHKUMH
9, (2)=[("2, 2¥), rne ¥ — Kaxkas-1u60 IOCNELOBATE/BHOCTD TO-
uek kpyra {|z,n| <1}, cxopsamwascs kK Touke §,. Tak Kak (2, z2¥)eU
To Bce ¢, roaoMopdusl B ‘U, 2 B cusly paBHOMEPHOH HellpephIBHO-
crd f B U nocnenoBaTebHOCTD ¢, Cxonutcsi paBHoMmepno B ‘U. Ilo
Teopeme Befiepumitpacca (cM. HuxKe, TeopeMa 4) orciola H CAeAyeT
cleranHoe yTBepaxjeHHe. ToyHO Tak e JOKas3biBaercd, YTO BCe
GyHRuME f(21, ...y Zms Cmtly oovs Gn), TAE m=1, ..., n—1 mpu-
(GuKCHPOBAHHBIX §mit, +.., Ln, MO MOIYJIO paBHBIX 1, roroMopd-
HBl 10 (21, «.., @m) B COOTBETCTBYIOLIMX NOJIUKDPYTAX,
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[Mycte M=max|f(z)| nocruraercs B HexoTOpo# TOYKe fe=0U,
U

KOTOpasi NpHHAJJIEKHT OfHOMY u3 MHOxkecTB [V={[{, | =1, |z,| <1,
W==v}; MepeHyMepoBLIBas B cayyae HafO0OHOCTH NepeMeHHble, MOXKHO
cuMTaTh, 4TOo OHO coBnagaer ¢ I'*. JIu6o |{,—1|=1, nmubo mo npuu-
Uy MakKcHMyMa MOAyJs (OH HNPHMEHHM IO JOKAa3aHHOMY Bbille)
f mocrosiHHa MO MEPEMEHHOMY 2.4, M TOTAA 3HAauenue M poctu-
raertcst B HEKOTOpPOH TOYKe, JBe MOCJEAHHE KOOPAMHATH KOTOPO# no
Monysio pasHbl 1. [lpojoskas 3To paccyxAeHHe, MBI IOJYYUM,
uyTo 3Hauyenue M pocturaercsi Ha octoBe moJukpyra I'=={|z,| =1,
v=1, ..., n}. Takum obGpasoM, rpanuua llusosa mnoauxpyra U
npuHanaexur I \

Ho ana moboit Touku [T Halilerca (yHkuus f, ronromophHas
B U u HenpepwBHasg B U, nas kotopo# |f({)|>1f(2)| ana Bcex
2=U\[: B KauecTBe TakoH (PYHKIHM MOXKHO B3fTb [POH3BEACHHE
n

H(l—i—szv). Takum o6pasom, rpanuna [lunoea cosnagaer ¢ T.
V=1 .

Teopema 3 (JluyBuaas). Ecau pyuxkyus | eoromopina
g8 Cm u oepanuyeHa, TO OHQ NOCTOSAHHA.

4 BocnonesyeMmcs unAykuuefl no n. Ilpy n=1 reopema jaoka-
3aHa B NepBOH YacCTH, MyCTb OHA BepHa AN GyHkuuid (n— l)-ro
nepemennoro. Bo3pmem npousmosbHble ToukH @, be=(C"; tak kKak
byuxuus f(’z, a,) 10 HHAYKTHBHOMY NPEeINOJOKEHHIO IOCTOSHHA,
1o f(a) =f(’b, an). Ho dyukuus f(’'b, 2,) TakKe nocrostHa, cieno-
BaTeabHo, f('b, an) =f(b). Takum obpasom, f(a) =f(b), 1. e. Teope-
Ma BepHa A1 (QyHKIUH 72 epeMeHHBX P

B nmanbHelluileM Teopema Oyner ycmieHa (cM. n. 18, a Takxke
3afauy 9).

Teopema 4 (Beliepmrpacc). [lycre nocaedosaresn-
Hocre ¢ynkyul fy=H (D) cxodurca K ¢ynkyuu [ pasHomepHo Ha
Kancdom KOMRAKTHOM nodmHoxcecrse D; to2da fe=H (D) u das ato-
6020 k= (ky, ..., Ry) " ”

A M @)
dzk o2k
Ha atobom K €D.

<« [Jo reopeme n. 22 u. I dynKuusa rosoMopdHa IO KaxXKIOMY
nepeMeHHoMY B Js06oii Touke z&D u no teopeme Xaprorca npH-
nannexur H(D). Bropyio uacTe TeopeMbl AO0CTaTOYHO JHOKa3aTb
JJ51 OKPECTHOCTH NPOH3BOJIBHON TOYKH 2°&D M NPOU3BOLHOH 110
ONHOMY TepeMeHHOMY Z,. Bosbmem noaukpyr U=U(2°% r) €D u
Bocrosab3yemcsi hopmyaoi Koun

e of 1 (O =1 ()
Ole _ - J . dz, 3)

Ozy  0Ozy  (@m ~2) (Gv—=v)
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rie I' — ocroB U. Tak xak f, —f pasHoMepHo Ha T'. 10 12151 mo6oro
£>0 Haiinerca po Takoe, uto [|f, — flir<<e mas Bcex p =0 Ecnu
K&U, 10 uz (3) 6ynem uMerb st BceX 2K 1 p = g

afy  Of e @u)*ry ... 1y )
dzy  0Ozy (2n)" min __ [Z—z[[ty—2y|’
z€K, el
dfu N of K
oTCclona CJIe,LIyeT, qTO —-azv 62‘\; paBHOMepHO Ha »

[MpuBenem Tenepe HanOosee coaepIKaTeNbHOE H3 0600lleHUl Ha
NpOCTPAHCTBEHHbLIR ciaydyall CBOHCTBO rosioMop(HBIX (pyHKUMHA — TakK
Ha3bIBAEMYIO N OJNTOTOBUTeJdbHYIIO Teopemy (Vorbereitung-
satz) Befteprpacca. Jta Tteopema ob6oOllaer H3BECTHOE CBOACTBO
rojoMoppHbIX (QYHKIHH OAHOTO MepeMeHHOro o0palllaThCsl B HYJb
Kak meJsple crenenu 2— a: ecnn f(a) =0 (uwo f5£0), To B HekoTOpOH
OKPECTHOCTH TOYKH @

f(2)=(z—a)te(2), - (4)

rae ¢ rojoMop@pHa 1 He obpalllaeTcss B HYJb.

Teopema 5. [Mycre ¢ynxyus [ eoromopdhna 8 HekoTOpol
okpecrroctu U touku as=Cnm u f(a)=0, Ho f(’'a, 2,)5=0; 1020a &
HexkoTOpol okpecTHocTy V aroll Touku

F(2) ={(zn — n)F4c1('2) (20 — an) ' +. .. 0 (2) )Jp(2),  (5)

20e k2> 1 —nopadox wyan f('a, z,) 6 T04Ke 2,=a,, PyHKyuu c,
eoromopprer 8 'V, ¢, ('a)y =0, a ¢ coromoppua 8 V u ne o6pauiaer-
CA TAM 8 HYAb.

< DBe3 orpaunuenus obmHuocTtu cunrtaeMm, uro a=0. [To teopeme
eIMHCTBEHHOCTH 151 PYyHKIHI OJHOrO nepeMeHHOro MOKHO BHGpaTh
rn>0 rak, utobel f(’0, 2,)#0 npu 0< 2, < rn, a B &usy Hempe-
puiBHOCTH [ Hafimerca noaukpyr ‘V=U('0, r) takoci, uto [0 npu
‘2’V, |zn|=rp. dna moboro ¢uxcupoBanuoro 2=’V uucio Hy-
aei pyakunn f('2% z,) B Kpyre Vo={|2,|<rn} pasuo

0
[ (2% z)
1 0zp
7 | Hemada=h ®)

n

u6o sepas 4Yactb (6) — LeouHC/IEHHAs W HeNpPEpbIBHAA (QYHKIHS
Toukn ‘2% B ‘V'1) u, caenoBatenbHo, nocrosingas, a npu ‘2°=’0 ona
paBHa nopanky HyJdasa ¢yskuum f(’0, 2,) B TOuKke 2,=0, T. €. A.

') Cm. ieMMy B KOHIle IIYHKTa.

19 B. B, Wa6ar
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duxcupyem ‘2&’V, o6osnaunm uepes 2V =zM('2),v=1, ..., &,

uyau ¢yuxun f(’z, 2,) B Kpyre V, ¥ 10CTPOUM MHOTOUJEH OTHOCH-
TEJNBHO 2,

k
~ T -2 =2kt (A2 + () (O)

HMEIOmHH 9TH HyaAHn cBOMMHM KopuaMH. Ero xoagduumentn roso-
Mopdusl B 'V. B camoM nene, ana Ja1060# ronomopdHoit B V, PyHK-
muu ©(2,) 1o o6o6meHHOMy OpHHLHIY apTryMeHTa (CM sapauy 1
kK ra IV u I)

: [z, z4)
N — 1 6z,, ’
E ® (2( )) =5 (5)(2‘[1)—‘~'~ i ('2_, ) dzn,

n

OTKyJZla BHIHO, YTO -CYMMBI B JeBOH yacTH — ronoMmopdHbie GyHKUNU
nepemennoro ‘2 B 'V (mbl yunmTHIBaeM, uto f#0 npu 2’V u
2,=0V,). Tloaaras 3aech m(zn)=zﬁ, w=1, ..., k, nHalizeM, urto
CYyMMBI p-X cTeneHed KopHe# muorounena (7) rosomopdust B 'V,
a yepe3 3TH CyMMbl (KaK H3BeCTHO H3 ajreGphi) PALHOHANIEHO BbI-
pazKaioTes ero KoIQQUUHEHTRI, CJ1CIOBATENBHO, cy(2)esH (V). Tlpu
z2="0 Bce k KopHeli MHOroYJeHa paBHbl HyJI0, NMO3TOMY M BCe
¢y (0) =
(DyHKIIHH

¢@=;8

npu Jobom ¢uxkcuposaHHoM ‘ze’V apiserca rosomMopdroit yHK-
nuel z, B xpyre V, u He obpailaercss B Hyab, HGo P of6pamaercs
B HyJb TOTO e MOpsAAKa JHUb B Toukax 2V ('z), B Kotopbix u f=0.

[Ipu duxcuposannoM z,=V, u ‘2&’V umeem

1 f(Z Cn) di,
‘P(z)‘%av P (2 Ln) Tn—2n’

n

a tak Kak P=0 na 0V, (u6o tam f=0), To npaBas uacTh, a 3Ha-
9uT B @, ronoMopduo 3asucut or ‘z'). Ilo teopeme Xaprorca ¢
rosiomMopHa B HOJIMKpyre V="V XV, ’
[MoaroroButenpHas TeopeMa Belieputpacca nokaswBaer, uto ro-
JomophHas PyHKuua obpailaercs B HYJAb KaK MHOIOYJEH OTHOCH-
TE/bHO MEPEMEHHOI0 2y C Koaq)(bmmemamn u3 kosibua H(’a) ¢yHk-
unii or ‘z, rojoMopdHbIX B Touke ‘a. TouHee, Bce KO3(PPHUUHEHTHI,

') CM. neMMy B KOHIle NYHKTa.
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KpoMme crapuiero, npHHaanexar uAeaay!l), Koropuii obpasyior
B H(’a) GyHgumu, obGpaujamiluecs B Hy/db B 3Tofl To4ke. Takum
obpasomM, 3Ta TeopeMa NO3BOJSET NPUBJEUb AJs HCCAENOBAHHS MHO-
JKecTBa HyJell ronoMOpPHBIX QYHKLUHH anreGpaHvyecKHe METOJBI.

3aMeuanue. Ecan fs= 0 u BHIOMHAIOTCA BCe YCJIOBHA TEO-
pembl Befiepuitpacca, Kkpome ycaoBus f(‘a, 2,)==0, T0 cymecTByer
JuHeliHad 3aMeHa nepeMeHHbIX 2 — a=Aw, Det A=<0, uau, B noj-
poOHOH 3anucy,

2,—ay = E} 0@y, (v=1, ..., n), (8)

nocie Koropoll [ mepexoautT B QyHKUHIO g(w@) Takyw, 49TO
g(’0, w,)=£0.
Jlis nokazaredbCTBa BHIHIIEM TPYyNNy UJIEHOB

k k
kIZ Chy ooty (B1—a1) " ... (Zn—an)™
1hl=n

TeHJIOPOBCKOrO pas3JioKeHHs [ B TOUKe @ HaUMEHbLIEro MOPsiAKa
|k} =ux, npH KoTOpOM He Bce KodpduuneHtsl rpymnnel pashnt 0. Cre-
JaeM B Hell 3aMeHy mepeMeHHBIX (8), npuuem matpuny A nonGepem
TaK, 4to6nl Det A#0 n uro6n Kospdunuenr npu w?

k k
d,, = c a’l, . on =0,
On ]k%u ki..ok, ni nn
[Tocre Taxoil samenn [{(z) nepeiiner B ¢yuxuuio g(w), Wis KoTo-
poit g('0, w,)=d,,wi+ ... % 0, uTo u Tpebyercs.

3ameTum elile, yTO Npn n=2 pa3noxKeHH0 Befiepiurpacca ¢yHKuun fz%£0
‘MOXHO IIpUAaTh BUJI -

[z, w)=(z —a){(w— b)Y+ () (w — b))+ ... +en(o(z @),  (9)

s Kotoporo ycnoBue f(a,w)==0 ue Tpefyerca (3lech ¢y — rONOMOpPGHBEE B
touke a=C dyuxuun, cy(a)=0, £ n [ — uesvle uncaa, ¢ — roqomopdHan B TOUKe
(4, ) =C? dynkuns, ne obpallanuiaica B Hyab). B camom gnene, ecan f(a, w) =&
50, To Mb uMeeM pasnoxenne (9) ¢ k=0; ecau xe f(a, w)=0, To u3s Telt0poOB-
CKOI'c pasnoMeHHs Mbl NONY4HM, uT0 [(2, w)= (2 —a)*g(2, w), rie yxe
g(a,w)== 0, n, npumeHsas Teopemy K GYHKIHMH g, NpHASM K pasnoxennio (9).

B sak/aoyeHHe 3TOTO IIYHKTa [OKAaXKeM JeMMYy O ronoMophHOH
3aBUCHMOCTH UHTErpajioB OT Iapamerpa, KOTOPOoH MB HeCKOJbKO
pa3 No/ib30BaJHCh IPH AOKa3aTeJbCTBe NOATOTOBHTEIbHON TEOpEMBI

) HanoMnum, uto u#deaiom Kojbua R HasbiBaeTcd MHOXKecTBO J ero aume-
MEHTOB, KOTOpoe: 1) sABAfAeTCA NOArPyNNod ainAuTHBHOR TIPYINb KoJabla (ansa
3TOro PasHOCTh JIOOGLIX ABYX 3/leMeHTOB H3 J NOJKHA CHOBAa NpHHaljgexaTh J)
u 2) 1ana aw6oro aiementaj € J u moboro r &R nponssenenne jr<J. MHoxe-
cTBo Beex (ymkuuit us A (’a), paBHEIX HYMO B ‘@, YIOBAETBODSET OOOHM 5THM
ycl0BHSM, T. e. ABAsieTcs HAeanoM B Kouue H (‘a).

19*
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Befiepwtpacca. Mt paccMOTpHM ee B HECKOJbKO Oojee oOLlell cH-

Tyamuu.

JJemma. Hycro Ly: §,=Cu(f) — cnpanasenas kpusas & nao-
ckocru Gy (n=1, , m), L=LX... XLy, u D—obracre 8 C",
nycre L= (&, ..., Z,m) uz=(21, ..., 2n). Ecau pyuryus g(g, 2)

Henpepoisna Ha LX D, ecoromopgra no z 6 D npu awobom =L u
umeer Ha L XD wenpepoigrole wacTHole npoussodrble —a%gv—, TO UHTE-
epax
GE)= [dt ... [e@ 2den=[g@ 2)az  (10)
L

Ly Lo

2oaomopgher 8 D u

oG
2% fag(gf Dgr (=1, ..., n) (11)
L

< [nsn qwoboro z D Bb16epeM r>0 TaK, 4T0OBl MOJUKPYT
U(z, rycD; nyers |, |<ruh=(0, ..., A, .. O)EC”——BeKTop,
Yy KOTOPOro BCe KOOPAHHATH], KpoMe v-i, paBHbI 0. Hmeen

G+ -G @)= [ (e 2+ M)~ g, Nar=
L

1
. dg (&, z+6n)
= j dZ,éf Tde

L
H, CJAea10BaTeJbHO,

7 (041 =G (@) - f %l g

—fdéf % z+eh) 9¢ (&, Z)}de. (12)

azy
, 0a
B cuay roro, 4to _c)_g_gazz_-l—__)_ npH (UKCUPOBAHHOM 2 paBHO-
v

MepHO HenpephiBHA Ha KoMnakTHoM MHOxectBe L X[0, 1], To mas
Jio6oro ¢>0 moxno BeiGpath 6>0 croAb MaJbM, 4YTO [/ BCex
(&, 0)=L X0, 1] npu |k} < Oyner ‘
g (L, z+06h)  9g (g )
o2y e, | <&

[Toatomy, oueHuBasi noc/jeqOBATENRHO HHTErpa/jbl B NpaBod ua-
ctu (12), mbl HaliieM, 4TO JieBasi 4acTbh 3TOro paBeHCTBa Npu|h| <o
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He mpeBocxoaut 1o Moayaio €\Ly|.. L, |. Takum o6pasom, B Kax-

G
0¥ Touke 2D Bce yacTHBHIE IIPOU3BO/IHbBIE e CymeCTBYIOT H BbI-
2y

paxatotcs dopMynamu (11) »

7. Crenennble psafbpl, 371eCb Mbl PACCMOTPUM OCHOBHBIC BOIPOCHI,
CBSI3aHHBIE ¢ pas3JyioKeHHen roJoMopOHbIX GyHKuud n paael. B . b
MBI J0Ka3zanau, 4To Jio0ylo (QyHKIMIO, TONOMOPGHYI0 B NOJHKPYre
U(a, r), MOXHO B 3TOM IIOJHKpyre pasJlOXKHTb B KpaTHbLI CTeleH-
HOH psijg C LEeHTPOM B 4. Bo3HHKaeT BONPOC 0 MHOMKECTBe TOYeK
cxoauMoctu takoro psna. [To ananorun ¢ GyHKuMaMU OJHOTO nepe-
MEHHOTO XO4eTCs OXMJAaTh, YTO TaKHM MHOXeCTBOM Gyjaer MOJH-
KPyT, MONOJHEHHBI HEKOTOPOH COBOKYMHOCTBIO TOYEK €ro TpaHHUIBL
OjHako caMble NMPOCTHIE NMPHMEPHLI MMOKA3BIBAIOT, UTO AeJ0 OOCTOHT
HHaue,

ITpumepsl. MHOXKeCTBO CXOXMMOCTH CTENEHHOIO PAAA

L =) (1)

I— 2129
u=0

(n — cxaasapusiiit uHpeke) B C? npeacrasaser coGoif nosnyio 06-
JacThb Pemlxapra {|2122| <1}. Ana pana

oo

2 Y kil ks
Ty = & A @

1k]=0

MHOXecTBoM cxomuMocTH B C? ssasercs 6ukpyr {|z,| <1, |zo| <1},
JIOTIOJIHEHHBIH aHAJIUTHYECKOH IJIOCKOCTbIO {Z)=

M3 nocnenHero npuMepa BHIHO, UTO TeopeMa AbGeias B OGBIYHOH
dopmynuposke (n. 19 u, I) Ha PyHKIIMH HECKOJBKHX epeMEHHBIX He
niepeHocutcst. OMHAKO MOXKHO IIOJNYYHTB €€ AHAJOr, €CJIH BMECTO
MHOXECTBa CXOIMMOCTH paccMaTpHBaTh ero OTKpHITOE AIPO,
T. €. COBOKYITHOCTb BHYTPEHHHX TOUEK 3TOr0 MHOMKECTBA.

Onpenenenne. 004acTor0 CXOOUMOCTU CTENEHHOrO psiia

) ”:zzo cp (2 — a)* (3)

o

Ha3biBaeTca OTKpHITOE AApo S MHoxkecTBa S Touek 2C™", B Koto-
PBIX 3TOT PAM CXOAHMTCA INPH KAKOM-IMOO MOpSAKe CJAeJOBaHHS €ro

Y/JIEHOB,
U3 aemmpr 3° n. 3 anajsor TeopeMbl AGens BLIBOAUTCH B

c1eqyloleM BHJIE:
Teopema 1. Ecau touka 2° npunadrexcur obractu cxodumo-

cru $ pada (3), TO 3aAMKHYTOLL HOAUKDYS U={ze@lnzlzv—a\,]<
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|z° ~ a,|} raxoce npuradaexcur Su pad (3) cxodurca e U abco-
AIOTHO U PAGHOMEDHO .

< Tak kak 22=S u S OTKPBITO, CYIIECTBYET TOUKa (‘;ES Takasg,
uro |§,—a,|>|20—a,|, v=1,...,n, u pan (3) cxomuTcs B 3TO¥
rouke. Tak kKak Ue{zeCn: |z, —a,| <L, — a,|}, T0 no uurupo-
BaHHON JeMMe psix (3) cxompurcss B U abGCOMIOTHO M paBHOMEpPHO P
TeerMy 1 MoxkHO CPOPMYJIUPOBATE €lIe H TaK: 004aQcTbs CXo0u-

moctu S pada (3) ssaserca noanoll obaactero Peduxapra c yew-
Tpon 8 a. Takum -o6pas3om, nonusle obaacti Peiinxapra B ciayuae
(YHKUMH HECKOJIbKUX NepeMeHHBIX HIpaloT Ty e pOJb, UTO KpyrH
B CJIyYde OJHOIO MepPeMEeHHOro. DTy aHAJIOTHIO NOJYEPKHBALT U CJje-
oy as

Teopewma 2. Jlwbaa ¢ynxyus f, eoromoppuas 8 nonoi 06-
aactu Pedunxapra DcC™ ¢ yenTpom 6 a, npedcTasAserca 8 3Tol
00.4acTU TEUAOPOBCKUM PABLOHCCHUCM

o0

f(2) = | N (4)

<« [lycts 2°—npousBonbHasg ToYka D, TOrma- MOJHKPYT
U={|z,—a,[<|?}~a,|} € D u no nemme 2° n. 3 pynkuus f npen-
crasiasgercs B U TelIopoBCKUM pas/oXKeHHEeM ¢ LeHTpoM B a. Ko-
3QOHIHEHTH NOCJAeNHErO BBIUHCAAIOTCA 4Yepe3 TNpOM3BOJHBIE [ B
TOYKEe @ H, 3HAYHT, COBNALAIOT C Cy, T. € 3TO Pa3/OXKeHHe COBMNa-
naetr ¢ (4) »

EcTecTBeHHO BO3HHMKAeT BONpOC: BCSIKad JU MoJHas 006/aCTh
Pefiaxapra sapjasercd o6JacTbl0 CXOJUMOCTH KaKOro-JHOO CTeleH-
Horo pama? OTBer Ha Hero orpuuarteseH, H00, Kak Mbl ceffuac M10-
KaxeM, o6JacTH CXOAMMOCTH 00J1aJal0T HEKOTOPHIM JOMOJHUTE/b-
HbIM CBOHCTBOM.

Onpeneaenune. OGoznauum uepes

z—M2)=(n|z{, ..., Inlz,|) (5)
otoGpaxenue MHoxkectBa {z=C": 2; ... 2,%0} B npocrpancreo R»;
sro2apugmudeckun obpazom muoxecrsa McCn Mpl Gynem Hasbl-
BaTh MHOXecTBO M*=A(My), rae Mo={z=M: z, ... 2,70}, Mruo-

KeCcTBO M HasbiBaeTCH A02apUPMUUECKU 8bINYKALIM, €CJH €ro JoTra-
pubMuyeckuil o6pas M* siBaseTcss BBHINYKJABIM MHOXKeCTBOM B R™.

N o]
1) I/I3  TEOpeMEl 1 caeiyeT, YTO MHOXKeCTBO S CBf3amHO: JIOGLie NBe ero TOU-
Kn 2’ n 2" MOXKHO COEJHHHTB C LEHTPOM (a 3HAunAT, U APYr ¢ APYroM) KpHBOH,
NpuHanexaniei S. Tak xak S ellle H ompbno TO OHO B CAMOM JeJse sBJsieTCH
o6JacThio.
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[Mpumep. MHoxectBo McC?, auarpamma Pelinxapra o(M)
KoToporo uzobpaxeHa Ha puc. 83, @, He ABAsAETCS JorapupMUUecKH
BLINYKJABIM; ero Jorapudmuueckuii o6pas A(M) ') npusesen Ha
puc. 83, 6. Jlorapudmuieckn BHIIYKAYIO o6osouky M (T. e. mepe-
ceueHHe BCeX JOTapHQMHUUECKH BBHIMYKABIX MHOMKECTB, CONEPKAUINX
M) MBI MOJIYUHM, €CIH PacCMOTPHUM INpoobpas BLINYKJIOH 060J04KH
muoxectsa A(M). Huarpamma Peitnxapra Takoii obosouxu My,
oTanuaercss or o (M) cerMeHTOM, OrpaHHUEHHBHIM OTPE3KOM TLHIEp-
Goabl |21 |2p| =rR (usobpaxkeHa MyHKTHpOM Ha pHC. 83).

12)
12,11z51=rR

&2

/

logR

2. g

12z}

r R /,777 logR
/ %

a)

Puc. 83.

o
Teopewma 3. Obaacre cxodumocru S crenennoeo psada (3) ao-
.eapugmusecKu goinyKaa.
<be3 orpanuueHus ob6uiHoctd cuutaem a=0. Ham HYJKHO

A0KasaTb, UTO ecad & u &7 — NpPOM3BOJbHBIE TOUKH S” —x(S)
TO ¥ g—t§’+(1—t)§”es naa Joboro f, O<t< 1. B 8" cyue-
CTBYIOT TOUKH &/, £” Takume, uto £, > u E/ >E/ (v=1, ..., n);

TOUKH é’={e§v} u z”={e§"} NpHHAAAeXKAT S. PacemoTpum
Tenepb Tquy E=1"+(1—£)E&” u ee mnpoobpas é={e§V}, rae

v = (2v) (). Vimeen
cx () = [c ()41 [ee (27)11,

~ o~ o
a TaKk Kak 2/, 2’&S, 1o pag (3) B 3THX TOUKAX CXOMHTCS M BhIpas
JeHHs B KBaJAPaTHBIX CKOGKaX OTPaHMUEHHl; CJIe0BAaTeIbHO, H

ujienbl ch(z)k orpanuuensl. [To nemme 3° m, 3 OTCIO}Ia BbITeKaeT 4To

2_{};}58 ubo y Hac g,,<g,, H T03TOMY e*v < ¢*v, Ho ato0
o3Hauaer, uto E=A(2)= S* »

') Has npocrorst Mul nuulem A(M) smecto A(Ms).
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B pganbHelilleM Mbl JOKa)Ke€M, 4TO 3TO AOINOJHUTEJbLHOE CBOHCTBO
yXKe XapakTepusyeT oOJacTH CXOJUMOCTH: J100aa JorapudpMUIecKH
EBIyKJasi noaHas oGjacTh PefinxapTa sBasercs 006/acTbio CXOAH-
MOCTH HEKOTOPOTO CTeneHHoro paga (cm. m. 27).

A ceifiuac orMeTHM OJHO BakHOe 06CTOsiITENbCTBO. PaccMorpuM
MOJNHYI0, HO He Jorapugmuuecku BHIOYKAVI0O obnactb PeliHxapra
(CKa)keM, U3 NPHBEJEHHOTO Bhille npuMepa). [Ic teopeme 2 mobyio
¢ynkuuio feH (D) MOxHO NpeacTaBHTb B D CTeNeHHBIM PSAOM.
Ho mo reopeme 3 o6aacTh CXOJUMOCTH 3TOrO pana Jlorapu(pane-
CKH BBIIYKJa, C/IE0BATEILHO, OH CXOJHUTCS O Kpailueft mepe B J0-

rapudMuyecku BHNYKJIAOH 060J0UKe Dy o6nacru D. Cymma Haulero
psiZia OCyLIECTBAsICT aHAJUTHUECKOe Npojosikenue f u3 D B Dr. Mu

12,] HaOmonaeM 3¢ deKr, NpUHLHNOKAIBHO
OTJHYAIOIIUHA NpOCTPAaHCTBEHHBIH ciIy-
yafli OT NJIOCKOro: B TO BpeMsl Kak
B C! mobas obaactb sBasgercd obja-

CTbIO TOJIOMOP®HOCTH HEKOTOPOH (GyH-

12 12,1=1 Kuuu (eM. m. 43 4. 1), 8 C» (n>1)

CYLIEeCTBYIOT 06JacTH, M3 KOTOPBIX

Kaxaas rojoMopdHasi QyHKUHS He-

fIpeMeHHO aHaJUTHYECKH TIPOJOKAET-

!Z/l' ca B Oosee wHpoKyw o6JacTb. ITOT

7y 2¢dert o6a3aTeNbHOr0 aHaJHTHYE-

Puc. 84, CKOrOo TNPOAO/IKEHHS MBI NoapoGHO

paccmotpum B ra. I

[TpuBeneM renepp 06oJiee KOHCTPYKTHBHBIE METOJ ONUCaHHs 06-

o

\:Sl\

JIaCTH CXOAMMocTH S JaHHOTO cTeneHHoro psaaa (3). dra obnacth
HCUEepPNbiBACTCA TOJHKDPYTaMH, KOTOpble Ha3blBAaIOTCSl MOJHUKPYTaMu
cxopumoctd. Hanpusmep, a1q psga (1), 061acThio CXOAUMOCTH KOTO-

poro CJayXHuT S°={ze(32: |2122] <1}, Takumu nOMHKpyraMu OyayT
{[z\l< ry, lz2l<%}, 0<ri<<oo (puc. 84). IlpuBenem TOUHOE
Onpenenenue. Ilonukpyr U(a, r) HasbiBaeTcss noauxpyzom

cxodumoctu psapa (3), ecau US, HO B n106oM NOJHKpyre ze=C™
sz——avl<r§} rae rv>=ry (v=1,..., n) u no KpaliHeli Mepe
O/IHO HePABEHCTBO CTPOTOE, MMEIOTCA TOUKHM, B KOTODBIX psap (3)
PACXOANTCA. Pajiychl 7, STOT0 NMONHKPYra HASHBAKTCS CONPANCEH-
Howu  paduycamu cx00umocTyL,

Teopema 4. Conpsasennole paduycer cxodumoctu pada (3)

y0084€TBOPAIOT COOTHOULEHUIO
|2}
lim Vielre=1 (6)
Tk i>ce
[((mpoctpancTBeHnblil anajor gopmyabl Komu—Anamap a).
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< Jlonoxum z=a+{r (r.e. z,=a,+Cr,); npu |§| <1 Touka 2
OPHHAMIEKUT NOAHKPYTY cxomumoctu U, psax -(3) cxomutcs B U
a6conIoTHO, | MocJe NeperpyniupoBKH UJIeHOB

oo oo

D leplz—a)f = X lc,lr flh = E( > [Cklfk)gu
[k1=p

[k{=0 1k1=0 =0

MBI TOJYYHM psa 0o cTeneHam §, cxopaumfica npu (Tl <1. Tlpu
1¥1>1 ator pag pacxoautcs, 60 B NPOTUBHOM CIyyae Mo JemMe 3°
1. 3 paa cxoauscst Obl B HEKOTOPOM MOJMHMKpyre, copepxatiem U.
n03TOMy no ¢opmyne Kown' — Anamapa a7 psifioB ¢ OJHHM mOepe-

MeHHBIM
[ T —
lim‘/ > leplrf=1. (7)
[ET=p

w->o00

B rpynne unenos psiaa (3) ¢ nasHbIM |k| =y BbIGEpEM MaKCH-
MAaJIbHBIH wieH | ¢, |r™ = max | ¢,|r". Tloabaysick oueBuaHO# OLEHKO
fk|=u

ICm[fm< ]Cklr ([-L 'l'l)nlcm[r
| ETn
u TeM, uto (p+1)*"—1 npu p— oo, Mbl MOKeM nepenucartb (7)
B BHJE COOTHOULICHHS

——— u___.—._
lim V[ Culr™ =1,
TR

paBHOCH/ABHOTO (6) P
Coortnowenue (6), KOTOpOe MOXKHO 3amKCaTh B BHJAE YPaBHEHHA

(D(fl, ey /'n):o, (8)

CBSA3BIBAIONIETO CONMPSXKEHHBIE PaJINYCHl CXOAUMOCTH psAfa (3), onpe-

Jeaser TpaHuny obaactu o(S), kotopas u3obpaxkaer o01acTh CXO-
o

aumoctd S wna auarpamme Pefinxapra. Iloacrasus B (8) r,=e5v,

[OJYUHM ypaBHEHHE

<]

rpaniibl 7»(.5') — jorapudmuueckoro obépasza S, HEKOTCPOH BBINYK-
Jofi o6aacTH B npocTpaHCcTBe R™,

8. Psaanr Xaprorca u Jlopana. Kpome cremedHbix psAaoB B TeO-
pUH GYHKIHMHA HECKOJbKHX KOMIIJIGKCHBIX MEPEMEHHBIX paccMaTpi-
BAIOT W pSilbl APYTMX THIOB. BaXHeHIIMMH H3 HUX ABASIOTCS TakK
Ha3biBaeMble psaabl XapTorca. PaccMorpum crefeHHOH psn

oo

|k§ock(z—a)k A (1)
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o
Y B MPOM3BOJBHON TOUKe 2 ero 06JacTH CXONUMOCTH S feperpynmnH-
pPyeM UJeHnl 3TOr0 psla, PAaCHOJOXHB HX O CTENeHAM OZHOH H3
pasHocre#t z, — a,, CKaxeM H-il (3TO 3aKOHHO B CHJIY aOCOJIOTHON
CXOAMMOCTH), MBl NOJYyYHM psin

3 6 () —an)' @

(u — ckajapHb# HHAEKC), KO3(hdHULIHEHTH KOTOPOro g, TroJomMopp-
= o

Hul B 'S — npoekuuu obsactu S B npocrpancrso Crl
3aMeruM, 4TO TaKas MeperpyniupoBKa
12,1 471€HOB P MOXKeT [PHBECTH K pacluupe-
HHIO 00JlacTH cxoaumocTd. Hanpuwmep, cre-
NeHHOH PAL

1
T2 =z) 2 2pay

cxoaurcsi B GuHKpyre {‘lzll<1, lzz| < 1}.
[Tocsie TeperpynnupoBKH UJ€HOB IIOJAyYaeM
pan
fe o] 00 o0 u
23
2 2 Ziel zg = 1—21 ’

Puc. 85. u=0 \k;=0 u==0

cxonauuiics B obaacty {z13=1, |za| <1}
OnpepmeseHHue. PH}I Buaa (2), K03ppUuHEHTH ¢, KOTOPOro —
rosaoMopduule pyHKIHMH ‘2= (2], ..., Zp_1), Ha3biBaercs padom Xap-
To2Ca ¢ IIJIOCKQCTbIO [{EHTPOB {zn—an} 06.2acT610 CXOOUMOCTL STOTO

pAaa Ha3biBaeTcs OTKPLITOE SAApO H Muoxectsa Toex ("2, z,) ra-
KHX, yTOo psag (2) c Kosdodunuenramu g,(’z) cXoAuTCsd B TOUYKe 2
¥ Ko3dduuueHTH rojoMoptdHE B Touke ‘z. Paguyc cxomumoctn
R(’z) aroro pama (paccmMaTpuBaeMOro Kak CTelleHHOH 1IpH (ukcu-
poBaHHOM ‘2) HasbiBaeTcs paauycom Xaprorca.

O
Tak Kak BMecTe ¢ KaxKIo# ToukKo#i 20 o6sactu cxogumoctu i1
psna Xaprorca anHa;memaT u Bce Touku 2= ('2% =z,), rae

lz |<lz | To H BCerga fIBJseTCsl MOJHOH 06/1acThbio

XapTorca ¢ MJOCKOCTbI CHMMeTpHH {2n,=a,} (cM. puc. 85, rae
a,=0), O6iacTu 3TOro THIla HI'palOT AJs PsAAoB XapTorca Takyw
ke poJsb, Kak obsaactH PeifiHxapra a/4 cTelleHHBIX pAA0B. B ua-
CTHOCTH, CIIpaBeJJIHBa

Teopema 1. Jlwbasa ¢yuxyus: f, 2oromoppras & noanod
nsaactu  Xaproeca D ¢ naockoctero  cummerpui  {2n=an},
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npedcrasaserca 8 D pasﬂoofceﬂuem
(Z) Z Eu ('2) (2o — an)u (3)

¢ Koagppuyuenranu, eosomopprony 8 npoexyuu ‘D arod obaacru
g Crn—1,

< Bwmecre ¢ kaxao#l Toukoll z o6sactu D NpUHAAJEKHUT H MOJIH-
kpyr U="UXU,, rpe 'UcCn»~1 — noctaToOuHO Manbiid MOJHKPYr €
UEHTPOM B IPOEKLHH 'z Touku 2z, a U,<C —Kpyr ¢ LEHTPOM @,
cozlepmauum TOURYy Z,. B U cpyHKuHﬂ { rosomopédua no z, mpu
Jqio6om ‘z&’U H, cienoBaTenbHo, pasnaraercs B psig (3) ¢ K09 -
dbHunesTamMu
1 % (7 an)
u! 9zt

gy (’Z) = .

It Ko3PGhHIHEHTH, OAHaKo, OnpeledeHn! H ToJOMOp®OHbL! He
toabko B ‘U, HO u BO Becelt mpoekuun ‘D obmactu D, mostoMy U
pasJsioxeHue (3) meéicTByer BO Bcelt obsactu D »

JaJjee, He Kaxkaasi mosiasg 06/acTh XapTorca okasbiBaeTcsi 06-
J1acThIO CXOJAMMOCTH HEKOTOPOro psaa Xaprorca: B n. 27 MBI MOKa-
JKeM, 4TOo 06J1aCTH CXOAMMOCTH XapaKTepH3YIOTCsl AONOJHUTEbHBIM
CBOHCTBOM, KOTODBIM [OJXKeH 06Jafath paanyc R('z).

B s3aksioueHHe omnulleM BKpaTile MNPOCTPAHCTBEHHEIE aHAJOrH
psanos JlopaHa.

TeopeMa 2. Beakyro ¢ynkyuro |, eoromoppryro 8 npoussede-
Huu kpyeosoix Koaey N={z=Cn: r,<|z, — a,| <R}, moxcrno nped-
crasure 8 Il 8 sude xparnoeo pada Jlopana

o0

ﬂ@=m§_%&—wﬁ (4)
8 KOTOPOM CYMMUPOBAHUE PACNPOCTPAHACTCA HA 8CE L{EAOUUCALH-
Hole gekTopsr k= (ky, ..., ky), @ KOagguyuents
1 f (g} dg
Cr = iy 1‘!‘ (C—a)**!? (5)
2de I' — npoussedenue okpyscrocreid y,: {,=a,+p,e't (v=1, ..., 1;

ro<p,<R,; 0Lt 2n).
< Pasnoxenue (4) nomyuyaercss oGbIUHEIM O6GpPa3oM: M BbIGH-
paem py Tak, utoOH (07, 0})E(r,, R,), U ¢yHkuMoO f B npousse-
mennn xonen {p; |2, —a,|<<p}} npeicrasisem HHTerpajbHOMR
dopmynoit Kown: ) :
d
1@) =y X | L2 - ®

& e
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3nech e= (e, ..., &) — HaGOp, cocrosumit u3 + u —, T =y7'Xx

& 13 €
X ... Xy Tne yVV={l§v—aVJ=pVV}~ OKPYKHOCTb, OpHCH-
TUPOBAHHAs TOJNOXKHUTEJNbHO, €CJAU &,= -+, ¥ OTPHUATEJbHO, €CJH
€,=—; CYMMHUDOBaHHe pAaCIPOCTpaHseTcs Ha Bce Habopbl & H3

n 3HAKOB. llanee Mbl pasJjaraem E—_—Z B COOTBETCTBYIOUlHe I'eOMe-

TPUUYECKHe TNPOrPecCHH, HHTErPUpPYeM IIOU/JEeHHO M 3aMeHsieM HHTe-
rpaabl Mo y,Y MHTerpasjaMu 10 Yy, (C H3MeHeHHeM 31aKa, ecJH
g,=—) b

OcoGenno UHTEPECHB! JIOPDAHOBCKHE PA3JIOXKEHUS B OKDPeCTHOCTH 0eCKOHEUHBIX

Touek npoctpadcrBa C*. OHM XapakTepH3yIOTCS TeM, 4ro pajuycel Ry ¢ HHIeK-
CaMy, COOTBETCTBYIOIUMH OEeCKOHEeUHBIM KOOpAHHATAM TOYKH, PABHBEI GecKOHEeuHo-
cry, TakuMu pasjioXKeHHsMH, B 4acTHOCTH, IPEACTABJAOTCH (MYHKUHI, roaoMopd-

Hole B Geckoneunnlx Toukax Cn. Hamimem aas npuMepa pasaokedue QyHxinu [,

ronoMopdHoil B Touke (a;,00) &C2, rue ay 7= co.Tlo ompenenenuro n, 3 GyHKUUA

f(g,,g—)=cp(§1, {2) romomopdHa B Touke (21,0) mu, 3HauuT, MpeacTaBIseTCH
2

panom Teftnopa

@ (L1, Lo) = 2 Cop, (51 _‘al)k1 égz’
ky, k=0

cxopsdmuMest B HekoTopom Omkpyre {81 — ail<ri, (Ll <ro}. Tloacrasasis cona

1=z, §2=?~, NoJYuHM HYXKHoe pasnoxeHue Jlopana ¢yuxuuu f:
Kz

oo

(z1—a)*
f(zl’ 22)= 2 Ckxkz 2’222 ?

Ry, k=0

1
OHO CXOAHUTCH B OKDECTHOCTH{] 2i—ay) <rplel> I TOYKH (a;, oo).
2

O6aactu cxoaumoctu psinoB Jlopaua (4) saBaaoTcs, oueBHiHO,
obaactsimu Pefinxapra. Kpome Toro, ecau 06.}laCTb CXOJAMMOCTH CO-
JIEPKHT KaKylo-1160 TOUKy 20 ¢ KOOPIAMHATON z) =a,, TO B Pasio-
skeHun  (4) He MOXeT ObIThb OTPHILATEJIbHBIX cTeneHeﬁ pasHocTH
z,—@,, T. €. OTHOCHTeJIbHO ITOH DPasHOCTH (4) siBasercs TeilL10pOB-
ckuM pasioxeHueM, [lTosromy obsacTu cxopumocTit psigoB Jlopada
ABJSIOTCS TaK HA3BIBAEMBIMH OTHOCUTEAbHO NOAHLIMI OOJACTIMH
Peitnxapra. O6snacts PefiHxapra Ha3biBalOT GTHOCHTENbHO [OJHOH,
ecu OHa NpH (QUKCHPOBAHHOM v 1nGO He nepecekaeTcs ¢ IJ10-
ckocroio {2,=a,}, 160 BMecTe C KaxJoH TO‘{KOH 2° conepxur #
BCe TOUKH 2, A/ KOTOPHIX |2, — ]<]2 , @ OoCTaJbHLle KO-

OpPAMHATHL Te XKe, UuTO 2° (3TO yCJaOBHe BbIl'lOJIHHeTCH IJsT BCeX v).
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TaxuMm obpasoM, ecad obsiacTh PeflHxapra He nepecekaercs HH
¢ oxno#l us maockocreit {z,=a,}, TO ycaoBue oTHOCHTENBHOH TOJ-
HOTH He HakJajblBaeT HHKaKHX OTpaHUYeHHH, mepeceyeHHe XKe C
KaXkJoH U3 Takux obJjactell Bieuer 3a co6OR AONOJHHTENBHOE YCI0-
Bue. Has npumepa Ha puc. 86, M 6 H300pax<€HbH OTHOCHTEALHO
NoJIHble, a Ha puc. 86,8 — Henoanas obaactd Pefinxapra.

'ZZI lZz‘ ,22,
——lz,] - 12 %‘ 12

2) 6) 4)

Puc. 86.

Tak >xe Kak B caydae psaaoB Tellnopa, JoKa3biBaeTcd, uto 00.1a-
CTH cxoaumocTu paaoB Jlopana saABAsOTCA eule JorapupMHUECKH
BHIMYKJAbIMH. Besikaa dyukuus [, rosoMopdHas B 0THOCHTEIBHO TIO-
HOll oGnacth Pefinxapra D, mpeacrasasiercs B D psgom JlopaHa
(4) (u Takoe mpeAcrasjaeHue ocylle-
CTBJSIET 2HAJUTHUECKOE NPOAOJIKEHHE
[ B sorapudMuyeckn BeINYKJIyi 06o-
Jaouky D, ecan D He sorapudMuuecku
BLINYKJ14).

Mo:HO paccMarpuBath W ApYyrofl
a”asor psajaes Jlopana. MMmenHo, Bes-
Ky ¢yuKnuto f, ronomopdHylo B 06-
aactu Xaprorca Buja {z=Cn: 'z&=’D,
r{(’z)<|zn—a,|<R('2)}, rae 'D—
ob6nacte u3 C»~! (puc. 87), MomxHO
npeacTaBuTb B 3TOH 00JacTH PALAOM
Xaprozca — Jloparna

= 3 atdE-al, O

Puc. 87.

rie gy=H(’D). Obnactiu CXOAMMOCTH TaKHX pAACE XapakTepu-

o /
3yI0TCSl JOMONHUTENbHBIME CBOMcTBaMu pajgnycos r(’z) u R{’z),
KOTOpble MBI yKa)keM B 1. 27.

3AJAUU
1. Joxasatp, uto B C " BecARas melicTBUTENbHasl THIICPINOCKOCTh (T, €. TH-

nepnaockocTh B [R2%) 3anaercs ypaBHenuem Rel(2)=a, rae [(2)=aizi+ ...
ev. +an2Zn — KoMIJIEKcHas JuHehnas Qynkuus U o <R. IMomysute us 3rtoro, uro
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yepe3 MOGYI0 TOUKY NeRCTBHTeNbHOR rHmepmiockocTh S C" npoxoaut mpuHaa-
Jexallas S ananuTHyeckast (KOMIJIEKCHASI) THNEPIVIOCKOCTb.

2. ITocTpouTh MPOCTPAHCTBEHHHA aHAJOT _CTepeOrPadUyeckoil NMPOEKUHH H

BBECTH C ee NOMOIILIO cepAYecKyio MeTpuky B C™.

3. PaccmoTpets Bce ciyyam nepecedenns cdepu {lzl=1}=Cn ¢ ananuruge-
CKUMH npaMbiMy z=a+ 0l (a, o=C?, t=C).

4. Onucats cedenns mapa {[z]<1}=C? u 6uxpyra {{21l<1, |zsl<1} Tpexmep-
HBIMH TJIOCKOCTSIMH Yo=0, TIPH PasaHuHbix aesR. -

5. Iloxasats, uro mpeoOpasopanue Pefinxapra a(z)=(lz, ..., |zal) mnepe-
BOAHT Ni06yI0 obnacTs D L, He mepeCekaloWYIOcs ¢ MHOXKECTBOM {2;...2Zn=
=0}, 8 obnacTb npocTpancTea R™.

6. IlokasaTe, uro o6snacts Xaprorca D cC™ Beimykaa Toraa u TOJIBKO TOTAa,
xorna ee ob6pas B(D) upu npeobpasosaHun f(2)=('z, [2n[) ABAgeTcH BHITYKJON
o6aacteio 8 R2n-L

7. HJokazaTb, 4TO Ka)Xnas KOMIIJIEKCHO OJHOMepHAs aHaJuTHueckas IJIo-
cxocTh u3 C” umeer 8 P? poBHO 0JHY BECKOHEUHYIO TOUKY.

8. Jlokasarb, uTo ao6ast Qpyuxuus f, ronomopduas BO BceX TOuKaX KOMILIEKC-
#0 (n-—1)-mepuoli mpoekTHBHOH miockocTH P*=! w3 P”, nocrosuua.

9. Myers [(2) — uenasn ¢ynuxkuua 8 C" tagas, uro If(2)ICe(1+[2)™ aaa
HEKOTOPbIX KOHCTaHT ¢, m>20 u Bcex z =Cn. IokasaTb, uro f(2) — MHOrou/ex
CTelleHH He BHILIE M.

10. Iycts f(2) ronomopidhua B oxpectHocTH Toukd @ C” u pasna mymo Ha
#eKoTOpoft (27 — 1)-MepHOH NJOCKOCTH, NPOXOAAIieH dYepe3 3Ty Touky. Jloka-
3aTh, uTo f(2) == 0 B OKpecTHOCTH @. .

11. JlokazaTb, uTo Bcskasg OYHKIUS, rojoMopdHasi B OKPECTHOCTH TOUYKH
0=C? u pasHas HyaQl0 Ha JABYMepHOH mWiockKocTH 21=2, DaBHA HyJAIO ToO-
KAecTBeHHO B okpecTHoctH 0e=C2,

12. Mycrs f(z) romomopdua 8 6uxpyre U={lz1|<1, [z2[<<1} u paBHa nymo Ha

,u,yre{22=z"1, y1=xlsin—£~l~}. Hoxkasate, uto f(2) = 0 B U.

13. TpuBecTu npuMep MNOCACZOBATENBHOCTH TOUEK B eAHHHUYHOM NOJHKPYTe,
cXonsllledcst K Hauyafly KOOPAHMHAT U SIBJSIIOMIEHCS MHOJXECTBOM € HHCTBEHHOCTH
Anst GYHKUHHA, rosoMopdHBIX B 3TOM TOJHKpYTE.

14, TlocTpouTh IpUMepP 3aMKHYTOrO MHOXKECTBa HA OCTOBE OHKPYra, KOTO-
poe MMeeT IBYMEPHYIO Mepy HYJb H $iBJAETCS MHOXKECTBOM eAMHCTBEHHOCTH M
GdyHKuHi, rosioMopHBIX B OHKPYre H HeBpEepbIBHBIX B €ro 3aMbIKaHMH,

15. II'OKa?;aT_‘_}_:, YTo ecaM DYHKUAH [ U g ronoMopdHsl B OKPECTHOCTH 3aMKHY-
Toro Gukpyra U H cOBnajaloT Ha MOIMHOXKECTBE €ro OCTOBA, HMEWNIEM 10+
-JIOXKHUTENbHYIO MEpPY DasMepHOCTH 2, TO 3TH i M g coBmamalT TOMKJAECTBeH-
wo B U.

16. [loxasaTb, 4TO ecaH TPH KAXKIOM (HKCHPOBAHHOM (2(1), vees z(\),_l, zg_H,
0
ceey zn), v=1, ..., n, dyuxuus f(z1, ..., zn)

a) #ABJSAETCS MHOTOYJIEHOM OTHOCHTENBHO 2y, TO OHA — MHOTOUJEH;

6) sBasercs pauuoHaJpHof QyHKuMelt OF 2y, TO OHA ~— pPAaHOHAJBHAS
GyHKLHS.

17. Tpueectu npuMep yuruun f(21, 22), ronomopdHoii no 21 B {|z21/<1} ans
" J06oro ze, |zol<<1, nempepblBHOM Mo 2 B {|z2| <1} mas moBoro zi, |zil<1, u He
SIBJIAIOIIEHCA HenpepuiBHOR Mo 2= (21,22) B Bukpyre {zi<1, lz|<1}.

18. IToxasaTe, uTO rapMOHHYecKas MO KaXAOMY IMepeMeHHOMY ¢YHKUHA
xixe 8 C? He sABAAETCH AEHCTBUTEIBHON YACTbIO HHKako# rojomopdHolt (yHK-
uun. JlokazaTb, 4TO QYHKUHA ABJseTcsd eHCTBUTENbHOM HacTblo rosoMopdHOK
$yHKIHE TOrAA M TOJNBKO TOTAA, KOIZA2 OHA TapMOHHMYHA- HA KaXAON AHAJAHTH<

4ecKOR TpAMOH. .
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19. ITycrs f(2) ronomopdua B nomuxkpyre Uc=C® u f(0)=0. [lokasarp, uTO
1 (2) <o (z) sup Ifl ana secex zeU, rae p(2) =maxlzy|. Korna umeer mecro pa-
U 9 -

BEHCTBO? :

20. okasatb, uto ecan [ roaoMmopdra B Gukpyre U={lzi|<l, |zol<1}, ne-
npephHiBHA B €ro 3aMbikaHuH, a Ha octose I' aToro Guxpyra |fl=const, To f—
paunoHa bHas (PYHKUMS. _ =

21. dass dyuxuut f&=C2(U) B Gukpyre U BeiBectu anasor dopMynwsr Ko-
wn — I'puna gas Qysxkuuf Ha niockoctd (m. 17 u. 1

22. Ilyetp f(2) ronomopdua B okpectHoctn 0 &C"u f(O, zn)/z’rf roJio-
MOp¢Ha M He paBHa HymO B okpecTHocTu 0, JlokasaTe, 4To Ansl BesikO# (DYHKOMH
&, rosomopdHoi B okpectnoctd 0, Halimerca rosoMopdHas dyHKuus r(z), KOTo-
pas 10 zn SABASETCH MHOLOWIEHOM CTelleHH <m, Takas, utro g=r (modf), T. e.
g=gf+r nns HekoTopoft QYHKUHMM ¢, TOJOMOP(HOHA B OKpecTHOCTH 0.

23. Tlycrs [ — 3amkHyTBIE uAecan B kogoue K Beex GYHKIME, roJoMop¢HbIX
B okpectocty 0 =C? (kaxpas — B csoeit). JlokasaTb, CymecTBOBaHHe KOHEU-
noro uuciaa Qyukuuit fy, ..., fse={ takux, uro [=HK+ ... +faK (1. e. Bcakasn
¢ynkuna fe[ npencrasuMa B uge f=hg1+ ... +frgr, rae Bce g;<=K).

24, Hasosem rpanune#i DBeprmana ofgactd D MHHHMAJbHOE 3aMKHYTOe
MHOxKecTBO B dD takoe, uro sup | f(2) = sup | f(2)| mag mcex byHxuui,

_ FA=):] zeD
ronomopdueix 8 D. Quesuano, uto B coxepxkurcs B rpaunlle Hlunosa S obnacru D,
Hokasats, uto aas obmactn D={0<lz] <1, |z,| <z [™/=}c=C? sma
rpaniust pasmuens: S ={lz,] <1, 12 1=z """} a B={lz]=1]2]=1)

25. TlocTpouTh CTeneHHble DAABL, MJIA KOTOPHIX OOJACTbIO CXOAUMOCTH HB-
JIAIOTCS ’

a) map {z=C2% |a)f?+lzaf2 <1},

6) obaacTs {z=C% |21]lzgl <1}

[TocTpouTb  cTemeHHble Psiibl, JAJst KOTOPBHIX MHOMECTBOM CXOAHMOCTH siB-

JAIOTCS
a) {z=C% lzl< 1)U {z=C2 [21<2, 2,=0},
+ o0

6) U{zeszl z| <1, z,=nz}
n=-—oo
26. [lokasath, uTo al06as BhMyKaast 06macTh PefiHxapra sBjsercs Jorapad-
MHUYECKH BBINYKJOH.



TIHJABA 1I
HUHTETPHPOBAHHE

B npeapiayiiefi raBe MB yKe paccMaTpuBalud HHTETPAJbHYIO
dopmyay Komu ans GyHKnuH HECKOJbKHX KOMIIEKCHBIX NMEpEeMeEH-
uprx. OAHAKO MBI MHCAMH €€ TOJBKO I TOJHKDPYIOB, H B TaKOM
BHJE OHa pacnpocTpaHsercss JHUIUb Ha IOJUKPYIOBbie 06JacTH.
Yro6el pacnpocrpaHuTh 3Ty (opMmyay Ha obGaactu Gosiee OOIIErO
BH/a, HYXHO Pa3BUTh COOTBETCTBYIOLIHH TOMNOJOTMUECKUH W aHadd-
THUECKHUH amnapar.

§ 4. Muoroo6pa3ua u hopmbl

Uro W no KakuM oO0beKTaM MbI OyjeM HHTerPHpPOBaThb? 31ech
MBl fafuM QTBeTbl Ha 3TH Bompochl. MuterpupoBats MEl 0yleM 1o
MHOTOOOpasnsaM HEKOTOpPble KOMOWHAUWH NMpOU3BeAeHWH AHD-
depennanos, HasbBaeMble aAUPdepeHUHAJbHBIMH $op-
M a MH. BpisicHUM nogpo6Hee 3TH NMOHATHS.

9. TlonatHe muoroo6pasuda. Xors B 3Toif ri1aBe Mul 6ynem pac-
CMarpuBaTh MHOT000pPa3Hsa TOJBKO B €BKJIMAOBOM NPOCTPAHCTBE, HO
B JiajbHellllleM HaM BCTperHTess OoJee oflliasi cUTyauusi MHOP0O06-
pasuil B HeKOTOPOM aOCTPaKTHOM NPOCTPAHCTBE 3/1€MECHTOB aHa/u-
THYecKHX (YHKUMA (IpOCTPAHCTBEHHBI aHAJ0T PHMAHOBHIX IOBEpPX-
Hoctedt, cp. m. 32 u. I). Tlostomy MBI cpasy AaeMm olllee

Onpenenenune . Maoxectso M B xaycaophoBoM npocTpau-
cTBe X HasbiBaeTCsl M-MePHbIM MHO2000pA3UeM, €CAW BbIIOJHEHB
cJIeAyIONIHE YCJAOBHS:

1°, Cywecteyer ceMeiicTBo okpecTHocTell Uj B OTHOCHTE/IbHOM
tonojsoruu M (jeJ, MHOKeCTBO HHAeKcoB J He 00s3aTes]bHO CUeT-
roe), nokposaommux M (M=U U;) nromeomMop P Hbtx m-mep-

sl
HOMY eBKJHAOBY IIapy, T. e. ;s BceX je/ ompeaeneHbl roMeoMop-
buaMbl T; U,—B, (1)
na mapsl B;={t & R™ |#i| < (1)}; nepemennoe =, ..., ) ua-
3LIBAETCA AOKAAbHLIM NApaMeTpom, HefiCTBYIOUIUM B OKPeCTHO-
ctu Uj.

2°. Ecan U;NU;+, To orob6paxeHue
TyoT7 2)

OTKPBITOTO MOAMHOXKECTBaA Iapa B;, KOTOpoe COOTBETCTBYeT mepece-
geruio U;(\Uj, B wap B; roMeomop duo; oro6paxenus (2) Ha-
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BHIBAIOTCA COOTHOUWEHUAMU €OCe0CT8A, CBS3bIBAIOMIHMH OKPECTHOCTH

Ui H U]'. .

3%. Us nokpertua M=UU;, o xotopom rosopurcs B 1° MOXHO
j=i

o0
BBIAEIUTL He 60Jlee UeM CueTHO e MOKpbiTHe M = UU,-H.
=

(ITpuBeneM HekoTopble mosicHeHHs1. Xaycaop(posBo mpocTpan-
CTBO — 3TO TOIIOJIOTHUECKOE NMPOCTPAHCTBO, AJSl KOTOPOTO ClipaBen-
JHBa axkchoMa oraesuMoctd (cm. m. 32 4. I). OTHOcHTenbHOH TO-
MoJloTHell Ha MHOXKecTBe M ToroJjormueckoro mpoctpaHctea X Ha-
3bIBAETCS TOMNOJOTHA Ha M, B KOTOPOI OKPECTHOCTSIMH 00BSABAAIOTCA
nepeceuennss ¢ M oxkpectHocreii mpocrpanctsa X. To, yro B Kaue-
crBe obpaszos T (U) okpecrnocreét UcM B ycaoBunm 1° npuHATHL
mapsi pajguyca 1, HecylecTBeHHO, HX MOXHO 3aMEHHTb JAIOGLIMH
roMeoMOpHHBEIMH MM MHOKecTBaMM B R™, Hampumep caMum R™,
l'omeoMopdHOCTE cooTHoWeHUE cocencTBa (2) oueBHAUBIM 0ofpa-
30M cJeAyeT M8 ycaoBus 19 Mbl BHUIEJAWIH 3TO YCJAOBHE JHIIb A5
yaoGcTBa AalibHEHIINX GopMYJIHPOBOK.)

Hrak, m-MepHoe MHorooHpasye J0KaAbHO YCTPOCHO TaK 2Ke, Kak
m-MepHBIH eBKAHA0B liap. B kaxjao#i okpecrnoctn U oHO omuchl-
BaeTcsl JOKaJbHbIM napamerpoMm ¢= (fy, ..., ln), NpHUeM Napa-
MeTphl, AeHCTBYIOIHE B [epeceKalolUXCsl OKPECTHOCTHAX, CBsI3aHbI
roMe0MOpGHBIMH  COOTHOWIEHHAMH coceacTBa. JloKaspHble mapa-
METDPbI YacTO Ha3BIBAIOT TAKKe A0KQALHOIMU KOOPOUHATAMLU.

OyHKUNH, 3af8aHHbIe Ha MHOroo6pasun M, Mbl MOKeM JOKaJAbHO
paccMaTpuBaTth Kak ¢yukumun nmapamerpa. OJHAKO He BCSIKME Ha-
6op ¢YHKUHMI JIOKaJbHBIX KOOpIAMHAT onpefelser QYHKUHIO Ha
MHOrooOpa3uu: Mbl JOJKHBI MOTPeGOBATb HE3ABHCHMMOCTH 3THX JO-
KaJapHbiX QYHKUME oT BRIOOpa Napamerpa, WJIW, HHAue, UX HHBa-
PHaHTHOCTb I[IPH H3MeHeHusix napaMerpa. (CpaBHHTe: KOTia B
(u3nKe BBOAAT KaKHe-JuGO BeNMUMHBI KAK (QYHKIHH KOOPAMHAT, TO
TOYHO TaK ke TPebylT HUX He3aBHCHMOCTH OT KOOpPAMHAT, HHAaye
OHM He OyAyT UMeTb (pu3HUeckoro cMmbiciaa. Hanpumep, BBOAS NoOHg-
THe AHMBEpPreHUUH MJAM POTOPa BEKTOPHOIC MOJsl IIPH MOMOILH KOOp-
JUHAT, A3I0T UHBAPHAHTHLIE ONpeaeJeHUs 3TUX BeJUyHH, He 3aBHCHA-
mue oT BbI6Opa KOOPAMHAT, H TéM CaMbIM YCTAHABJIMBAIOT, YTO 3TH
BeJIMUNHEl ABJAAITCH QH3HUECKUMH. ) '

Onpegenenue 2. ToBopsaT, uTo Ha MHOrooGpasun M 3a-
pana @yuskyus f, ecim B Kaxjgoll okpecrHoctu U;,=M 3anana
¢yHKIUA J0KaABHOrO NapaMmerpa tf, aeficTBylomero B U;:

flui = fi (ti), zi e Bh (3)

npuYeM 3TO 3ajJaHHe UHBapPHUaHTHO OTHOCHTEIbHO 3aMeHBI Ma-
pamerpa: ecau U;(NU;%J, to B uactu mapa By, coorBercTBYyIOLIeH

20 B. B. lllaGar
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B cuny roMeoMmopdusama T'; nepeceuenuto U;(\U;, umeem

Fi(8)=Fro Ty T3 (). ' (4)

ITockonbky QyHKIMA Ha M-MepPHOM MHOroo6pasui B JIOKaJ/bHBIX
KOOpAHHATaX Bbipaxkaercss KaK (PyHKUUst m AeHCTBUTENBHHIX Iepe-
MEHHBIX, MBI MOXKeM TroBOpHTb 0 ee AubdepeHIHPYEMOCTH, Ia KO-
CTH, HaJIMUHH Y HeE BTOPHIX YAaCTHEIX NPOM3BOAHBIX U T. 4. OaHaKo
€CJU MBI HE HaJjaraeM Ha COOTHOILIEHHs] coceacTBa (2) HHKAKUX JO-
MOJIHUTeJbHBIX OrPAHHUEHHH, TO JIHIIb CBOHCTBO HENpPePBIBHOCTH
(YHKIMH ABJAETCS HHBAPHAHTHHIM, a YXKe cBoHcTBO auddepenuy-
pyeMocTH, BooOlLie TroBopsi, HEHHBapuaHTHO. B camoMm geise, ecau
Kakoe-1H60 cOOTHOLIeHHE coceAcTBa (2) HenudpdepeHuupyemo, To
$yukuusa f, rupdepenuupyeMan B 3aBHCHMOCTH OT JOKaJbHBIX KO-
opaunar ti, Moxer oxaszaTbcsi Hexu(pdepeHuupyemMol B 3aBHUCHMO-
CTH OT KOOpJuHAT 1.

Taxum 06pa3soM, Mbl APHXOAHM K HEOGXOAHMOCTH BBEAEHHS [0-
MOJIHMTENbHBIX OlpaHuYeHHH Ha COOTHOLUEHHS COCEJCTBaA.

Onpenenenne 3. Muoroo6pasue M nasbiBaercs dughgepen-
yupyemoim, eralkum uad MHorooGpasuem kaacca CP, ecnn Bece
COOTHOLIEHUA coceacTsa Tjo Tl-_l, €ro Oomnpeaessioniue, COOTBET-
cTBeHHO auddepeHnUpyeMbl, HeNpepeBHO AudPepeHuHpyeMbl HJIH
HMEIOT HelpephIBHEIE uacTHbBIE MPOM3BOAHbLIE A0 MOPAAKA p BKJIIO-
YUTENBHO.

MHoroo6pa3ue B cMbicje onpepaeseHusi | MOMKHO CUHTaTh MHO-
roo6pasuemM knacca C° riagkoe MHOroo6pasue sIBJAsETCS MHOr006-
pasueM kKJaacca C'. MoOXHO BBECTH TaKXKe IOHATHE MHOT006pasus
Kaacca C», uMess B BHAY MHOroo6pasus, BCE COOTHOLIEHHS COCeH-
CTBa KOTOPHIX H OeckoHeuHo auddepeHLMpyeMBl, T. €. UMEWT He-
NpepuIBHLIE YaCTHLHIE [TPOH3BOJARbIE BCeX MOPSIKOB.

Ha rnankoM MHoroo6pasum M MOxHO paccMmaTpuBaTth aAndde-
peHLHPYyeMBIE W HempepnlBHO IubdepeHnupyeMble (GYHKIHH, NOHH-
Mas moa HHMH (YHKUHH, KoTopbie B Jw0oi oxpectHoctH UM
auddepeHnupyeMo WM HenpepbisHO AHGdepeHUHpYEMO 3aBUCAT OT
COOTBETCTBYIOIIErO JIOKaJbHOTO NapaMeTrpa (3To CBOHCTBO, OUeBHi-
HO, fAIBJsAETCS WHBAPHAHTHBIM OTHOCHTEJNbHO 3aMeHbl NapaMeTpOoB).
Touno Tak xe Ha MHorooGpasuu kjaacca CP MOMKHO paccMaTpuBaThb
¢yukuuu kaaccoB C¢ (g < p), a Ha MHoroo6pasuum kmaacca C®—
¢bynxuuu J100bIX KiaaccoB CP u OeckoHeyHo auddepeHunpyemole
(PYHKUUH.

Jo cux nop Mbl TOBOPHJH O JAeHCTBHTENbHBEIX MHOroo6pasusax u
o nutdepennupyemoctd MHoroobpasuii H GyHKHUHA B cMbic/ae Aef-
CTBUTeNIbHHIX TepeMeHHbX. OMHAKO B YeTHOMEDHOM MHOroo6-
pasuy M, 1IycTb pPasMepPHOCTH 2, MOXHO BBECTH KOMNACKCHYHO
CTPYKTYpY, ecin B Kaxnol oxpectHoct UM BMmecto jeiicTBu-
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TeJbHBIX KOOpPAWHAT f= ({1, ..., fun) paccMarpHBaTh KOMILIEKCHBIE
KOOp AHHATHI
E= (Gt .- Em)s Cv=t,+ilmy, (V=1’ cee, M) (5)

u romeomopdusmbl T: U—B na mapn {|{|<1} B Kommiexcuom
_npocrpancree C™,

CooTrHollleHHe cOCeAcTBa T;OT, oIt Takoro MHoroobpasusi 6y-
JleT OCYUIECTBJISITH ToMeoMopdHOe 0To6paxKeHHe OTKPHITOrO NOoAMHO-
xectBa wapa B;Cm™ B map B;c=C™. Jto oToGpakeHHe 3amaeTcs
nocpeacTsoM m QYHKUHH 7 KOMIVIEKCHBIX IepeMEeHHBIX

th=od &)  v=1,...,m i jelI,~ (6)

KOTOpble MOKHO 3amucaTh IIPH MOMOIIH OJHOM BEKTOPHON (PYyHKLHH
o= (i, ..., o) B BHIE

t=oi(tY); i je=] (7)

ij -1
(v mac, caefoBatenbHo, ¢ =T 0 T; ). HauGoaee HHTEPECHBIM /151
HaC ciayuaeM sBJAfeTcCs TOT, KOTAa Bce @Y aBadiOTCA Trosomopd-

HEIMH QYHKUHAMH /71 KOMIIEKCHBIX TIePeMEHHBIX, T. €. 0TofpakeHus

@' =T T7' — ronoMopdHEIME ToMeoMopbH3MaMu, Ui, KaK KOPO-
Ye TOBOPAT, — 2040MOPPUIMAMU.

Onpeneaenue 4. YUernomeproe muoroo6pasume M (pasmep-
HOCTH 21M) Ha3LBAKT KOMHACKCHO QHAAUTUHECKUM WJIH, KOpoue,
KOMILUIEKCHBIM MHOroo6pa3ueM (KOMILIEKCHOH) Da3MEpHOCTH M, ec-
JH B HeM BBe,ZLEHa KOMHJIEKCHaH CTPYKTypa TaK, UTO BCe COOTHOLIe-

Hust coceactsa @ =T;o T7' ABAAIOTCA ToJOMOPOHU3IMAMH COOTBET-
CTBYIOIIHX OTKPBITHIX MOAMHOXKecTB mapos B;=C™ B mwapst B;.

OueBuAHO, YTO KOMINUIEKCHO AHaJHTHUYEeCKHe MHOroo6pasus sB-
asoTcs MHOroo6pasusaMu kaacca C,

[ITpumepsn.

[Ipocrpancteo (7 aBAAETCH KOMIJEKCHO aHAJMMTHUECKHM
Muoroo6pa3ueM pa3MepHOCTH n. OHO MOKPHIBAETCS ONHOH OKpecT-
HOCTbIO — caMuM (7?; B KadecTBe JOKaJbHBIX KOODAMHAT MOMKHO
TIpUHSATL KOMIIJIEKCHble KOOPAMHATHL 2y, .:., 2Zn (OHU IleI/ICTBy}OT BO
BceM Cn).

2. KoMniekcHoe npoexkTtusHoe npoctpancrso P?. Toukamu ero
CAY3KaT KJacchl TPONOPHHOHAJBHEIX HAGOPOB KOMIIIEKCHBIX UHCEJN
(01, +++, Opp1). O603HauuM uepes U; MHOKECTBO BCeX TOUEK H3
Pr, naa xoropbix wi5=0. Kaxnoit touke us U; MOXKHO CONOCTaBHTh

Dpiy

®s 1 1 n
P~ T. e. Touky 2'={2}} =C",

R 2=
npuueM 370 coorBercTBHe U;— Cm sgBasercss roMeoMopduaMoM.
Ananornygo omnpejensiorcs MHoxectBa Uy Touek u3 P, mis xoto-
poiXx 0,50, a Takxe KOODAHHATEI z”-—{z“} (rne 24— oTHoweHus

nupcen 2=

20*
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K ©), OCTalbHBIX ®,) H roMeomoptusms U, —C" (n=2,...,n),
Takum o6pasom, P* mokpeiBaeTcsi KOHEUHOH CHCTEMOH OKpPeCTHO-
creil, romeoMoppuuix npoctpancTBy Cn. Jlerko nposepuThb, uTO CO-
OTHOULIEHHs] COCeACTBA, BO3HUKAWOIIMe MPU 3TOM, SBJISIOTCA TOJO-
Mopopusmamu. CrnegoBarebHo, [P% sBasercss KOMIJIEKCHO aHaJ/H-
THUECKHM MHOrooOpasneM pasMepHOCTH 7.

3. PUMaHOBbH TOBEPXHOCTH aHaJMTHUECKHX OYHKHUH OAHOTO
MePEeMEHHOr0 fABJIAIOTCA KOMIIEKCHO aHaJUTHUECKHMH MHOroofpa-
susiMu pasmepHocTd 1 (cM. m. 32 u. 1), Hag GyHKIHHE HeCKOJbKHX
NepeMeHHbIX aHa/JOlHYyHoe INOoHsaTHe OyJeT paccMOTpeHO B M. 28,

Ha xoMIleKCHO aHa/J UTHYeCKOM MHOr00GpPa3uH MOMKHO BBeCTH
nousrue rojgoMoppHoil GYHKIHY:

Onpeaerenne 5 Pyukuus [ Ha3bIBaeTcsd 2010MOpPHOL Ha
-MepHOM KOMIIJIEKCHO aHa/JYTHUeCKOM MHoroo6pasun M, ecau B
Kaxjgol okpectHocth UM ona mpeacrapiasercs Kak roaomMopd-
Had GyHKuUs JokaJdbHoro napamerpa L= (&, ..., Lm)=Cm™, nei-
CTBYIOILIETO B 3TOH OKPECTHOCTH.

3rto onpeneseHHe HHBaPUAHTHO OTHOCHTEJIbHO 3aMe€Hbl mapaMer-
pOB IMpH MOMOIUY COOTHOUIEHHH coceacTBa, u0 roJIoMOp(hU3IMBI CO-
XPaHsIOT CBOHCTBO T0.10MOP(QHOCTH.

OTmeTnM [Ba2 MNpPOCTHIX CBOHCTBAa (YHKUME, ToJoMOp(HBIX Ha
CEfI3HBIX ') aHAJUTHUECKHX MHOroob6pasusx.

Teopema 1 (emumuncreennoctu). Ecau dse ¢ynxuuu |
U g, 20.10MOphHbIE HA CBAZHOM KOMNAEKCHO QHAAUTUMECKOM MHO2O-
obpasuw M, cosnadawr Ha Henycrom OTKpuiToM (8 Tonoasozuu M)
nodmnoscecree M, To onu cosnadaror scrody Ha M.

< O6Go3HauuM ueped & OTKPLITOE SAPO COBOKYITHOCTH BCEX TO-
yex P = M, B kotopsix f(P)=g(P); oHo no ycaosuio Henycto. [lo-
KaxeM, uto & SBISIETCA M 3AMKHYTHIM MHOMKECTBOM. B camom
nede, nycth Touka Pye=M sBasieTcss npenedbHoil Toukoir &. B ok-
pectHoctd UcM srofi Touku JeficTByer JOKaJbHBEIH Mmapamerp
t=T(P), u dyakunu [oT7'(f), goT71({) romomopdHB B TCUKE
{0=T(P,) mapa B<= C™ B moboii okpecrnocrn V < B toukn {°
Halfinercsa Touka (! Takas, uro Py=T-'({")e &, n Tak Kak f=g
B HEKOTOpOH okpecTHocTH Py, To [oT-'=g o T-! B HekoTOpOli OKpe-
craoetH {!. Ilo Teopeme eAMHCTBEHHOCTH H3 I 6 MocjenHee TOXKAe-
CTBO CIpaBelMBO Bciody B V, nostomy Poesd .

Hrag, & HemycTo W OAHOBpPEMEHHO 3aMKHYTO M OTKpHITO. Tak
Kak M Io YCJOBHIO CBAI3HO, TO OTCIOAA cjeayer, uto & =M, 1. e.
f=g Bclony nHa M »

1) Onpenesnenne cBA3HOCTH, RaHHoe B I. 2 u, I, roguTes Aafl MHOXECTB JIO-
fOro  TONOJOrHYecKOro mpocTpaHcTsa. Hamomuum ero: MHOxecTBo M Haswl-
BAeTCH CBASHLLM, €CAH €ro Henb3s pasOuTb HA ABe HenycTsle dactu My u M.
Tax, uyro ofa nepeceuenns MMy u My M; nycret (uepes M; oBosHaueHo 32-
MblKaHue MHOXKecTBa M;).
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Teopema 2 (npunHuun makcumywma). Ecau ¢pynxyusf
2010MOPHHA HQA CBAZHOM KOMAAEGKCHO QHAAUTUYECKOM MHO2000pa-
suu M u || Oocrucaer maxcumyma 6o suyrpenreti touke M, 10 f
nocToaAHKa 8CtodYy Ha M.

< Jlycrs |f| mocruraer makcumyma B Touke Py M; paccemor-
puM JokaabHel napamerp {=T (P), neficTBylowiuii B OKPECTHOCTH
sto# touku. Moayiae yuxkuuu foI1(Z), rosoMopdHOl B TouKe
t'=T(Py), Aocruraer MakCUMyMa B 3TOH TOUKe; CJe10BATEIbHO, 11O
NPUHIHMIY MakcumyMa u3 . 6 QyHxkuusa o 7-! mocrosnna B HeKOTO-
poit okpectHocTH [° u, 3HAYUT, [ MOCTOSIHHA B HEKOTOPOH OKpecT-
Hoctd TO4kM Py Ilo mpenmbiayuieit teopeme [ MOCTOSIHHA Ha BCEM
M »

Kaxk yxe rosopusiocb B Hayasle NyHKTa, Haubojiee BaxKeH A/17
Hac cayuail MHoroo0pasuii, Paclo/JOXKeHHBIX B €BKJIHJIOBOM [pO-
crpancree R7. B arom cayuae romeoMop®hu3Mbl OKpecTHOCTeH
Mm-MepPHOTo MHOroo6pasis M u wapos mpocTpaHcTBa R™ MOXKHO
3aj7aBaThb NpH NMOMOHIM GYHKUMHA

Xy=x,(t1, ..., tm), v=I, ..., 1 (8)

Brpouem, uMeer Mecto Teopema YuTHu '), 1m0 KoTopoil mpous-
BoJIbHOE AU depennmpyeMoe MHoroobpasne pa3MepHOCTH M MOXKHO
peanu3oBaTh Kak MHOroo6pasue B mpoctpanctse Rt

Onpenenenne 6, [magkoe m-mMepHoe muoroo6pasue S < Rn
Ha3bIBAETCS /M-MEPHOLI NOBepXHOCTHO, ecau: 1) S cBA3Ho; 2) a4
J1060i  koopAuHaTHOH okpecTHocTH UcS  orobpaxkenue B — U,
onpeaenasemoe no gopmynam (8), HenpepniBHO duddepeHnupyemo;
3) MaTtpuua (gf:) uMeeT paHr m; 4) Bce COOTHOLIEHHS COCEACTBA
ABJIAIOTCA HenpepbiBHO AubdepeHuupyeMbIMH TOMeoMOppU3IMaMU
¢ He oOpallaoIIHMUCs B HYJb SiKOOMaHaMH.

10. HNudpepenunaiphbie Qopmbl. DYHKIMM Ha MHOroodpasuax
MOXKHO paccMaTpuBarb kKak ¢opmbl HyJaesBoil creneHu. Ilpume-
pamu dopm NepBoOil cremenu sBaapTcs AuddepeHnUans QyHK-
muft. Iycrs M — rnagkoe m-mepHoe MmuorooOpasue u [— nudibe-
peHuupyemMasi QyYHKIMS HA HeM. B JoKaabHBIX KoopauHarax f={f,}
anddepernnan atoll GyHKUMM HMeeT BUI

0=df = Z fdtu. (1)

) Tounyio GOpMYHPOBKY M [10Ka3aTelbCIBO TeOPEMBl YHTHH MOXKHO HaHTH
B kiure: JK. ne Pawm, Juddepennupyembie wmHorooGpasus, WJI, 1956,
cTp. 32—36.
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[Tpu nepexofe K HOBHIM JIOKAJbHBIM KOOpAHHATam !~ 1 aupde-
0
peHnuaJ npeobpasyercsi K BUAY @ = E af—dru, rae
u
w

OF _\Y O oty
Jty,  d 3ty 1y, " @)
v

O606u1asa 3ToT HmpuUMeEp, MLl OyaeM HasbBaTbh Ougdeperyuarbrol
¢opmoti nepgol crenieny Ha TyiaAKOM MHoTooOpasuu M aw6oe Bul-
paxeHue, KOTOpoe B JIOKaJbHBIX koopauHatax t={f,}, meficryio-
mux B okpecrHoctd UM, umeer Buj

®= % a, dt,, (3)

a Ipy Nepexoje K HOBLIM JIOKAJbHBIM KOOpAWHATaM -1 MeHsercs
Tak ke, Kak auddepernuan, 1. e. npeobpasyercss K BHAY

o= 0a,dr, re ‘
W
' ot
a0, =Y a, Fd (4)
v

Ot ¢opM mepsoil cTelmeHN MOXHO GpaTh KPUBOJMHEHHbBIE HHTE-
rpaJisl (T. €. HHTErpaJ/bl 10 OAHOMEepHBIM MHOroobpasusim). Mo Bae-
neM ¢opMbl BTOPOH CTelleHH Tak, 4To6b OT HHX MOXHO GbiIo
6paThb MHTErpaJbl 10 ABYMEePHHIM MHorooGpasusaMm. Mol Gynem 3a-
naBaTh Takue (opMbl B JOKaJbHBLIX KOOPAHHATAX H AOJIKHBI BbIfAC-
HUTb, KK MEHSIOTCS HX BHIpaXK€HWS NpH HEPeXone K APYIHM Koop-
AV HATaM.

B mpocrefieM cayuae NJA0CKHX obgacTeil NOAbIHTEIPaNbHbBIE BhI-
paXkeHusi ABOHHLIX HHTerpasoB adxdy Tpud 3aMeHe IepEMEHHBIX
(x, y) — (4, v) ymHO}XaloTCad Ha sAKoOuau: popma adxdy nepexo-

IUT B (popMmy ag((:’ g)) dudv. Vimes B Buny Oosee oOiiue ciayvaw,
yA06HO BBECTH aJrOPHTM yMHOMKeHus auddepeHnynassoB, KOTOpbIi
IPHUBOAMT K TAKOMY IIpaBHJy 3aMeHEl Ha OCHOBaHHH (POpMajbHBIX
BBIKJ1aA0K. DTOT aqaroputM 6wl HafineH 3. Kaprasom u Ha3wiBaercs
BHEIIHHM YMHOXeHHeM AuddepeHnnasos. Mbl NOACHUM ero cHauasla
Ha paccMaTpuBaeMOM IIPOCTeiIleM caydae.

YcaoBUMCA CYMTaATh, UTO BHEllHee MPOH3BEeAeHHe OJHHAKOBBIX
aupdepenunanos pasuo Hymo: dxAdx=dyAdy=0 (/\ —3nak
BHeIIHero YMHOXEHH), a pPa3Juulbx AuddepeHnnasoB — aHTHKOM-
MyTaTuBHO: dxA\dy==—dy/N\dx. Kpome Toro, Oygem npeanonarars,
YTO A/ BHEIUHEro yMHOXKeHHsS cobamparmrcs oObiuHbBIe MHpaBuia
packpetust ckobox., Torjga yMmHOXenne JABYX Auddepernyanos
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dx— d + dv dy=3- 94, du+ dv dbopManbHO NpHBEAET K
Hy}KHOMy npaBmy 3aMEHbL:

dx/\dy=(éﬁdu+ﬂdv)/\ ( 9% du—l-—aidv)

_0x dy ax Oy a(x, y)
= Su 3, du ANdv+———==dv Adu= a(u’U)a!u/\dv.
IlpuBeneM Tenepb TOYHOE ONpejescHHe B Gosee obuieM ciayuae.
Onpenenenue 1. Brewnum ymuosceruem Anddepernualb-
EbIX GOpM OT MepPeMeHHbIX Iy, ..., I, HA3LIBAETCS YMHOMKEHHE, MO~
UHHAIOUIEECH CJIeNYIONIUM 33KOHAaM:
1°. YMHoXeHHe Ha cKalsp ((GYHKHHIO) KOMMYTATHBHO M aCCO-
LMaTUBHO:

aNdt,=dt,Na=adt,, dtyNadt,=adt,A\di,,. (5)
2°. YmHOxeHue aAudpepeHnranoB aHTHKOMMYTaTHBHO:
diyNdt,=—dt,Ndt,  (n#v), di Adi,=0. (6)

3°. YMHOXeHHe JAHHEHHBIX KoMOuHanuil npoussegennit audde-
peHuuanoB (Co CKaJAPHLIMH KO3(pOGHIMEHTAMHU) MOAUHHSETCS acco-
HUATHBHOMY U JUCTPHOYTUBHOMY 3aKOHAaM.
TakuM o6pa3om, BHellHee INpOU3BeAeHHE ABYX ¢opM TepBOH
m

m
CTeMeHH ©,= X aydl, H @y= X bydl, ¥MeeT cleAyioiHi BUA:
1 v=1

(aidti-}-‘-}-amdl‘m)/\(fildl‘l—}—-}-bmdim) = (albf_)-—azbl)dt]/\dtz—f‘
e (am_lbm— ambm_l)dtm_l/\dfm.

Ilpu 3amMeHe NnepeMeHHBIX ! -— 1 KO3(POULHEHTH! NMpu Ipou3Bene-
Hun AuddepeHnnanos, Kak HETPYAHO MPOBEPHTH NPSAMOH BHIK/IAJ-
KOli, YMHOXKAI0TCSI Ha COOTBETCTBYIONHe sgKOoOUaHbl. Hampumep, npu
NpOH3BEeAEHHH dri/\d'cz 6yner CToATh KO3GuunenT

, Py a (t]Jn tV)
ajby — azb] = E (auby—ayby) 5 AN

n<v

rie mWTpux B 0603HAUEHHH CYMMbl TOKa3biBaeT, YTO CYMMHPOBaHHE
Hajl0 BECTH IO BCeM HHIeKcaM p, v npu yeaoBud | Lu<<v<Lm
(ymopsiaioueHHOEe CYMMHPOBAHUE).

[Tpoussenenune AByx GopM mepBoil CTelleHH SABJIAETCS MPUMEPOM
dopm BTOpOH crenenu. Boobuie xe moa gopmoid 8Topoll cTenexu
Ha TJafKoM MHoroo6pasun M Mbl GyjeM MOHHMATb BHPAXKEHHE,
KOTOpOE B JIOKAJbHLIX KOOPAMHATAX { HMeeT BHA

w=2" aydt ,Ndt,, (7)
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rae wWTpHx o0003HauaeT yNopsiioueHHoe cyMmupoBaHue (u<<v), a
IpH 3aMeHe KOOPAMHAT { — T MePeXOAUT B aHAJOTHUHOE BLIPaXKeHue

¢ Ko3dpuuueHTaMu
_ NV oty
Oy = Z aij 3 (T, Ty)° (®)

Mpl M0O2KeM NO0J/b30BATHCA W HEYNOPSAOYEHHBIM CYMMHPOBaHHEM
(6e3 wrpuxa). Has 3Tore yciaoBHUMCSI CHHTATh, UTO MaTpuua (ay,)
KOCOCHMMETDHUYHA, T. € 4YTO Q,,=—aq,,, U TOTLa Tepernuuiem
topmy (7) B BUAE

RN
o= Y qudi, A dt,. (7)
3akon u3MeHeHHs! K03 @GUIHEHTOB MOXKHO TOrJa Mepernncarb Tak:
X o0t; 9ty ,

o = AL
o L Higt, oty (8

— OYEBHAHO, UTO 3TO PABHOCUIBLHO COOTHOMIEHHIO (8).
Tenepb Mbl MOXKeM AaTb obliee onpeesneHue (GopMBL.
Onpeneaenue 2. [Juppepernyuasvuol opmoli crenenu p
Ha TJaJlkoM MHorooOpas3un M HasbiBaeTcs BhipaieHHe, KOTOPOE B
NPOU3BO.JIbHOR CHCTEME JMOKaJbHbIX KOODAMHAT ¢ uMeeT BuA!)

’ 1 O
mzzavl...vpdfvx/\ VAN dtVPZP—!Zavl...vpdtvl AN dtvp,
9)

a IIpu 3aMeHe IMepeMeHHbIX t—1 nepexXoAHT B aHaJorHUHOE BbIDpaQ-
KeHue ¢ KoabhduunentTamu 2)
) ot
' d[ll i
oo ve e T T
1 P 0er ot

\1
avl.‘.vp—uaz N

»
, CY I
=Z ai, . L__L) (10)

“ip O(Tvl, N .,Tvp)‘

®opma o HaseiBaercsl gopmoti kaacca Ci, ecau ee Ko3hPHUHEHTH
(kax (PyHKIMH JIOKAAbHBIX HapaMeTpOB) HMEIOT HellpephiBHbIe yacT-
Hple TPOU3BOJHBIE ¢-TO TOPSAKA, — STO ONpeJeseHHe HHBapHAaHT-

1) B nepsoit cymMe (9) cyMMmupoBaH¥e BeJleTcs M0 YHOPSIOYEHHBIM CHCTe-
Mam ungekcoB 1<Kyi<<...<yp<{m, a BO BTODOI - [0 BceM cHCTeMaM, HO Mars
pula (@) npeanosaraeTcsi KOCOCHMMETPHUECKON MO MHAeKcaM: NPH UeTHOH mepe-
CTAHOBKe HHAEKCOB KO3(HUINHEHTH He MEHSIOTCH, a DU HEYeTHON MEHSIOT 3HakK.

?) 3akoH uaMeHeHus ko3dduuuenros auddepenuuanpHuix HopM HMeeT TeH~
30pHbiit  xapakrep. CoBOKymHOCTb 3THX Ko3(duunentos (a) o6pa3yer TeH30p
(KococuMMeTpHYeCKUl, KQBapHAHTHB).



§ 4] MHOTOOBPA3HY IT ®OPMbBI 313

HO JIMIb JJs MHOroo6pasuii kmacca C? (cMm. onpeaenenne 3
n 9).

Huddepenunanbabie GOPMLI MOKHO CKA4AbBATL, YMHOXATh Ha
dyHKHMIO (CKajsip), a Takke yMHOXKaTb APYr Ha JApPyra BHEUIHUM
o6paszom (mpu ToM IpousBeleHne (opMmbl crereHd p Ha Qopiy
crenenn ¢ sBJasiercss Gopmoil cremeHH p+g). COBOKYIHOCTb BCeX
dhOpM cTeneHn p uHa MHorooOpasum M obpazyer rpyumy no cromxe-
HUIO, KOTOPYI0 Mbt 6yZeM o003HauaTh yepes QP.

Ho cux mop Mpl N0/Jb30BAJIHCL 3aNMHCbio GOPM B AelCTBUTEIb-
HBIX KOOpAMHATAaX, OAHAKO 415 AaabHeluiero yjo6Hee KOMIIJe K C-
nas ¢opma samnucu. PaccMorpuM coayuail rsiaaxoro m-MepHOro
MHoroo6pasust M, pacloso’KeHHOro B KOMIIIEKCHOM IPOCTPaHCTBe
Cn. Ecan 0603HauATD 2, =X, + (X4, TO 3TH BeJUYHHBl Ha M 6yayT

GYHKIMAME JOKaJdbHBIX KOOPAMHAT: 2, =2, (f1, ..., tn), v=1, ..., n.
Huddepennuanpuas ¢opMa CTENeHH pém Ha MHoroobpasuun M:
N1/

m=2'a,~l,,,,~pdxil/\ /\dx,-p=2; a;dx;, (1)

rae [ =(i, ..., i,) — BeKTOPHbIA nHAeKe U dX;=dx; N\ ... A\ dx; ,
B 3THX JIOKAJbHBIX KOOPAMHATAX NPHHUMAET BHJ & = X, dt,, rae

< G(x Y s x])
%*Zan-- L XICR RN (12)

Yrobs nepenncaTh Gopmy {11) B KOMIJIEKCHOM BHAE, MBI MO-
JKeM (OopMasibHO TepeiiTh OT 27 AeHCTBHTEJBHBIX KOODIAMHAT X, B

Cn K TakoMy Ke UMCNY KOMILIEKCHBIX KOOPAMHAT 2y, Zy. s pro-
HIeHHST 3aMUCceld MBI MTONOKUM
Z,=2,=X,FiXni, Lpty=Zy=X,—iXny, (v=1, ..., n) (13)

u 6ygeM paccMaTpHBATh [ePeXOL OT X, K Z, KaK OOBIUHYIO 3aMeHy
nepeMeHHbIX.

IMogcrasasia B (11) dx\,:%(dZv—i-dan) H o di,, =

= %(dZV—dZ,”V), nepenumeM 3Ty GopMmy B BuIAE

o=2"fdz, (14)
rpe

0=i(1_ia) a___l(a .
0Zy 2 \0xy ' Oxpv)? 0Zny 2 \Oxy +‘axn+v)
(v=1, ..., n)
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Hacto 6riBaeT BaXXHO pa3/uuarh crerleHd Gopmbr (14) mo ne-
peMeHHBIM 2, U Z,. [lo3TOMy BBOAAT NOHATHE 6ucTenexu dopmoi,
noHuMas noj dopmoil GucteneHu (p, g) BbipaxeHHe BH/A

03___2’f1 42y A Lo A dz /\dé]. A oo, /\déi =
. R . ‘
=2,f1.1d31/\d2—1; (15)

rne I=(iy, «.., ip) v J={(j1, ..., Jq) — BEKTOPHbIE HHIEKCHl pa3-
MEPHOCTH COOTBETCTBEHHO p H §.

HauGosee BaxkeH yacTHHI# cayuafi ¢opm Gucreneuu (p, 0), ko-
3pPuunenTs KOTOPEIX ABJASIOTCA TOJOMOP(PHBIMH (PYHKUHAMH 1 1e-
peMenubx Ha Muoxectse McCn (1. e. ronoMopbHbIMU B 2n-Mep-
HOH OKPEeCTHOCTH 3TOro MHoKecTBa). Takne GHOpPMBI 3anMUCHIBAKOTCA
B BHIE

o=2Ff dz, A ... A\dz, =>Xf,dz, (16)
zl...ip i i, I 7

TIe Y4acTBYIOT TOJLKO «MaJible» MepeMeHHbie 2,; OHH Ha3biBaloTcs
20A0MOPHHHMU GopMmamU.

Moxno paccmatpuBaTe Takxke ¢GOpPMbl Ha KOMIJEKCHO
AHAaJUTHUYEeCKOM MHoroobpasuu M KOMILIEKCHOH pa3MepHO-
CTH /M B NPOU3BOJBHOM xaycuopcposom HpOCTpaHCTBe 31ech Takke
naubosee unrepecen cayuai gopwm Gucrenenu (p, 0), p < m, Koro-
pele uMeoT BuA (16) B JOKaNbBHBIX KOOpAUHATAaX (21, cees Zm),
nedcTByOUIMX B OKpectHocTH UM, npudueM ko3 QHIHEHTH sB-
JISIIOTCS] TOJIOMOP(QHBIMH PyHKLUHAMH Ha M u Npu 3aMeHe mepeMmeH-
HBIX Z—{ MEHAIOTCA IO TEH30PHOMY 3aKOHY

Ay oo b )
= X5y an
rae =@ ...s jp) .

Takue GOpMBI HA3LIBAIOTCS 20A0MOPOHOIML HOPMAMU HA MHO-
eoobpasuu M.

11. MonsaTHe HHTerpaJa or (boprl. Oupdepennuansuoie Gopmel
CTeNeHH 1 BBeJeHb Tak, YTOOBl OT HUX MOXHO OblJIo 6paTbh HHTe-
rpajnl MO M-MePHbIM MHOroo6pasusamM. Murerpans 6epyrcs no opwu-
€HTHPOBAHHBIM MHOroo6pasusM, IO3TOMY Mbl AOJXKHBI HauaTh C
3TOTO MOHSITHS.

Bsenem cHauaJsia opHeHtaudio B okpecraocty UcM. HOasa storo
GyaeM CuMTaTh, YTO mapameTp ¢, Aeficteyromuii B U, MeHsercst He
B lIape, Kak paHbIle, a B M-MepHOM cuMOaexkce S™ (T. e. uto
sagaercs romeomopdusm T: U —S™). a5 onpeaeneHHOCTH Tpes-
TOJIOKHM, YTO OJlHA H3 BEpIUHH CHMMJeKkca P, JexXuT B Hayalje
_KOODAWHAT, a ApPYyrHe BepIUMHBI P, WMeT v-I0 KOODAHHATY, pas-
Hyw I, u ocranphbie 0 (v=1, ...,.m). Beegem Ha S™ opuenrayumo



§ 4] MHOTOOBPA3HS ¥ ®OPMbI 315

cilenyouMm o6pasom: cummaekc (Po, Py, ..., Pn) U Bce, moay-
yaloIHecs U3 HEero 4eTHOH NMepecTaHOBKOH HOMepoB BepuiuH, 6yAeMm
CUHTaATh OPHEHTHPOBAHHLIMH NOAOMUTEAbHO; CUMILIEKCH, HOMepa
BEPIIHH KOTOPHIX O6pa3yloT HEUeTHYIO [epecTaHOBKY, — OPHEHTH-
POBAHHBIMH OTPULATEALHO.

YacTto HEOPDHEHTHPOBAHHLIH CHMIIEKC Mbl OyneM 0603HauaThL
yepes S™, OpMEHTHPOBaHHblEe — uepe3 Sg, Tlle e= + WJIH e=-— B 3a-
BHCUMOCTH OT OPHMEHTALHH. :

Ha punc. 88 wusobpaxeHn

ABYMepHEBIE CHMIIJIEKCHI
Si=(Py, P, Ps) u SZ=
= (Po, Ps, P)).

[lpu 3agannoM orobpa-
weuup T: U—8™ wmu
BBeneM JABe OpueHTayuu
okpecrroctu U B 3aBucu-
MOCTH OT TOH WJM HHOH
ODHEHTALUHuH cHuMIJieKca
Sm; OPHEHTHPOBAHHYIO
OKpecTHOCTh OygeT uHOrna
o6osnauatb uepes U,.

I[Tpuwmep Harasanee sce-
ro MpeACTAaBJSATCS OPHEHTAHUS
B OxHOMepHOM cayuae. Ilycrs
S'=[0, 1] u U —romeomopdumit o6pas S!, ckaxem B Cr, 1. e XKop-
nauoB nyte 2=2(f):S'>U. Tlosoxkurenpnofi opueHtauvein U wmp Oygem
CUHTaTb Ty, KOTOpas COOTBeTCTBYeT BO3pacTaHMIO mapaMeTpa f, T. e. NOJOXH-
TeJbHOH OpHeHTauun otpeska [0, 1]; oTpuumaTesbHO — Ty, KOTOpas COOTBETCTBYET
ybuiBanuio f. OpueHrtaunio romMeomopguoro o6pasa 3 C™ aBymepHOro cumimiexca
8% npu sajnaHuoM oTobpaxenun z2=z(f}, fp): S?—> U MOXKHO NpPeACTaBAATL Kax
yxasaHue OZHOH M3 ABYX cTOPoH U; nosokuTeapHOR cuMTaercs Ta, ¢ KOTOPOH

£
o6paant P, =z (Py) BepwnH cumniekca obxoasarcs B nopaaxe (0, 1, 2), u or-
pHilaTeJbHON — Ta, ¢ KOTOPOH OHH obxoxsaTcs B mopsake (0, 2, 1) (cm. puc. 88).

[lycts temepn M — cBsi3HOe raagkoe MHoroo6pasne. Hasosem
M opueHTHpPYEMBIM, €CJH Bce COOTHOLIEHHSI COCEACTBA, €ro onpeje-
JSIOUIHE, UMEIOT NOJIOXUTeNbHble sikoOuaHbl. Ha Kaxaom opueHTH-
pyeMoM MHOTOOOGPa3uu MOMKHO BBEeCTH [ABe ODHEHTAIUH — MOJIOKH-
TeJBHYI0O H OTpHUATeNbHYI0. /s 3TOro HOCTATOUHO BBECTH Ty HJIH
HHYI0 OPHEHTALHUIO B KakoH-nmubo okpectHoctn UcM; cooTHomeHHus
COCEZACTBA MO3BOJSIIOT NI€EPEHeCTH 3TY OPHEHTALHIO. BO BCE OKPECTHO-
cTH Ha M, a ycioBue opueHTHpPyeMocTH M oOecrneuuBaer, 4TO Npu
5TOM MBI He NPUAEM K MPOTHBODEUMIO: KAKOH Obl IIENOYKOH OKpPecT-
HocTel, cBsismBatomux U ¢ Hekoropoi okpectHoctolo V. M, Hu
N0J1b30BaThCs, BCerja NOJyYHM OAHY H Ty e opueHraimio V. To
e ycjoBHe obecrneyyBaeT HE3aBHCHMOCTh OpPHEHTAalMH OT Bhibopa
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HauaJabHOH okpecTHocTH U. Ha n0Ka3aTesbCTBe 3THX YTBEPKIECHHH
Mbl He ocTaHaBAuBaeMcs !).

[Tpumep. IlpercraBnM OKPYIKHOCTh Ha ILIOCKOCTH (X, Y) KAk OJHOMepHOe
MHOrooGpasue, NOKPLIBaeMoe ueThIpbMsi oxkpectHocTsMu U; (8 Uy n Uz jgeft-
CTBYeT JoKaabHas Koopamuata x, B Uy n Uy — koopaunata y; puc. 89). Opuen-
tupyem U; mosoxurteapHo (T. e. Vei0BHEM BO3pacTaHHs [apameTpa X) u MNpH-
MeM, UTO BCe COOTHOIIeHHS COCe 7137 UMEIT MN0J0XKHTeabHble sxofuanbl. Toria
na mnepeceueann U; [} U napamerp y AoaXKeH
Bo3pacTaTh BMECTE ¢ X (COOTHOLIEHHE COCeACTBA

, 1 —
Uy u Uy umveer BHY y=§—]/-x—,\2), H Ha

U, BBOAMTCS OpHEHTAUHsT CHU3Y BBCPX. DTa OpH-
entanusl BBoaMT Ha Us OpHeHTAUUIO CpaBa Ha-
nepo (B caMoOM Jel¢, YCJAOBUE I[OJOXHKTEeNIbIO-
¢t skoOunana Ha nepeceueHun Us [} Us Bieder
3a cofoil, 4T0 y JoJ/KeH yOLIBATL BMECTE C X).
Hasee, Uy oxaXeTcss OpHEHTHPOBAHHOH CBepXy
BHu3 # U, — cneBa panpaBo. Mbl croBa NpULLIK
Z K ucXoaHoH opuentanun U,.

. [lepeiinem K onpeneneHuio uHTErpasia.
Puc. 89, HaudeM ¢ uHTErpasa mo ONHOH OKpecT-
HOCTH MHOTo00pa3swus.
Onpeneanenne 1. Ilycts U — opueHTHPOBAHHAS OKPECTHOCTD
m-MepHOro MHoroo6pasuss M < C!, { — napamerp, AefCTBYIOIHE B
U n MeHsiiolufics B CUMILIEKCe S™; uuteeparom no okpecrhoctuy U
ot (opmel @&C(U) crenenn m Ha3oBeM

[o= [iwat A ... Adty=e [f)at, .. .dt,, (1)

U m m
S S

rie & O3HauyaeT OPHEHTALHWI0 CHMILJIEKCA U OKDEeCTHOCTH OTHOCH-
TEJAbHO KOODIHMHAT Iy, ..., l, S™-— HEOPHEHTHPOBAHHLIY CHMIJIEKC.
Teopema 1. Onpedesenue uHTeepasa UHBAPUAHTHO OTHOCU-
TeAbHO JONYCTUMOL 3aMeHbL napamerpa.
< [lyctp {— 71— ponyctumas (1. e. roMeoMopdHas U KJjacca
C') samena napamerpa, npeofpasywwas S™ uva S™, u
J= a(ty, ..., tm)
0 (T, o vvy Tm)

-—ee sikobnaH (HenpepuBHas ¢QyHKuus t). [lo 1npaBuiiam 3aMeHb
nepeMeHHBIX B (HEOPUEHTHPOBAHHLIX) KPATHLIX HHTErpanax

ff(t)dtl oL dly, = ffot(r)i]ldrl v ATy (@)

s™ s

1) Cm. Il C. Anexcannapos, KomGunatopHas rtomosorusi, IocTexusnar,
M. — JI., 1947.
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- B cuny romeomopduocTn otoGpaxenus {— 1t skobuan J B S™
He MeHsieT 3Haka. Ecau J 2> 0, To oTofpaskeHue COXpaHHYeT OpHEH-

Taluio, T. e. epepoaut Sg B Si, a Tak Kak PopMa @ B HOBBIX KO-

opaduaTax HMeloT BHA [eot(r)/dvi/\ ... Ndt,, TO mo oupeaeae-
EHIO | B HOBBIX KOOpAHHATAaX
Jo= [frdu n... Adr,=e [ flildv, ... dr, (3)
U s 5™

Ecau xke J <0, To otob6paxkenne MeHseT OPHEHTAILHIO, T. €. Tepe-
Boqut S¢t B ST, M MO Tem Ke Co0GpaxkeHHSIM B HOBBIX KOODIH-
HaTtax

Joa= [f]drl/\.../\d'cm=
U Sirg

=—¢ [ fldv ... dv,=e [ flI]dv, ... dv. ()

o)
™ s™

B cuny (2) npasble uwactu (3) u (4) coBmazaimoT ¢ npaBol 4acThIO
> .

Sameuanune. Mpl BBOANM Aud@epeHiHaIbusie GOPMH Tak,
yTOOBI TIPH 3AMEHE MePeMEeHHBIX OHYM MEHSHCE, KaK NOAUHTErpPab-
Hble BhIPaXKEHHUS COOTBETCTBYIOILHX HHTerpa/toB. OIHAKO uMeercd
HEKOTOpOe OTJAuYHE: (hOPMBI IPH 3aMeHe MEPEMEHHBIX YMHOKAMTCH
Ha siko6uaH npeofpa3oBaHus, a MNOJHHTErPAJbHEIE BBIPAMKEHHST —
Ha Moay/ab sxkobuana. Ceiiuac MBI yOeiu/uCh, YTO HMEHHO TaK H
Ha/10 OBlJ10 BBOAUTL (GOPMBI, €CIH 7KeTaTh, 4TOObl ObliH HHBAapHAHT-
HbIMH OTHOCHTEJbHO 3aMEHbl NEepEeMEHHBIX HHTerpaJel 10 OpPH e H-
THPOBAHHB M OKPECTHOCTSM,

MoxkHo Obl1o Obl paccMaTplBaTh TaK Ha3biBaeMble HedeTHole anddepenun-
anbEble (GOpPMBI, KOTOphle (B OTIHuKe OT BBEJEHHLIX BHIle 4eTHolx GOpM) mpH

3aMeHe MHepeMeHHBIX YMHOMKAIOTCH Ha MOAYJb sxoGuaHa. Tousee, HeueTHOH ¢op-
MOl cTelleHu p Ha MHorooBpasun M HaselBaeTcs BHIparKeHWe, KOTOPOE B JOKAJb-

HBIX KOOPAMHATAX ! HMeeT BH1 O = Ay v a’tVI A .. Adtvy, a npn sa-
§/]
MeHe TepeMeHHHIX {—>T NepexOJuT B Takoe e BhIpakeHHe ¢ KO3(hGHIHEHTAMY
Oty v tm) E, Oty o )
a =sgn a, f — T
Vi Vp a(rl,...,rm) Lo ip a(rvl,...,’cvp)

(cp. ¢ dopmynamu (10) n. 10). Heuernsle dopMb npucnocobaensl Aas HHTErpH-
poBaHust IO HEODHEHTHPOBAHHB M MHOrOOGpa3usiM.

[lepexox ot uHTerpasa 7O OKPECTHOCTH K HHTErpady 1o KoM-
NaKTHOMY MOAMHOMXKECTBY MHOroo6pasus MPOCTO OCYILECTBJSETCS
npy NOMOMIM TaK HasblBaeMoro pasGueHusi eguHHubl. Ilycte M —
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‘MHOroo6pasue knacca C! u {U;}, i/, — ero nokanpHo KoHeunoe!)
MOKDPbITHE OKPECTHOCTSAAMH; pasbuenuem eOuruybl, COOTBETCTBYIOLIUM
3TOMY INOKDHITHIO, HasblBaercs cuctemMa OQyHKuul e; & C'(M) rta-
KHX, UTO
1) 21 ei(x)=1, 0<e;(x)< 1, nas Bcex xeM; ~
e

>

2) HocuTesab e;, T. €. 3aMBIKaHHe MHOXecTBa {xe&M: e;(x) =0},
ABJSIETCS KOMIAKTHHIM NogMuoxectsom U,

Joxa3aTenbcTBO CylecTBOBAHUSI pa3GHeHHs] €IMHHIbI MBI TPH-
BegeM jJsi MHorooGpasuil M, pacro/IoXKeHHBIX B €BKJIM/I0BOM [PO-
cTpaHcTBe Rn.

Jlemma. Hasa awboeo orkpoiroco mromecrsa U R u awboeo
nuoomcecrsa K @ U cywjecreyer pynryua ¢: R —[0, 1] < R kaacca
C> Ttakas, 410

1 0xsa scex x<=K,

¢ () ={ 0 daa scex x=R*\U. )
<« CHayaja paccMOTPHM uYacTHHH cayyail, korna K={|x|<r} n
U={|x| <R} — xoHuentpuueckue mape (0<r<R). ITocrpoum

pyHKUHIO
1 1

g(t) =1 e re R, te]r, R,
[ o, t=R\]r, R]
H BO3bLMEM X
fg(’c) dt
h(t) = S
J. g (v)de

ona npuHamaexut kiaaccy C~(R), pasua 1 ma orpeske (—oo, 7]
u 0 ua orpeske [R, o). ITosromy dyHkuust @{x)=~h(|x|) obnamaer
HYKHBIMY CBOHCTBAMH. ‘

B ofmeM cayuae Mbl yCTpauBaeM KOHeuHoe (o jsemme Xefide —
Bopensi) noxpwitne K wapamu K; TakuMH, yto aas kaxporo K;
Haizercs KoHuentpuueckuit ¢ HuM map U;cU Goabuiero paguyca.
‘Hna gaxpodt napel (K;, U;) ctpouM, Kak Bhiue, QYHKUMIO @i, H

Toraa
p(0)=1—TI {1 —qi(x)}

i

~ 06Jaajaer HY}KHLIMY CBOHCTBaMH P

1y Tokpuithe {U;} nHasbiBaeTcs JOKaJbHO KOHEUHBIM, eCaIH JioGas TO4Ka
uMeeT OKpPecTHOCTD, NOKPLIBAEMYIO JIHIIb KOHedHBIM uHcioM Us,

.
i
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Teopewma 2. Mycro McR» — muocoobpasue kracca C». Haa
At06020 e20 aokaabHo KoHeunozo noxpotus {Uie; oTkpeiroimu
MHOXMCeCTBaMU u3 R™ cyuiecTsyeT COOTBETCTBYOULee ITOMY NOKPbL-
TUr0 pasbuenue eduruyst {e}.

< Kaxnas touka x & M uMeeT OKPeCTHOCTb, NepeceKawlnylocs
¢ xoHeuHpM uucaoM U; B kaxpoid U; Mbl BefepeM KOMOAKTHO
IpuHaiexkaliiee ed MHoXKecTBO K; Tak, uroOnl oObednHeHHe K; mo-
kpereato M, u nast kaxaoit mapol (K;, U;) ctpoum (mo semwme)
byukuuo @;, pasuyio | B K; u 0 Bue U;. [asnee paccMarpuBaem

cyMMy X @;(x) ¥ 3aMeuaeM, YyTo OHa ONpejeNeHa B OKPECTHOCTH
i/ 4

Kaxjao# toukn x&M (ubo Tam JHIIb KOHEYHOE YHCJAO (; OTJIHUHO
OT HyJs) H TOJOXKHTENbHA B KaxAOH Tako#l Touke (160 3Ta TOUKa
NoKpulBaerca Xorsa Obl onquuM K;, a Tam @;(x) =1, ocra/ibHble Ke
@;(x)>0). Oyuruun
er(x) =~ (6)
> 9i (%)
re1
OUeBHIHO, JalT pa3bueHue eIHHHUIEB, COOTBETCTBYIOILEE MOKPHI-
o {U} »
Onpenenenuve 2. Ilycte K — KOMIakTHOE TIOJIMHOMKECTBO
m-MepHOro opHeHTHPyeMoro MHorooGpasus M; unreepasom no K
ot ¢opMb w=CO(K) cTeneHH m Ha3LIBAETCH

fm—)feico—z feco 7)

iel K . i/ KNU;

rae {e;} — pasfueHHe eIMHHIL, COOTBETCTBYIOIIEE HEKOTOPOMY IO-
kportiio UU;=M. (Muterpan no nepecewenmio K(1U; rne nei-
is]

CTBYIOT JIOKanbHble KoopanHaTs £ =(¢], ..., 1}), onpenenen Boiure;
B CHJy JIOKa/JAbHOH KOHEYHOCTH MOKDPHITHSA CyMMa B OpPABOH 4acTH
CONEPIKUT JIMIIb KOHEUHOE YHCJIO OTJIHUHBIX OT HYJA CJaraeMsix.)

UTo6r y6emuTbcst B KOPPEKTHOCTH 3TOTO OMNPENeJeHHs], HYXKHO
[A0Ka3aTb €ro HEe3aBHCHMOCTh OT BbIGOpa MOKPLITHS H pa3BbHeHHs
€I HHILbL,

Teopema 3. Hycrb wy, {Uj} - dsa (n0KaAbHO KOHEUHDLX)
NOKPBITUA OPUEHTUPYEMO20 MHO2000pasus M u {ei}, {e;} — coorger-
cTsyowue um pasbuerus edunuyst. in awboeo K &M u gopmot
o=CYK) unteepaast oT w no K, sviuucieHuvle no 3TuM pasbue-
HUAM, CO8RAOAIOT.

<« HWurerpaJj, BhiuuC/IeHHBIH 1o pasbuennio {e},

[0-3 [ a0

i KNU;
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B CHJY TOXIECTBA ZQ;EI MOJXKHO Nepenncartb Tak:
i

Jo-X JeaXee-XX% |

i KNU; i i ’
i KﬂUiﬂUj

14
B nepeceuennu K\ U; ) U; BBeaeM HOBBIE JIOKaJbHBlE KOOPAMHATHI,
I4
COOTBETCTBYIONIME OKpecTHocTH Uj; B CHJIY HHBAPHAHTHOCTH HH-
N
Terpasa Hu TOXJaecTBa Zeizl OyneM HMeTh

fco Y [egdeo=)Y fe@

Fkaup F T knvj
Mbl nostyunsi MHTErpasl, BBIYHC/IEHHBIA 10 pasGuennio {ef) »

Ecan M — HeKOMIAaKTHOe MHOrooGpasue n N — ero HeKOMIAKTHOe M0.IMHO-
sectBo (B uwactHoctn, N=M), To Haj0 IMOCTPOKTL HCuepnbiBanue K KOMIAKT-

HBIMH MHOXKecTBaMn (KiK. UKu=N) Vurerpaa no N Ttorza omnpeje-

JAeTcsl KaK npeiea IIpH  [—>00 HH"“FpaJIOB 10 KOMDAKTHEIM MHOxKectBam N [) K|,
ecTH 3TOT Tpeied CYWeCTBYeT M He 3aBHCHT OT HCYepHbIBaHMs (HecOOCTBEHHBI
uHTerpan).

[Mpumepsn. 1. [lycte y—raagkuit nyms z=z(1): [0, 1]—Cn,
a f— dyuxuns, rojomMopbHas Ha MHOXecTse y (T. €. TosloMopGHAas
B Kax1I0l Touke ZEYy); paCCMOTpHM Ha y auddepeHnuaIbHYIO

' 0
thopMy 1-#1 cTeneHn o= 2‘ I dz,. Ecan orobpamxenne z=z(t)
=1
roMeoMopdHo, TO Y MOIKHO paccMaTpuBaTh KaK OKPECTHOCTh, a [ —
KaK JOKa/JbHbI{ mapaMerp, AedcTByomuil B Heil. [To onpesenenuio 1

1

n
" af \' O] dzy,
f azvd .[ Oz, di at
vy v=1 0 v=1

(MBI cuMTaeM y MOJIOXKHTE/NbHO OPHEHTHPOBAHHLIM). TakK Kak (pyHK-

[§]
unsi f ronomopdua (7. e. (T‘L=O v=1, ..., n), TO NOAUHTErPab-
Hasi (QYHKUMS crpaBa sBJsieTcsl NPOU3BOAHONH ¢GyHKUIMH foz(f), n
no ¢opmyne Huiotona—Jleii6anna (anss QyHKuui LefcTBHTENbHO-

ro NepeMeHHOro) Mbl IOJyYaeM

[ 32 de= - e, ®

vy v=1
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rie 2°=2(0) u 2'=2z(1) — xoHnuw! nytu. B o6em cayuae oroGpa-
KeHHe 2=2z(f{) JoKaJabHO romeoMopdHO (B CHIY YCJI0BHsS 2’(f) =0,
NPHHATOTO HaMH AJs raakux nyreil); pasbusas [0, 1] Ha KoHeuHoe
YHCJIO OTPE3KOB, Mbl NPHJAEM K TOMY Ke COOTHOLIEeHHIO (8).

2. Iycte D, — 0QHOCBSA3HBIE MJocKHe 06J1aCTH C TJIAIKHMH Ipa-
Hunamu 0D,: z,=2,(4,),t,<[0, 1], u D=D;X... XD, — noauxkpyro-
Bag o6aacte 8 Cm. OctoB stoft o6aactu I'=0D,X...X08D, MoXHO
paccMaTpHBATh Kak raajkoe n-MepHoe mMHorooGpasue. OHo aABfsieT-
ca raaakuMm ofpasom kyba Qr={f=Rn»: 0 L ¢, < 1} npu otobpaxe-
Huu 2=2(t): Q® —C»; opuenrauuio Ha Q" u, cleioBaTe/bHO, Ha T
MBI BBeJeM YCJOBHEM BO3pacTauus Bcex KoopauHar f,. [lapamerp
t= (4, ..., t,), MeHsdwowuics B Q" MOMKHO HCIOJ]b30BATb MNpPH
BBHIUMCJIEHHN HHTerpanos no I', xak B onpeaenenun 1, xota I' u He
sBJsiercsi roMeoMop®HLIM o6paszom Q7 (3TO mOKasbiBaeTca pasbue-
HueM eiuHuusl). [lyetb 0=C%(T) — dopma Oucrenenn (n, 0), 1. e.
umewmas BHA wo=[dzu/N ... N\dz, rtiae [— HenpepbiBuasg ua [
tyuxnus. Ilocne BBenenusi napamerpa ¢ Gopma NPUHUMART BUI

. O(z,.. ) dz dz,
m—f—a(tll,.. -——t)dt Ao ANdt,=F 1,..dtn dty A ... A diy,

MO3TOMY, COlJIaCHO CKa3aHHOMY BHIIIE,

_[pdn _
I[fdzl/\.../\dzn— J"fdtl L gLt =

=f gt . dez" dt, fdzl ffdz,l.
0 aD, oD,

Takum ob6pas3oM, HHTerpas or o no I' coBmajaer ¢ MOBTOPHBIM
uHTerpasioM. TouHO Tax e NOBTOPHEIN HHTerpas Kouwin, BBeaeHHblid
B TNpenblAyilefl rjaBe, MOXKHO paccMaTpUBaTh KaK HHTerpas 1o
n-MepHOMY MHoroof6pasuio:

dz, [@de, _ 1 [ [(@)dg
1@ = (2m>"f Gimz ) Tamen @) oo O
6Dn r
rge Mbl 045 KparkoctH o6GosHauuaM di=d{ A ... Adt, u
1 1

T—2z (Gi—21) - Gun—zn)

§ 5. Teopema Kown — Ilyanxkape

B stom naparpade Mbl paccMOTPUM MHOTOMEDHBIH aHaJsor oc-
HOBHOH TEOPEMBEl TEOPHH aHAJUTHUECKHX GYHKUMH — TeopeMbt
Komn. LleutpanbHyio poab 3aeck #rpaer ¢Qopmyaa Crokca,

21 B. B. llaGar
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CBS3BIBAIOIAY [(Be ONepalMu: TONOJOIHYECKYI0 ONEpanHio B3STHA
TPAHHIK M dHAJHTHUECKYlO onepamuio Auddepennnposanus dopm.
HayxeM u3yueHHe ¢ onepamuu B3SITHA TDAHHIBL.

12. Uemu u ux rpaHuunt, PaccMOTpUM (3aMKHYTBIH) OpUEHTH-
POBAHHDIA mM-MepHbIA CHMIUIEKE Spm={Py P; ... P; }, rne P,—
BEPUINHLI CHMIIEKca, B3AThle B KaKoM-1u60 mopsiike; mpeanosa-
raetrcs, 4YTo OHHM HaxoasaTcss B o6weM nojsoxeHnu !). MHaekcs-
i, {4, ..., I,y o0pa3yoT nepectaHoBkKy u3 uucea 0, 1, ..., m; uer-
HOCTb 3TOH NEPECTAHOBKH ONPERE/sIeT MOJOKUTENbHYI0 HIH OTPH-
1aTe/IbHYI0 OPUEeHTALHIO.

Byaem cuurath, YTO opueHTAUMS S, UHOYyUpYyeT OPHEHTALHIO
rpaHeil 3TOro cuMillexca Mo ciaeayolieMy npasuay. ['paub SO, =
s, = {Pi‘ sz}, nosyuaemyio u3 S, orépa-

CLIBAHHEM BepLIHHBI, KOTOpas CTOUT Ha mep-
BOM MecTe, Oy/JeM CUUTATh OPHEHTHPOBAHHON
TaK ke, Kak Sy. OpHeHTAUI0 NPYrux rpaHei
() O0yleM BBOAUTb TaK: OTOpachlBaeMyl0 Bepuliu-
Hy P;, NMepeBOIHM Ha MepBOe MECTO H MpH-
A, 2, fluchIBa€M COOTBETCTBYIOLIEA I'pDaHU TY OPHEH-
TaluIO, KOTOPYID HMeeT cummiexc (P Pi ...
Puc. 90. P' P P

¢ e l’V—l iV+l e 1m}.

Ha puc. 90 usobpazkeH AJs NpHMepa ABYMEDPHHIH CHMIJIEKC
{PoPPs}, opuenTHpOBaHHBI mnonoxuteabHo.  MHayunpoBaHHas
OpDHEHTAUHsi ero OHHOMepHBbIX rpaHell cieaywollasa: {PPy},
-—{Po P2}={P2 Po} H {Po P]}

Onpeneaenne 1. I'panuyed cumnaexca S,, Hasbipaerca co-
BOKYNHOCTb OSy, ero (m — l)-MepHBIX IDaHeH, B3ATLHIX € HHAYIH-
pOBaHHOII opHeHTalHeH. YCJIOBHMCS 3aHHCLIBATh 3TY COBOKYNHOCTD
Kax CyMMy:

0S =S+ ... +Si (1)
IMpumep. Haa cumniekca Sp={PoP\Py} rpanuueli sBisercs
0Se={Py Po}+{P2 Po}+{Po P1}
(cM. puc. 90). Fpanuuna ogHoMepuoro cumiiekca S;={PoPi}
0S;=P; — P,.

Tpanuyy Hyremeprozo cumnaexca (Touxu) 6ylem cuutaTt pas-

HOU HYAIO. )
OnpeaeneHue 2. Bynem HasmBaTh m-mepHod uensio oTO-

v
6paxceHye COBOKYITHOCTH Mi-MePHLIX CHMILIEKCOB SV (h=1,..., N)

1} Ot1o0 o3HayaeT, 4To HHKakue 3 u3 Py ne sexar na oaHofi npaMol, HHKa-
Kue 4 He jiexaT B OJHOH ABYMEPHOW TJIOCKOCTH H T. J.
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B Kakylo-n1160 KOMMYTATHBHYIO Tpynny (Hanpumep, rpynny Z le-
abix umucen). IlpunuceiBas kaxiomy S, ero o6pas n, npu 3TOM
oTob6paxKeHun Kak (OpPMAaJbHBIH Ko3@(duUHeHT, Mbl MOXeM Mpei-
CTaBUTH LEMH KaK (opMa/bHble JHHelHbie KOMOHHALNH:

N
Ym = 2 n\'S(V)- (2)

v=]

I'panuyeti yenu v, vazoseMm (m — 1)-MepHYy1O0 1eTb
N
oy, = 2 ny aSSr\;) (3)
v=]

Llenu oAHOH pa3sMEpPHOCTH MbI YCJOBHMCH CKJIAAbIBATL MeXLy
coboit (moxosphUUHEHTHO); B YacTHOCTH, OyaeM NPHBOAHTbL MOAOS-
Hble ujeHbl (KOrjga 310 BO3MOXKHO). COBOKYIHOCTh BCEX M-MEPHBIX
ueneil (¢ xoaddUUHEHTAMH U3 LaHHOH TpyMel) o6pasyer, cl1ef0Ba-
TeJAbHO, KOMMYTATHBHYIO TPYIIy, KOTOPyI0 MH OyaeMm ofo3HayaTb
yepes 'y

Oneparop B3sATHS TPaHHIB MOMXKHO pPaccMaTpHBATh KakK onepa-
Top, npeolpasywomuit I'y, B Iy

0: Iym—Tmo, (4)

MpHUeM  3TOT  OMepaTop  COXpaHseT TPYNNOBYHd  olepamuio
(0: v +y2 —>0y{) + 9y?), 7. e. aBasercs romomopdusMoM.

Teopewma. Ksadpar oneparopa 0 pasen HYyato, T. e. 0As At0-

boil yenu yu=I'n
02Ym=0(3vm) =0. ()

< TeopeMy MOCTATOYHO AOKA3aTh [AJs M-MEPHBIX CHMILIEKCOB
Sm. [lpny m=0 no onpenpenexunto npuHsito 0Sp,=0, 3Hauur, H TO-
paso 0%S0=0. Has m=1 umeem S;={PyP}, 98,=P — Py u
025,=0 (onaTe HcnoMb3yercs, YTO TPaHHIA TOUKH paBHA HYJIO).

[Mycte m 2> 2; paccMOTPUM CcUMIIEKC Sy ={PoPiP,...} u Gynem
CNeANTDL JHIIb 34 TEMHU ero TPaHAMH, KOTOpble BHOCAT B 0%S,, CHM-
IJIEKCHI, He cofepiaulde oiHoBpeMenHo BepmnH Py u P;. UmeeMm

aSm:{P1P2 . }—‘{Popz .. }+ Cey
OpHUeM HeBBINUCAHHBIE CHMINIEKCHI cojepar ofe sepwminub Py H
P,, u, pasee,
028, ={PePs ...} —{PiP ;.. } —{PPs .. }+{PoPs .. }+...=
=—{PPy .. J4+{PoPs .. }+. ..
Mbl BUAUM, YTO B BHpPaxKeHHH 02S,, CHMILIEKCH], He COAEpKAlLHe

sepuinH Py u Py, coxkpautatorcs. Ho mepecraHoBkoi Bepwud (KoTo-
pas MOXKeT MePeMEHMTb JHUIb 3HaK) MBI JI0Oble ABe BePIHHH Sy,

21*
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MOXKEM MOCTaBHTh Ha MecTo Py u Py, cie0BaTe/qbHO, B BbIPaKEHHH
0%S,, cokpamaiorcs BCe CHMIIEKCH, U 025,,=0 »

Onpepenenue 3. Bynem HasnBaTh yuxiom MoGyIO UEHDb y,
rpaHuna kortopolt paBHa 0 (dyn,=0). Llens vy,, KoTOpas ssJjsiercs
rpaHuueH KakoH-THOO HeMH Ypmi1 (Vm=0Vm4+s) ¥ KOTOpAs Mo J0Ka-
3aHHOH TeopeMe HelpeMEHHO SIBJsieTCs] IMKJIOM, HA3bIBAETCA HUK-
AOM, 2OMONOUYHBLM HYAIO.

HMKaEl JaHHOH pa3sMepHOCTH m, OYeBUAHO, 06pasyloT rpynmy
Zn, KOTOpas siBasercs noArpynno#t I'y,. TouHo Tak e nuKJIbL, FOMO-
JIOTHYHble HyJ10, o6pasyioT moarpynmny B, rpynnet Z,. D1y noa-
TPYNNbBl MOXKHO OXapaKTepPH30BAaTh €lle TakK:

Zn={ym=m: Oyn=0} (6)
siBJIsieTcst A0pom romoMopdu3Ma 0, T. e. COBOKYMHOCTBIO 3JIEMEHTOB,
kKotopeie 0 nepesoxur B 0 (o6o3uauenune: Z,=kerd), a

Bm={vmerm: Ym:anJrl} (7)

— obpasom 3TOr0 TOMOMOD®H3MA, T. €. COBOKYMHOCTLIO 3JeMEHTOR
I'm, B KoTopnie O mnepeBOAMT 3JeMeHTH [y (oGosuaueHue:
B,,=im0).

Paccmorpum mocsieoBaTeqLHOCTh JIBYX TOMOMOpP(H3MOB

r 6m+l’ I-‘m %_> Fm~1 (8)

(mast ICHOCTH MBI CHaOxKaeM omepatop 0 HHJEKCOM, YKa3bIBaloHIuM
pa3sMepHOCTD 1lenell, Ha KOTopble OH AeHCTByeT); MOKa3aHHAs BhIUeE
TeopeMa rJacuT, 4TO

m+]

imd,,  cker 0y, (9)

TlocsegoBaTe bHOCTH FOMOMOpdeSMOB, VAOBJIETBOPAOILLHE 3TOMY
YCJOBUIO, HA3BIBANOTCA NOAYTOUHbIMU, €CIH K€ BMECTO BKJIIOUYEHHA
HMeEeT MeCTO PABEHCTBO!

im 0”1_},1 =ker 0}7‘” . (10)

TO MOC/JAeI0BaTeNbHOCTh Ha3biBaercsd To4Hod. TOYHOCTL MOC/Een0Ba-
TesibHOCTH (8) O3HauaeT, cjefoBaTeNbHO, uTo B I KamABI HHKA
rOMOJIOTHUEH HYJIO.
D ,o (@
Hasosem aBa mukaa v\, y2 & Z, eomoroeuunoinu (v ~v%?),
ecaM MX pasHOCTh romosoruuda Hymo (Y)—y2eB,, 1. e,
vy —y@ =9y _,|). Ksaccel roMOJOrHYHBIX APYr JIPYry UHKJIOB
o6pasyioT GakrToprpynny
Hm=Zm/Bm, (11)

KOTOpas HasbiBaeTcsl epynnod eomoro2uii. TOUHOCTD Mocae0BaTeNb-
HocTH (8) o3Hauaer, O4YEBHJHO, TPUBHAJBHOCTD 3TOH TIpYINH
(Hm=0: Bce UKJIbI TOMOJIOTHUHBI HYJIIO).
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Beejnennsie nowsitTis Ges Tpyda NepeHOCHATCS Ha IPOH3BOJIBHOE
r1afikoe OpueHTHpyeMoe MHoroo6pasue M. Mmento, /cpueoxzuueu-
Holm cumnaexcom Ha M MBI GygeM HA3LIBATH Napy Om=(Sp, D),
rae S,, — OPHEHTHPOBAHHLIN cuMiieke U @: S,, —> M — HenpepbIBHO
aubdepeHnupyemMoe romeoMopdHoe otofpaeHue (coxpaHswolLee
Wi MeHsioulee opuenrtauuw). Hasnee, m-mepHoit yenoro na M Ha-

30BeM JIO0YIO IHHEAHYI0O KOMOHHAIUIO G, = 21,00, rre n, — aae-

MEHT Kakoii-su6o prHHbI a oy = (Sm @,). I'paxruyed yenu oy,

HAa30BeM IIeNb va 9%, rae 60(”) (085,?, V)- Be3 Bcakux H3Me-
HeHUll TNepeHoCcATCH Ha MHOToo6pasusi OompejeseHus UMKAa, TOMO-
JIOTMYHBIX LUKJIOB ¥ TPYyNIbl TOMOJOTHI.

Bcrody 8 Oanvretliuem (ecau e 02080peHO npoTUsHOe) Mmbl Gy-
dem paccmarpusary yenu ¢ yeAOUUCACHHBIMI KOIppuyuenTamu
n,=7 Ha en00KuxX OpueHTupyemolx nogepxHoctax M npocrparcrsa
R» uau Cn.

KpusosnHelinstit cummieke (S, @) mer yacto 6yneM o6o3Hadarh
npocto cuMBodoM S. Mul Gyrem paccMaTpuBaTh KOHeUHble HAGOPEI
KpUBOJAMHEHHMK cuMiiekcor {S}=K, yaoBrerBopsiollive C/aAefylo-
IIHM YCIOBHSIM:

1) xaxawtii cuMmniexke S, BXxoauT B K BMecTe CO BCEMH CBOHUMH

TP aHsIMH SE,”_H;

2) mobnie gBa cuMmiekca u3z K aubo He Nepecekaiotcs, Jubo
HX IepeceueHHe ABJAETCH IPaHblo (KaKoH-1160 pa3MepHOCTH) KaxK-
JIOTO U3 HHUX.

Taxue HabGopbl Mbl GyleM HasbIBATb KOMAACKCAMU; PA3MEPHO-
CTor0 KOMIVIEKCA GyzeM Ha3niBaTh HauboJbIIYI0 U3 Pa3MepHOCTEl
COCTABASOINUKX €ro cHMIiekcoB., O0bennHeHHe ToYeK BCeX TaKHX
CUMIJIEKCOB OyAeM Ha3biBATb HOCUTEAeM KOMRAEKCA WA HOAU-
adpon.

[lycts man xkommiekc K Ha m-MepHOU noBepxHocTH M; Torma
p-mepnyio tenb (0L p < m) komnsaekca K, T. e. JUHEHHYIO KOMOH-
HALHIO ODHEHTUPOBAHHBLIX P-MEPHBIX CHMILIEKCOB Sy’ &K ¢ ueso-
YUCJIEHHBIMH KO3 (DHIIHeHTaMU:

N
y= Z VS(W

V=

MBI 6le€M HArJsaaAHO NpeACTaBJ/iATb Kak Ha6op 9THX CHUMIIJIEKCOB,

npUYeM S;,") BXOAUT B Habop n, pa3 c opueHTauuei M, ecam n,>0,
U C MPOTHBOMOM0KHOH, ecin n, <0,

Ha puc. 91 u3zobpaxkeHo HeCKOJbKO OJNHOMEPHBIX IUKJIOB Ha
tope T B R? kotopmifi npeiacrasasier coboft HOCUTeNb ABYMepPHOIO
KoMIiekca, Lluka yy TrOMOJIOTHUEH HYJIO — OH OTPaHHYHBaeT
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JABYMEpPHYIO leMb, HOCHTEIb KOTOPOH 3alNTPHUXoBaH. LIHKJABL yi H y2
4
HErOMOJIOTHYHB! HYJ/I0 U HETOMOJIOTHYHB APYT APYTY; HMKJ Y5 TOMO-
rd

JIOTHYEH IUKAY — yo (2TO BHAHO H3 TOTO, UTOy:z+ Y2 OTPaHHYHBAET
JAByMmepHyw nenb). MoxHo yGeauTbcsi B TOM, UTO BCAKHI
OHOMEpHBIA IHK/J y HA Tope FOMOJOrMYeH HEKOTOpOil JuHelHoH
KOMOMHALMK UHKJIOB y; U Yz C LEJBIMU KO3 (PULHEHTaMH (paBHBIMU
Hymo, ecan y~0). Tlostomy rpynna
OJHOMEDPHBIX TOMOJIOTHH TOpa € LEJIbIMH
kosbdunuenramu H,(T, Z) usomopdua
npsiMoH cymme AByX rpynn Z,.

Jlio6o# nByMepHBIT HUKJ HA TOpe
npectasJser cob6oH mesoe KpaTHoE ca-

s moro topa. ITostomy Ho(T,Z)=7Z.

7 13. HduddepenunpoBanue dopm.
Ilycte M — muoroo6pasvie pa3MepHOCTH

Puc. 91. m kaacca C? y @ — raanxas dopma cre-

neHu p<m, 3ajaHnas Ha M.
Onpenenenune 1. Huppepenyuar do dopMb o onpenensier-
Cs B JIOKaJbHBIX KoopawHatax = (fy, ..., f) caeayomwium olpa-
30M: €CJIH B 3THX KOOPAHHATAX

w=2’fVl oy, dtvl Ao A dtvp, (1)

TO B HHX
do=2 dfy vy Ndby AN (2)

rae df =g—tf]dl‘1 4+ .00+ aitf,; dt,, — nudpdepenuuana GyHKuun f=

= f’V v_*
LoV
OTMeTHM fBa NpPOCTHIX cBoOHcTBa AuddepenunpoBanus ¢Gopm:
(I) d(o1+02) =do|+dwy; . . (3)
(I1) d{wiN\w2) =doNwz+ (—1) Po; ANdws, . (4)
Tie p — cTenedb GopMEl @;. )
[lepBoe CBOHCTBO O4EBHAHO. YUHUTBIBAsSI €I0, BTOPOE CBOHCTBO 1O-

CTaTOYHO 0Ka3aTh A cAydasi, KOraa nepeMHoxaemble GopMbl aB-
JSIIOTCSE OMHOYMEHAMH:

(0]=fdtp,l /\ e e /\dtup,
0)2=gdtvl/\ cae /\dtvﬂ'
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B sToMm cayuae Mb umeeM ©; A og=fgdipi A ... A dty, A
Adty A ... Adby, B |

d(('o] /\ m2)=(gdf+fdg)/\ dtul /\ R /\ dtu,p /\ dtvl /\ oo /\ dtvq=
= (dIAdty A Ndby YA(gdbe Ao Adty Y+ (Fdiu AL A dE, YA
A (=1 (dg Adty A ..o Adby )=dog A 0 +(—1)" o A doy,

410 H TpebyeTcs.
Teopema 1. [Haa awbod gopmer w xaracca C? keadpar one-
paropa d pasen HYAt0:
d’0=d(dw) =0. (5)

< [Ina dopm o=fdH/\.. . N\dt,, crenenn m, paBHOH pasMepHO-
CTH MHOrooOpasus, yke HepBbIﬁ andepeHnnas paBeH HYAO (3To

of

celyer u3 Ttoro, uro df = Z dt,, a BHelllHee NpPOH3BeIEHHE

v=1 ‘
ojuHakosbx Auddepenmmranos pasno nymawo). [das dopm creneHn
m—1 guddepernuan do apasercs GOpMOHl CTENEHH m, U, CJAeno-
Bateabto, d?0=0. Oaa dopm crenenu p < m—2 Mbl NOACUHTAEM
BKJaJ, KOTOPBIH BHOCHT B d?w And@epeHuupoBanue no fy u £ Oue-
BH/IHO, A0CTATOYHO PACCMOTPETh COBOKYMHOCTb TeX U/IEHOB B BhIpa-
JKEeHHUH @, KOTOpble He cofepxat dfy u dis, T. e. hopmy

o =2"f, oy AB A s Ady,

Tlle ABa WITPUXA Yy CYMMB O3HAUAKOT, YTO CYMMUDOBaHHE BEAETCH
10 BCEM MHAEKCAM Vi, ..., Vp, I KOTOpHX 2<vi<. . . <vp L m.
Mbl umeem .

dﬁ)l—z af’v dtl /\dt’vl/\ . /\dtv +
+y 2 "fv dty Ndivy N Aty F .

(BhIMHCaHH JIHUIbL T€ ClaraeMble, KOTOpble coaepiKat aubo dty, an6o
dz 2” azfv
dts, 1N KPATKOCTH IOJIOXKEHO f"l vp-—h) u d’o, = (azl T

2
_ BZ g"tl) diy A dia A dtvl/\ oA dtvp + ..., B CHAY PaBeHCTBa

CMeIUAaHHBIX MNPOU3BORHBIX BHPa)KeHHe B CKOOKAaXx paBHO HYJIIO,
a Tax Kak uwieHn, 0003HAaueHHble MHOTOTOYMEM, He COAEPMHaT INPo-
usBenenus dt;/A\dts, To KospounnedT B d?w; NPH 3TOM INPOH3BeAe-
uuu pasen 0.

ITepecTanoBkoil HHIEKCOB MBI MOXeEM JI0Ghle ABa Audpdepes-
HMasia MmecTaBuTb Ha MecTo dfi/\dls, T03TOMY MOXHO YTBEDPXKAATH,
yto d?0=0 »
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Mpumep. B cayuae m=3 u p=1, 1. e ¢opmsr @=fdf,+fadts+fsdty
nMeenM

3 (9], sz) 0 (afl afs)
267 — J 2 — _— —_
d ‘”‘{ on (arz YA I T W TR T B

d (0f, O )}
Ol _ 9y t 5
HrT (azl at, | § A1 N db A dls
U TeopeMa 1 CBOAMTCSH K KH3BECTHOMY H3 BEKTOPHOTO aHaau3a TOKAECTBY
div rot f=0, (6)

rre f=(f1, [2 fs) — BexTOD.

Hame onpenenenne nuddepennuana ¢opMbl cPOpMyanpoBaHO
B TePMHHAX JIOKAJBbHBIX KoopauHat. OQHAKO Ha caMOM jele AH-
(depeHnHas MHBapHAHTEH OTHOCUTENbHO KoopauHaT. TouHee, crpa-
BeIJIMBA

Teopema 2. Huggpepernyuar eradroid popmor Ha 2aa0Kk0M
MHO02006pQ3UL MEHACTCA NO 3AKOHY U3MEHeHUS Oupepernyuarvrox
dopn.

<4 HaM HyXHO N0Ka3aTb, YTo NpH r1aAxkofl (He 0053aTeNbHO To-
MeoMop(hHOH) 3aMeHe KOODAMHAT ¢ — 1 AuddepeHunan deo nepexo-
JUT B TO caMoe BhipaXkenHe, KOTOPOE TOJyYaeTcs NPH BoIYMCJIEHHH
Auddepennnana GOpMH @ B KOODAHHATAX T.

Ilo ceofictey (I) MOXKHO orpaHuudTbhCs HOPMaMu BHAA

o=Fdty A ... A dby, = o, (7)
rae @p=dty A ... A\ dtvp. DyneM paccMaTpuBaTh o Kak MpPOH3Be-

geune ¢opMbi HyseBolt cremeHun (dyuxuuu) [ Ha Qopmy ¢p. [lo
cBoicTBY (I} B HOBBIX KOOpAHHATAX

do (1) =df (v) Ny (v) +f (v) dop (1) ;
c/le10BaTeNbHO, Bee GyjeT A0KA3aHO, €CAH Mbl AOKaXKeM, uTo
doyp (1) =0. (8)

CnpaBeasuBOCTh 3TOTO PaBEHCTBA JETKO J0KAa3blBaeTCsl MHAYKIHel
no p. lpu p=1 dopma ¢(¢f) =df,, n npu 3amene { —t 10 TeopeMe
06 uuBapuauTHocTH AHddepeHnHasa OHa NepeXoAHT B Auddepen-
nHan QyHkuud £y (T, ..., Tm); 00 TeopeMe 1 nMeeM, cnegoBaTelb-
"o, dg1=d?%,(t) =0. IIyctb (8) BepHo mns Bcex (opM cTeneHH He
shilne p— 1. Torga ¢p MOXHO paccMarpuBaTh Kak IIPOH3BeACHHE
@p-1/\dt,, n o csoiictsy (II) B MHAYKTHBHOMY TIPEANIOJOKEHUIO
HoJyyaeM, 4To

dey (1) =dgpaa Adty,+ (—1)p-Igpa APty =0 »
B kauectBe TpuMepa mnpuMeHeHus AuddepeHnupoBanHuss opm

npuBeseM  JOKas3aTenbCTBO TeOPeMB  CYILUECTBOBAHHA HEABHBIX
(PYyHKUHM. '
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Teopema 3. [lycre ¢pynxyuu fu (2), u=1, «.., ¥ (F'=n—r,
1< r<Ln—1), ecoromoppuer 8 Touke a=Cm™ u onpedeaureas
of
Det az:), v=r+1,...,0n, OTAUYEeH OT HYaa 8 To4ke (Qrt1, ....
., Qn). To20a cucrema ypasreruti

Fulze ...y 20)=0, =1, ..., ¢, (9)

paspeuiuma 8 HEKOTOPOU OKPEecTHOCTU TOYKU @ OTHOCUTEAbHO nepe-
MEHHbIX 2, V>T, T. €.

szgv(zl’ R ] 27')? v=r+]i sy , (10)

npuuem yrkyuu g, eoromophuet 8 Touke (ai, ..., ).

< Mu npuBejeM 3Ty TeOpPeMY K COOTBETCTBYIOUIEH Teopeme H3
neficTBUTeNbHOrO aHagausa. /st 3TOro NOJNOXKHM  [=u,+ivy,
z,=x,+1iy, n 6ygem paccMartpuBath (9) kak cucremy 2r’ vpaBHe-
HHH OTHOCHTEJBHO 2/1 HEU3BECTHBIX X, Y-

G (up vy oy, U)
Jas BoiuucsaeHus saxobuaHa - OTBJEUEMCS
O (Xrats Yrats <+ v X Yn)
orT cuctemu (9), huxcupyem rnepeMeHHbIe 2y, ..., 2 H OyneM pac-
cmatpuBath [, ..., f, Kax OQYHKIHHM OCTa/JbHBIX MepeMeHHbIX
Zr4ty - -+ Zn. YUATHIBAS, UTO 3TH (QYHKIUU rojoMopdHbl, MO NPABH-
JlaM BHEINHEro yMHoxeHust nuddepeHnnasoB nojgyyaem
O(fpy - Fr)
dfl Ao A dfr,—~md2,+l/\ ‘e /\dZn,
OTKyfRa, Nepexoasi K KOMIJIEeKCHO CONpSXeHHBIM BeJHUMHAM, Ha-
XOIHM
d(Frenan ) -
v oen i e e z T ) dé .
dfl A dfr O (Zrets oves 2n) erH A A dz,

[To TeM ke npasunaam
dz, Ndz,= (dx,+idy, )N (dx, — idy,) =—2idx ,Ndy,

v ananoruuno df Ndf,=—2idu,/\dv,. TlosToMy nocie nepeMHo-
HEeHHUS] TOC/TeAHUX COOTHOIWEHHH MBI NOJyYHM

du, Ndo A ...du, N\ dv,=

I(Fye b)) P2
—a—(—z'(‘r'ih—m—,‘;n))— dxr+l A dy”_l A oo Ndxg A dyn

(MBI NMpOU3BENU OJMHAKOBHE IIEpECTAHOBKH B 0O0EHX UacTAX 3ITHX
coorTHolenuft), Qcraercs 3aMeTHTh, UTO NpOU3Benerus auddepen-
MaJ0B B JIEBOH H NPaBOi YacTAX NMOCJAEJHEr0o paBeHCTBa MpeaCcTaB-
JasitoT coboii cOOTBeTCTBYIOMHE 27 -MepHbIe 3JeMeHTapHble 00beMb
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(B3sTHIE € KaKHM-AH60 OAHHAKOBBLIM /st 00€HX uacTeil 3HAKOM) H,
C/le0OBATe/NbHO, HX OTHOLIEHHE PaBHO BICKOMOMY sIKOOHaHYy:

O(up vy eestlpyv) | O(fy e f) | (11)

G} (xr+l» Yrelsy o ooy Xn» yn) o a (2r+l: ooy Zn) :
ITo ycaosuio siko6uan B npasoit yacru (11) oTaumueH oT Hynst
B TOUKE (Qyt1, ..., Qn), MOITOMY B CHJY TEOPEMLI O HesABHBIX (PYHK-
UHSIX U3 AeHCTBUTENbHOTO aHanu3a cucteMa (9) paspemnMa B okpe-
CTHOCTH TOUYKH @ OTHOCHTEJNBHO NMEPEMEHHBIX Xryi, Yrtl, -+ . Xn» Yn

(ycJoioBusi HemnpepelBHOCTH, TpeGyeMble B 3TOH TeopeMe, y Hac 3a-
BefoMo BuinoaHswoTcst). [To ToH ke Teopeme dyHkuum z,=x,+7y,

(v=r+1, ..., n) nubdepeHuupyeMs B CMBbIc/ie AeHCTBUTENLHOTO
aHanusa (10 NepeMeHHBIM 2i, Zi, ..., 2r Zr). Ho, nupdepenuupys
cucreMy (9), HaxonuM
n
afu
EOTVdZV_O’ pn=1, ..., r

(MBI BOCHOJIB30BaJUCh TeopeMoM 00 HWHBapuaHTHocTH Auddepen-
upana), OTKyAa B CHJY YyCJIOBHS HE PABEHCTBA HYJIO ONpELeNHTENs
(11) BUAHO, YTO B OKPECTHOCTH TOUKU (@4, ..., @,) IH(Dbepen-
uuansl dz;41, ..., dzn JUHeHHO BHpaxkaloTcs deped guddepen-
unajiul dzy, ..., dz, Ilostomy ¢yukmuu (10) rosoMopdHBE B TOUKE
(ai, ..., a;) »
3ameuanune Coornomenue (11) obobllaer Ha npocTpaHCT-
BeHHBIH C/JAy4all COOTHOIIEHHE MexAYy SKOOHAaHOM U TNPOH3BOAHOR
rosoMopdhHoll QYHKIHH 0JHOTO NEPEMEHHOro:
é (ur U) _ ’ 2
sy = @I
{cm. . 7 4. 1).
B 3akjueHue 3TOTO MYHKTA NPUBENEM HECKOJbKO 3aMeuaHHi
H onperesnenuii obumero xapakrtepa. Omnepatop AH(pdepeHunposa-
Huss d npeobpasyer rpynny QP pcex auddepeHnHasbHbBIX (opMm
cTeneHu p Ha MHoroo6pasum M (paccMaTpuBaOTC (OPMBI H MHO-
rooGpasus us Kaacca C') B rpynny QP+l dopM crenenu p+1:

d:Qr—Qp+l : (12)

10 or1ob6paxKeHHe SABJAETCS TOMOMOpPOHUIMOM, HO0 @1+ ws—>
—dw,+Hde,, olHakKo He Ha BCc rpynny QP+l nbo He Kaxnas
¢opma cremenn p-+1 sBasercs AuddepeHunansoM Kakoi-1H60
($opMEI eTeneHy p.

Onpenenenune 2. [Nubdepenunanbnas ¢opMa o Hasbl-
BaercH 3amxHyrod, ecam ee nuddepenmpan do=0. dopMa @ Ha-
-3bIBAeTCsl TOYHOU, ecau OHa sBasieTcss AuddepeHnmuasoM Kakoi-
aubo GopMul: w=dQ.
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3aMKHYTHe (OpMBI CTeneHH p Ha MHoroo6pasun M obpasyiwor
rpynny (1o cJoxeHHI0) ZP, KoTopasi sBJASeTCS NOATpyiIoi Q7.

Mbl umeem
Zr={psQr: do=0}, (13)

T. e. ZP cayxur sadpom romomoptusma d (ZP=kerd). Tounmne
¢dopMel 06pa3yT rpynny

Br={o=Qr: o=dQ}, (14)

Koropas siBasercss obpasom roMoMopdusma d (BP=imd).

Ilo Teopeme 1 Bcakasi Toudas ¢opMma 3aMKHyTa (W60 eciau
w=dwo,, 10 do=d’w;=0), caegosatensuo, BP aBasieTcs NOArpyl-
noit rpynnsl ZP. [lo Toli e NpHYHHE [10OCJENL0BATENBHOCTL TOMO-
Mop®hH3MOB

d d
QP T, QF 2, P (15)

ABJasieTess noayroyrold (imdp_y—ker dp); TOUHOCTb 3TOH TmOC/enO-
BateabHocTH (imdp_y=kerd,) o3Hauaer, OyeBHIHO, UYTO KamKpaas
3aMkHyTas Gopma creneHd p Ha M siBjsiercsl TOYHOMH.
dakroprpynmna
Hpr=Z7Zpr[Br (16)

COCTOHT M3 KJIAaCCOB 5KBHBAJIEHTHBIX (hOPM: K OJHOMY KJacCy OTHO-
csiTcst OPMbl, Pa3HOCTh KOTOPHIX NPHHAANERUT BP, T. e. aBssercs
TouHoli dopmoll. TouHocTh nNocaenoBartenbHoct# (15) cBoaMTCH K
TPUBHAJbHOCTH Tpynnu H? (HP=0).

OueBugHa aHaJorust oneparopa 4 AuddepeHUHPOBaHHA GOPM
c omepatopoM O B3ATHS T'PAaHHULLI 1efledf, pacCMOTPEHHBIM B IIpe-
OBLAYLLEM IYHKTE; DasJuune MEXAY 3THMH OMepaTopaMy COCTOHUT
JIUIOb B TOM, YTO NEPBBIl U3 HUX IOBBILIAET PA3MEPHOCTh (CTENeHb)
dopm, a BTOPOH MNoOHHKaeT pa3sMepHOCTH nene#. DTO TOAUYEPKH-
BaeT CJEAYI0ILas YacTo pHUMeHsieMast TepMUHoJorusl. QOpMBl, JUD-
depeHIUANBl KOTOPBIX pPAaBHBl HYJI0, HA3BIBAIOTCA KOYUKAAMU, A
popMel, KoTopeie asasiiotcss AuddepeHnuanamu Apyrux Qopm, —
K020MOA02ULHbIMU HYAO; (haKToprpynna HP HasblBaeTcsl p-MepHO#
2pynnot Ko2omoroeut.

14. ®opmyaa Crokca. AHajorus, 0 KOTOpOH MbI cefiluac roBo-
pHJIH, SBJASETCS He TOJNbKO BHellHed. I'nyOOKyIO CBSI3L MexAy olle-
patopaMi d u O BEIpa’kaeT BeCbMa BaXHas

Teopewma. [lycre Ha opueHTUpyeMOM mM-MEPHOM MHO2006pa-
suu M Badana p-mepHas yene o, a Ha Hel Ouggeperyuasbras
dopma o crenenu p—1; ecau M, o, do u o npuradsenar Kaaccy

C!, To
f de = f @. (1
g av

Orouectb popmysna Crokca.
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< M3 npansaTEIX HAMH ONpefeJeHHH el H HHTErpaJa caeyer,
YTO [0Ka3aTe/NbCTBO TEOPEMbI HNOCTATOUHO IPOBECTH AJfA CJyuas
p-mepHoro cuMmiekca S={PoPy ... Pp}. Beenem B § KoopauHaTh
() ..., Ip), B KOTOpHIX Kaxkias Touka P&S upeacraBasercs B
BHJE CYMMbI BEKTOPOB:

p
P=Po+ 2ty (Py—=Py)= 2 1,Py 2)

P
(Mbl NONOKUIN fg=1— tv>. B 3Tux Koopausarax gopma 3a-
Ve |

NHCBIBAETCA KaK CyMMa p 4WiIeHOB; MEl BO3bMEM OJAHH Tako# yJIeH,
HanpuMep
0)=f(t1, cery tp)dtz/\.../\dtp. (3)

ITycrs S, 6ymer rpaub cummiaekca S, NPOTHBOMOJOXKHAS Bep-
wine P,; ypaBHeHHeM 5TOH rpaHu cayxur f,=0 (v=0, ..., p).
DTu rpaHd OPHEHTHPYEM B COOTBETCTBUH
C opueHtauued S, B yacTHOCTH, I'paHb Sy
nmoayuut opuentaumuio {Py ... Py}, a
rpaub S;— opueHtaunto — {PoPs ... Py}
(cMm. puc. 92, rae p=3). Bpluucaum HH-
terpaJ ot Gopmsl (3) MO OPHEHTHPOBAH-
Holl rpaHune 0S CHUMILIEKCa:

J'm=ijco=fm+fco 4)
as s, s,

v=0 Sv

(MB ywim, 4YTO Ha OCTAJBHBIX TPaHsX
S,, v=>2, popma w=0, ubo tam f,=0,
dt,=0). B ofenx rpansix So u S; mMox-
HO MOJIb30BaThCa KoopanHaTaMmu (fs, ...
ev., Ip)=1 Ha rpanu Sg NopsiAOK 3THX KOOPIHHAT COOTBETCTBYET
OpHeHTauuH, a # siBjasercs (JAuHeiinol) dyHkuuel ¥(f) ocTabHBIX

o
KOOpJAHHAT, ONpenessieMoil 3 ypaBHeHus Tpann fr=1— 21 t, =0.
V=

INo ompenesienuio uHTerpada or ¢op™mel (1. 12) moayuaem, ciaeno-
BaTe/bHO,

[o=]rTew), Nat, ()
fre S)— HEOPHEHTHPOBAHHBIN cuMIIeKe (mpoekuuss S B MPOCTPAH-

CTBO MNepeMeHHBIX (f, ..., lp)=1, cM. puc. 92), a di=df ...
sz dfp —3JieMeHT 00beMa. BBOAsA XAPAKTEPUCTU4ECKYIO @PYHKYUIO
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— =/ o
%(f) cumnnekca Sy (1. e¢. ¢yuxuuo, pasHyio 1 B Sy u 0 BHe S,
MBI MOXKEM I[epenucaTh Npapyi uYacTb (D) B Buae HHTerpasa Io
BCEMY NpPOCTPaHCTBY

f(o=J.f(1:, 1)y (1) dt.
So

Ha rpaun S; nopsinok xoopausar (fs, ..., f,) NPOTHBONOJOKEH
opueHTanuy, a f;=0, N03TOMy MBI HMeeM

Jo=—[710 ny®at

Si

U u3 (4) nonyuaem

Jo={li@ n—-10 00 a, (6)

as

rae uHterpaJs Gepercs Mo BCeMY MPOCTPAHCTBY.
. a
C npyro# ctopoHsr, dco=5tf—ldt1 Ndiy A oo A dt,, u, BeIdCHASS
HHTErpaJ N[O CHUMIJeKcy S, MH IHoJyyaeMm

T{t)

[do=[rwa | han=[r0e 0= pa
S

3rtoT HHTerpaJs cornajiaer ¢ (6) »

MIpumepw.

1. p=1, m — qo6oe; oiHOMepHas llens O I[pejacTaBaseT coGoi JAHHHUIO, ee
rpasnna do COCTOHT H3 ABYX TOueK, [IpHYeM Havajgo (@) OpPHEHTUPOBAHO OTPH-
nateabHo, a koHen (b) — moaoxkurensio. PopmMa ® HyJeBo#l cTemeHm — 37O (PYHK-
s f. ®opmyaa Crokca cBonutess K dopmuynse Howrtona—Jled6unua:

fdf— f=F®) = ).

66

2. m=p=2; uenp ¢ nycte NpejcrasJjser coboil naockyw obaacts D. Popma
DepBOro mopsifka HMeer Bui ©=Ff, df; +fydtf,, a ee puddepedunan do= "
( giz gil )dtl A di. ®opmyna Crokca cpopurcsa K dopmyne Pumana —

1 2
I'pura:

.
ofs _ oh J
J (WT_ S )dt dty= | Fidt,+ fydts.
oD
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3. m=3, p=2; uens G nycrb npexcrasiasger noeepxHocts S B R3. Pop-
myna (1) ceoautcs K kJaaccuueckoil gopmyte CtToxca:

O _ Ol (s - 20)
f(a:, atg)dt;/\dz‘g-f- a1, ETh diy A\ dt; +

»
+(9f‘-—‘&) dty A dty= J Fydby + fy dty + s dis.
0[2 atl
a8
4. m=p=23; uenp ¢ —obaacte D B R? dopuyra Croxca csogures kK ¢op-
mynre Ocrporpapgckoro:

af23 ailﬁ af!Z)
Olas _ + f Iy =
.,(( 3, " on, oty ) M Ndla Adh
D

= J‘ Fag dig A dis+ g dt; A dis+fra dty A dta.
aD
IlpuBegem gBa BaKHBIX cieacTBHS U3 ¢opMyant CTokca:
1) Hureepar or 3amrnyroi ¢gopmor (dw=0) no yuxay, eomo-
A02UUHOMY HYyaro (0=02), pasex Hyao:

fco=fco=fdm=0. (7)
[ 0 z
2) Hwureepaa ot Tounold popmer (0o=dw;) no yuxkry (0c==0)
pasen Hyato:
[o=do,= [ =0 (8)
o (o} ag

15. Teopema Kown — Hyanxkape. Ota TeopeMa siBsisieTca pac-
npocTpaHeHdeM Ha MHOTOMEDHLIH c/ydall ocHOBHO# Teopemnl Korum.
Teopema 1. ITycte o —eoaomoppras ¢opma crenerHu n Ha
aHQAUTUYeCKOM MHO2000pa3un M KOMNAGKCHOL pA3MePHOCTU I,
To20a Oas amwbol (n+1)-meproii yenu oM ¢ eradkold epanuyeii

| o=o0. (1
a0
< B JroxanbHbIX KOOpAMHATax z,, Zy (v=1, ..., 1) roaomopd-
Has (opMa @ HUMeeT BUJ
wo=[fdzi /\ ... Ndz,, (2)

rie feH(M). Ona, oueBHJHO, 3aMKHyTa, H6O B CHJIY TOJOMOPD-
HoctH [ aubdeperuuan df BeIpaxaetcs JuIb uepe3d Zuddepen-
nHaJbl dz, U Mo cBOHCTRAM BHEIIHMX NpousBeneHuil do=0. O1croia
cnenyer, uto do=0 Ha BCeH 0, a TaK Kak IWKJI 0¢ IOMOJOTHYEH
HYJ/10, TO OCTAeTCsl BOCNOJL30BAThbCA cjeacTsueM 1) u3 dopMyan
Crtokca P
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Oco6enno ynorpebuteneH cJ/aeAyWIMUHA 4acTHel cayuait Teo-
pemsnr l: .

Teopema Komu-—Ilyankape. Ecau ¢pyukyus [ 2oar0-
nopgua 8 obractu D=Cr, 10 0aa awboid (n+1)-meproi nosepx-
noctu G & D ¢ 2aadkoli eparuyeti 0G

fﬂn=o, @)
aa

20e das kparkocru noaoxcero- dz=dz,/\ ... /\dz,.

OTMeTHM OpHHUHMIHAJbHOE OTJHUHE MPOCTPAHCTBEHHOIO CJyuas
OT MJIOCKOTO, OTHOCsIIeecss K 3Toil TeopeMe: npu n=1 obnractu D
n G KMeT ONHHAKOBYID Pa3MepHOCTb, a
py n>1 pasmepHocTs G HU XK e pasmep-
Hoctu D (n+1<2n).

Vkaxem eme OGosee uacTHBI caydaft
teopemel. Ilyets f=H (D) n G=G X...
... X Gn—noaukpyrosas obaacte (G, —
II0OCKHE OMHOCBA3HBIE 06G/1aCTH € IVIAAKHMHU
rpanuiaMu 0G,), KOMIAKTHO NpUHAAJeRKa-
utas D. Octos stoli obaactu I'=0GX...
...X0G, siBasiercs N-MEPHBIM UHK/IOM, To- Pre. U3,
MOJIOTHYHBIM HYJI0, n00 OH sBAsieTCA Tpa-
nudeft  (n-+1)-MepHBIX  3aMKHYTBIX of6aacrefi  S,=0GX ...
o XGyX ... X0G, &D. TlosroMy aas aw6oil takoli obaactn G
HHTErpaJj Mo ee OCTOBY

[taz=0 (4)
P
(cp. c uaTerpaannoii dopmysioft Kotin A/ nonRKpyroesix obsacreft).
Ternepn ™Mbl npuBeIeM MPOCTPaHCTBeHHBIH amnasjor reopemnl Mo-
pepa, obparnoli k TeopeMe Komu. B nsockom cayuae past yreepx-
neHust o rosioMopdrocrti Ppyukuuu f B obractu D gocratouno Tpe-
0oBaTh paBeHCTBA HyJ/IO HHTerpaJsa Mo rpawuunam obaacrell cre-
LuasbHOrO Buja (Tpeyro/ibHukoB A &€ D), Ho Ha ¢yHkuH HaJe
HAJOMHUTL [OTNOJHUTENbHOE YCJACOBHE HenpepsiBHOCTH {cMm. 1. 20
y. I). AuagoruuHo oGCTOMT e/ o M B MPOCTPAHCTBEHHOM CJydae.
Po/ib TpeyroiabHUKOB 3jleck HrpaioT (n+4 !)-MmepHble «mpusnbi» 7,
KOTOpBble SIBJASIOTCS MPOM3BelleHHeM TpeyroJbHUKa A,, JeXallero
B miaockocty C'(2,), Ha mpousBenenue A, NPAMOJHHERHBIX OTpe3-
KoB [a,, z,], sexamux B ocraspubix n-— | maockoersx ClH{zy),
PFEv:

Tv"—"AvXAv (AV=H[au’ zu.]) (5)
1ok

(cM. puc. 93, rie BhlIe/eHa MJIOCKOCTh 2y, d NPOCTPAHCTBO OCTa/b-
HBEIX MepPeMeHHBIX 2, U3006paKeHo cXeMaTHUecKH),
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Teopema 2. Ecau pyunxkyua [ mnenpepoisua 8 obaactu
Dc=C» u dan aobod npusmer T, suda (5), KoMnakTHO npunadie-
ocaueld D,

f fdz=0, (6)
ar

mo fe H (D).
< JlocTaTouHo MoKasath rojoMop(HOCTL f B OKPECTHOCTH Npo-
H3BOJMIBHOH Toukn aeD. QUKCHDYEM @ H PAcCMOTPUM (ByHKUHIO

F)= [ dg... | Hodos (7)

for. 2] (%0 24l

OHa omnpe/eseHa H HernpepbiBHA B HEKOTOPOH OKPECTHOCTH TOYKH Q.
Oas awboro v (v=1, ..., 7} ee MOXKHO TPeICTaBHTb B BHIE

F(z)= I F, dg,,

[2y: 2v]

rae F,—wunrerpas or f nmo A, (Ipou3BeleHHIO OTpesKOB [a, Z,]
w=v). Pyaxuus F,, oueBHAHO, HEIPepPEIBHA M0 {, B OKPECTHOCTH
U, Touvku a,, U o ycgaoBHw (6) aaa maw060ro TpeyrojbHHKa
AaU,

f F,dt,=0. (8)

aa,

B caMom jJeje, 9TOT HMHTErpas JiMIIb 3HAKOM MOMKET OT/HYaThCs
OT HHTerpaJja

[ rae= |ta,

aA, X A, orT,

rae T,=A XA, u di=dt/\ ... Ndi, (Mb BOCNO/b30BATHCH
teM, yto na uwacru O0T,, oramyHoil ot OA,XA,, T. e. Ha HacTd
A, X OA, — COBOKYNHOCTH «OCHOBaHHi» npusmsl 7,, cM. puc. 93, —
KoopauHata {,=const, caexosarenbno, dt,=0, u HHTerpana ot [df
[0 3TOH yacTH PAHHILI HCUE3AeT).

[To Teopeme Mopepsl nas QyHKUIUN 0NHOTO TIepEMEHHOr0 0TCIoAa
BhiTeKkaeT, yro F rojomopdHa mo nepeMenHHoMmy z,. Tak Kak pac-
cyXAeHHe TpHMEHHMO Aas Jwoboro 2, 1o F roroMmopdHa mo Kax-
JOMY TepeMeHHOMY B HekoTtopoil okpectHoctd U touxu a. Ilo rteo-
peMme Xaprorca F rosoMop¢dHa B 3TOH OKPECTHOCTH, a 3HAYHT, TaM
rogomMoppEa U QyHKUHUA

o"F
[(z)= 02y ... 02, >
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§ 6. HuterpanbHbie mpeacrasieHust

Tenepp MBI MOXEM H3y4aTh HHTerpaJbHble TpPEACTaBJAEHUS TO-
goMopdubix dyHxkuui., Haunem ¢ HauGoJsiee obiiero, cnpaBelanBOro
/LISt IPOU3BOJIBHEIX 00J1acTell ¢ rJ1aKoH rpaHuIeH.

16. ®opmyast Mapruveanu — DoxHepa u Jlepe. Ham nounano-
6utcst ¢popmyna I'puma aas obaacreit DcR™ ¢ raagkoét rpanu-
et 0D. OHa BHBOAUTCH OUeHb IPOCTO: 0003HAUUM

6V=(_1)V_1 d)Cl A . '/v\, AN dxm (1)

(nuddepenunan dx, mnpomyckaercsi) u paccMorpuM aupdepen-
uHaabHyo (popmy crenenu m — 1:

L( g, @

rie f, g —3ananusle B D OyHkuuu kmacca C2 Huddepenuuadn
3To#l (pOPMbl, OUEBUHO, PaBeH

_ \’ g 0% — _

dm—%(f F-egr )dx{ A oo Aden=(FAg — g AP dx
02 ik

rie A=a——+ +5—7 — omepatop Jlannaca u dx=dx,/\ ...
xm

. N dxy,. Tpumeuss dopMysny Crokca, MBI ¥ TOJYUHM HCKOMYIO

d')opMy/zy I'puna

j Z 6xv 6x f (FAg — g Af) dx (3)

D v=1

s obmacreirt D C" sty dopmyay yrobuee nucatb B KOM-
NJeKCHOM BHme. JlJasi 3TOro BBelLeM, KakK OOLIUHO, KOOPAHHATHL
Ziy ooy Loy

Z,=2,, Zniv=2, (v=1,..., n),
NOJOKHUM mida v=1, ..., 2n
' =(= DT AZ A o o A dZy, @)
v

(dZ, nponyckaercs) 1 BMecto (2) paccMorpuMm bopmy

i1
) m

22 B. B. lllaGar
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rae f U g —3ananube B D ¢yuknun xaacca C? u, Kak Bceria,
a=i(a_ia) a=i(a+ia)
02y 2\ Oxy oyy 1’ 0z 2\ Oxy Yy

(yy = %44y). Juddepenunan 370l popmbl pasen

- \ g 3 1
dm.—zl (f Ozy 02y gdz 02y )le AREE /\dZ‘m—I(ng“gAf)dZ
V=
62 62 az
(be BOCHOJIb30BAJUChL TeM, UTO 2 + =4 , H Tomno-
dx Ay 8z, 02,

Kuau dZ=dZ, A\ ... A ngn> qTOGIﬂ noJayuuTh HopMyay FpHHa
B KOMILJIEKCHOH 3amHucCH:

O
(Y (2o —g-Lo)=L [Gag—gapaz. )
6D v=1 D
HY3KHO JIMIIB BOCHIOJb30BaThCs dopmydaoli Crokea.

QGopmyaa Maprunennu — boxuepa noayuaercsa us (5) Tak xe,
Kak uHrerpast KomH IJf IIaakux QYHKIHH O/HOTO MepeMeHHOro
noJayuyaercs ¥3 GopMyas Pumana — I'puna (cm. 1. 18 u. I). Brbe-
peM B KaueCTBe g (pyHmaMeHTaJIbHOE pellieHHe ypaBHeHNs Jlanusaca
¢ 0coOeHHOCTBIO B TOuKe 2 = 0 (MBI HPEANONOKHM, UTO D COmepKHUT
3Ty Touky). Iast n>1 oHO HMeeT BUI

_ —1 _ —1 '
g(z)"‘ (n—l)lzl2n_2 - o n—1? (6)
(n—1)<2 zva>
v=1

nbo npn 2= 0 nmeeM

dg _  Zy g _ |z]P—nzvay Ag =0.

1 — ?
ozy |z 92y 02y | 2 [Pe2

Teneps BocmosbayeMcsi popmyJoit [puna (5), npumenus ee x 06-
nactd D= D \{|z|<p} (MBl HckMouaeM U3 D OKPECTHOCTb TOUKH

z2=0, qToﬁbI YCTpaHHTh ocoBeHHOCTE (YHKIUUH g) H K QyHKUHH

fe H(D). Tak xak npu 2 D Mb HMeeM —%’:—~0 Af =0, 10 3712
v

dbopmMysa zanuiercd Tak:

f“’—ffl Py & —~ j fE B2y 0

v=1 {lz|=p} v=1

-1 j(ng—gAf) dz=0. (1)
DD
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P i
Ho na coepe {|z]|=p} uMeem, oueBH/HO, 0—5—=—§2—",,— H, NOJk~
. v

3ysich HeNpepBIBHOCTBIO (YHKUHH [ B TOUKe 2=0, MB MO¥XKeM
Hamucarthb, YTO

\' g v 1(0) S
) afvé R f Zz"é "+ 0,

{1z]=p} v=I {1z}=p} v=0

rae O(p)~>0 mpu p— 0. K uuTerpasy B mpasofl yacTu mpHMEeHHM
dopmyay Crokca:
n

Y e =n f dZ, A ... A dZy,

{lz]=p} v=1 {lz1<p}
H 3aMeTHM, UTO [0 CBOMCTBAM BHEIIHEro MpOH3Be eHHs dz /\dZn,,v:
= —20dxy A\ dXpey, T. €. dZy AN oo o N A2y =(— 20" dx A ... AdX,,.
ITostomy

n

AZy A oo A dZyy=(— 20)" f dry ... digy=(— 20"
{lzi<p} {1xI'<p) )

(Mp1 BOCIOJ/IB30BAJINCH GOPMYJIOR a8 ofbeMa mapa paguyca p

B nmpoctpancrtse R™:

mi2
b
Op = — "

P
r{51)
rie I' — ramma-dyukuns hinepa, I'(n + 1) =n!), u dopmyaa (7) ne-
penuceBaeTCs B BHAE

ffE Se o = O (= 2y + 0(0).
IMepexoast 3neck K Opemedy mpd p—>0, MHl TOJy4HM

n-—-l)’ n -1 - -
F0) = (= 2mu)* ffx lzlz” " dz/\dzl/\"/v\"/\dzn:

-t 5 5
. (,(12m)3:' J Ifz(fz)n y (=D 2y dz AL o A dEy A dzY,
aD Y

v=1

e de=dz; \ ... ANdz,.

'Y Ouenuano, dz A dzZ; A.. A\ dZ, = dZ /\../\.‘ A dZy A dz, wbo

e
v
clenaHHas  NepeCTaHOBKa derHas (OHA LMKJIHYHAA TPH HEUETHOM  YHCJe
HHJEKCOB).

22%
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OcraeTcs nepeMeHUTb 0003HAUeHUsI: BMecTO 2 =0 MB BO3bMEeM
(dbuxcupoBaHHyI0 TOUKY 2& [}, a TOUKY HHTeTpHpOBaHus Ha 0D
ob6osHauyuM uepes . Torma MB MNOJYUHM HCKOMYIO @opmyiy
Mapruneaau — boxnepa:

fz) = (Qm)" ff OE [§~—1;”]2;(;v 2)dE A N AT, NG, (8)

Ilpun=1>sra (popvxyﬂa NIepexoauT B ImTeI‘paJleyfo dbopmyay Komu:
_f@® (&)
Qm f Te—zF (E—2)d;= 2m f =ry dz,

H [I03TOMY ee MOXKHO paccMaTpHUBaTh Kak o0o0iieHue MHocaemHel,
Kak u B nocnenner, uaterpaa B popMyiae Maprunennn — BoxHepa
6epercst mo Bceft rpamuue ofJaactH D, Koropas OpejnocJaraercs
cocrosiliefl M3 OJAHON HMJH HECKOJNbKHUX TIJIankux (2n — 1)-MepHBIX
noBepxHOCTell. BBenst cokpaillenHoe o6o3HaueHue st Gopmel Map-
THHeJJIH — BoxHepa

(O(g, 2)"' (me, 2‘ ( ])V : Z,zn dCl /v\' . /\dzn/\dgs (9)

MBI OyZeM sanuceiBaTh GopMyay (8) B Buge

F&) = [ ek 2). (10)
aD

OTMeTHM ellle OZHO cBOHCTBO QopMynnl MapTuHeanu — boxHepa,
KOTOpO€ POJHUT ee ¢ HHTerpaJbHoi dopmynoli Kouin: BHe D npa-
Basi yacTb 3T0# GopmyJsibl ofpalllaeTcd B HyJab. DTO yTBEpPKAEHHE
caepyer HemocpencTsenHo ua dopmyasr [puna (5), mpHMeHeHHOH
K obsaactH D (wap u3 D BuibpachBarth Tenepb He HyXKHO, ufo g
HenpepeiBHa B D). TakuM o6pasoM, aas moGoil dyukiun f < H (D)
HMeeM
f(z) mpu =z D,

- (11)
0 npu ze(C"\D.

(1o, z)={
oD

B yactHOCTH, AAS1 Z & 0D

[ok =26, (12)

D

rae y(2) — xapakrtepuctruueckas ¢yukuus obmactu D,
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Ilana TeX, KTO 3HAKOM C HOHATHEM OGOGLIEHHBIX (YHKUMH, YKAKEM, UTO
nuddepennuan dopmpl Maprunesin — BoxHepa (no nepeMmennbM Cy, Lv) o6aa-
naer cpofictBamu O-QyHKnuH., B camoM nente, npu { % 2, ouennnno, do (L, 2) =0,
a npu { = 2z aToT pubbepennuan ue cymecrsyer. I1pu atom pas mobok obaactu D,
conepxallell TOUKY 2, HMeeMm

J'm(c, z)= J.dm=1
D

aD

(MBl gopmanbHO npuMeHHJH ¢opmyny Crokca), H uHTerpan mo D 3pech MoxHO
3aMEeHHTb HHTErpajoM [0 BCeMY HpoCTpaHcTBY, HOO doo=0 npu {# 2. Ecau
¢opmyay Maprunensn — Boxnepa (10) nepemucats B BHAE

= [dgo=[1@do 2, (13)
D

npuMeHHB (OpMaJbHO K ee npasoit uacTh ¢opMyay Croxca (MH noasayemcs
anech TeM, uro d (fo)=df A @+ fdo = fdo B cuxy rosomopduoctu f, u cuora
saMeHsieM HHTerpan 0o D HHTerpajgoM HO BCeMY (IPOCTPAHCTBY), MBI YBHJIHM,
wyro (13) cBOgHTCA K BOCHPOM3BOXAIIEMY CBOHACTBY O-bYyHKIuH.

B sakmouenne mpusBeseM OOIYI0 HHTerpafsbHylo  (GopMmy.ay,
noayuennyo K. Jlepe u Hassannylo uM ¢opmysnoi Komu —
®anTanbe. MhH HajaraeM INIPOCTOH BHBOA 3»To#H (GOPMYJIH,
kotopuil Ham coobwua I M. Xenxun, O6oznaunm

n
)= (=1 w,dw, A .. .. Ndw, (14)
v=1 /v\
n paccmorpuMm B npocrparetee C(2) X C" (w) nudpdepennuaibryio
dopmy ctenenu 2n—1
(n—1)! &(w) A dz

Q(Z, w)= (Qm’)” (z, w)n ’ (15)
The, KaK Bcerja, dz=dz; A ... ANdz, u
n
(z, w) = v2=] 2y Wy (16)

dra popMa HMeeT OCOOEHHOCTb HA [OBEPXHOCTH BTOPOro INOPSAAKA
{z, w)=0, a B OCTaJbHEIX TOYKAX NPOCTPAHCTBA OHA 3aMKHyTa

(B caMoOM jneJe,

— (n«——l)' d(lZJ/\dZ.__ n n“ ]=
9= (2ni)" {n (2, w)" (2, w)"*! él 2y@ydw A dzj} 0) .

HenocpecTBeHHO mpoBepsieTcsi, YTO

a(w)=w?d(w2)/\.../\d(ﬂ)

wy wy
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H Boobe
S(@)= (=1l d (T AL oo A d (),
v

a OoTCiofa BHAHO, 4YTO ¢opMa £ 3aBHUCUT JIHIIL OT OTHOIIEHHS
nepeMeHHBIX @, K OAHOH M3 HHX.

B vactHOM cuayuae, Korga Bce W, =2,, T. €. BEKTOP-PYHKIHUA
w =2, ¢opma (15) copnanaer ¢ popmofi MapruHeaau — Boxnepa
¢ ocobenHocthic B Touke z=0. [losromy, B cuay poKazaHHOIO
BLie, Ajst JmoGolt ¢yHxkuuu f, rogaomopouoit B obsmactu D < C",

KOTOpas CONEPXKHT TOuKy 2z =0, H HempephBHOH# B D, MBI uMeeMm

(=Dt 8(5) Adz
F(O0) =t aJD TO=5r (17)

Buison, dopmyant Jlepe oCHOBAH Ha TOM 3aMeYaHWH, YTO GeAl-
yuna unreepasa 8 gopmyase (17) He UBMEHUTCA, eCAU 3AMEHUTS
8 Hell (ynkyuw w =2 1000l Opyeol 2aalKkoi B8eKTOP-(pYyHKyLel
w =y (2) rakot, uro (2, %(2)) % 0 das scex z=aD.

st goKasaTefbCTBA 3TOrO YTBEPKAEHHS PACCMOTPHM B IPO-
crpanctee C" (z) X C" (w) aBa (2n — 1)-MepHbIX mukaa y,={z<adD,
w=2} u y={=0D, w=y(2)}. ToxaxkeM, 4ro Ha 3TH LHKJIbl
MOXXHO HATSAHYTb 271-MepHYI0 IIJIEHKY ¢, HE MepeceKarulyiocs
¢ moBepxHOCThio ocofenHocrell S ={(z, w)=0} ¢opmur (15). das
9TOro, MOJb3ysICh TeM, 4TO  3aBHUCUT JAWIUb OT OTHOUIEHHH Tie-
peMeHHbIX W,, BHe S 3aMeHuM (2, w) mepeMeHHHMH (2, ©®), rie
= Oy
(@)

IIpocToli moacuer mokasblBaer, 4TO

— )
Q(z, m)=%))z—

Wy (V=1....,I’L).

6 (o) A dz.

Tak Kak [0 YCJIOBHIO Y, H Yy He IepecekaloTcsi ¢ S, TO HA 3THX
z
nukaax (2, o)=1. Ecau coemuHHTh Temepb TOUKH (z, W) H

% (2) : - =
(z, (2,7((2))) IpAMOMHHEHHEIM OTPE3KOM {(z, (1—-19 ¥z|2—+—

+1 —<Zxéil)7),0<f<l , TO BO BCeX TOYKax 3TOr0 OTpe3sKa

Takke OyaeM HMeTb (2, ®)=1. COBOKyIHOCTL TaKHX OTPE3KOB
s BCeX 2 &€ 0D W o6pasyer HYXKHYIO IJEHKY O.

Tak kak d6=vy,UJy" H Ha o ¢opma (15) zaMkHyTa, TO 1O
dopmyae Crokca

jg—jg= fg=fdg=o,
Yo Y ao ]
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H Hallle yTBEpXJeHHe JAOKaszaHo. M3 Hero caexyer, 4To

_ (n=D)! S(x () Ade
F(0) = Lo J FR) =& G

nJsi 6ol y, YIOBJAETBOPAOIIEH MOCTABJACHHBIM BHILIE YCJAOBHSAM.

Ham ocraercs gmiub nepemeHiTs 0603HaueHUs] TakK JKe, Kak
B cayvae ¢popMmyasl Maprusesin — BoxHepa, H MBI MOJIYUUM 0610
bopmMyay Jlepe: ais obaactn De=C” ¢ kycouno raanxoi rpa-
Huueli 0D u moGoit raagko GyHKuHH %, (L) TakoH, yTo (f — =z,
%@))%=0 na 0D pasn scex z& D, mobas ¢yskuus f, roJo-

MopdHaa B D u HenpepeiBHast B D, npelcTasJasieTcA HHTErpaJsom

_ =D @8 @) AdL
MO ="gar | = n0r (18)

(Mbl numeM y,(Z), uToOn MOAYEPKHYTh, UTO BBHIGOD (yHKLHH ¥
MOXKeT 3aBHCETh OT TOUKH Z).

Buibupas pasauynbiM o6pasom (GYHKuHM y, H3 opmyau (18)
MOXKHO MOJIYyYaTh Pas/HuyHble HHTErpaJbHble NpeAcTaB/aeHus. 11ycTb,
HanpuMep, faHa BHIONYKJas 061aCTh

D={z=C" 9(2)<0}, (19)

rie @ — peficTBuTesbHAs (GyHKUHS KJaacca C!', upuuem Vo =
g _Oe
( 1S
ypaBuenueM 4D). B gaxgo#l Touke { = JdD MowxHO B3aTh (21 — 1)-
MEPHYI0 KAaCaTeJbHYI0 MJIOCKOCTb

E (zv - Cv)% + E (év - :v)—aaz% =0, (20)
v=1 v==1

a B Hell BHIGpaTh (271 —2)-MePHYIO ANAAUTUHECKYIO KACATEAbHYIO
nA0CKOCTb

) == 0 na rpannne 8D »3710i o6Jactu (@ =0 cayKuT

Y B2 5= =00, (21)
v=1

1y Ecan Boimoadsercs ypasHenme (21), To, nepexozm K KOMIIJIEKCHO COmpsi-

0§

), T. €. ut0 (21) = (20); ar0 ¥ o3Hauaer, 4TO aHH-

~
JKEHHBIM BeJIHUHHAM, MH TOJYYHM, 4TO 2‘( —Zv)
L) ) Je

HEIX @ HMeeM
? (acv Ty
JUTHYeCKas IVIOCKOCTh (21) mpHEasIexuT miockoctu (20).

(lIJIH NeHCTBHTEND-
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BuibepeM B KauecTBe QYHKIHH ¥ TPafHeHT 110 KOMILJIEKCHBIM fepe-
MeHHBIM , T. e, moJoxuM % (Z)=Ve. B npHHATLIX ycaoBusX

n

=2 @) = Y -2 o= (22)

ne ofpamaercd B HyJb IPH (QUKCHpPOBaHHOM 2 € D u {, npobe-
rajoweM dD. ITostoMy cmpaseaauBo mpexcTaBseHue (18) ¢ Takoii
byHKIHeHA y; no cpasHeHHIo ¢ dopmyaoii Maprtuneasnn — Boxuepa
OHO HMeeT TO MPeMMYIIEeCTBO, YTO B TAKOM HpPeJACTABJIEHHH SILpO
roJOMOp (HO 3aBUCHT OT HapaMeTpa z.

[Mpumep. Jdag exunnusoro wapa B C® nmeem @ (§) = Z Cviv—1,V9p=¢,

n
(z—2, Z)=1—Z fyzy, mosatoMy bopmyaa Jlepe puas mapa npuHH-
V=1

Maetr BUJA
n

VZX (—1)"1gy dg A --'/\../\dZn
F(o)— hd

n n
(zl=1 (‘ - Zl szv)
V=

ITps n=1 oHa mepexogsT B HHTerpastbhyio dopmynsy Koww pas eauHHuHOro

Kpyra:
=g | HoEp e
{1gl=1

_ (n—=1)1
f(z)"'_(QTi)n—

Adg.  (23)

3aMeuanune. dapo popmyast Jlepe umeeT ocOOEHHOCTh B TEX
roukax ;eC" rae {{—=z, LE)Y=0. B cayuae Maprunenau —
BoxHepa ocofeHnocTh HMeeTCsI JHIIh B TOYKE { =2, OJHAKO

B 00leM cJayyae MOTYT HMETbCSi H APyrHe ocOGBle TOUKHM BHe D,
ITosToMy B 06lieM cayuae HHTerpaJ Jlepe He paBeH HyJ o BHe
obaactd D, xax HHTerpaJ Maptureanaud — BoxHepa.

17, Teopema Ceepn, Cefluac Mb XOTHM UDPOHJIIOCTPUPOBATH
npuMeHeHne ¢opmyasl Mapruneanu — Boxnepa. [lokaxem ¢ ee
MOMOIIBIO OJHY BAaXKHYIO TeopeMy, BBIpa)Kawllyl YcJIOBHSA, MPH
KOTODHIX 3ajJaHHasl Ha TpaHHue o6JaacTH GyHKIHA TOJ0MOpOHHO
IPOJOJKAETCA B 3Ty 00/1aCTh.

Teopema 1 (CeBepu). ITycre dana o6aracte D EC" (n>1)
€o ¢8a3HbiM Jonoanenuem u ¢ eaadkoi epanuyell 4D =S8; na S
nycre sadana Gynkyus [ CL [as cywecTsosanus GyHkyuu

= H(D)NCYD), epanuunvie snavenus koropoi cosnadaror ¢ f,
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Heo0x00umo u 0oCcTaTroLro, urobn 8 Kamdol Touke [ =S

df A dgls=0, (1)

2de dt=di, A ... A dg,.
< Heo6X0AMMOCT YCIOBHSA (1) moxasmiBaeTcs mpocto. B cuay
toro, uro & H(D)NC'(D), B Kaxa0ll Touke { E S BHIOMHAIOTCH
yCJIOBHS 'é%=0’ v=1, ..., n (MB BOCHNOJB30BaJHCh TeM, 4TO
f=f Ha S, uro a_az%
npepbisubl B D). ITo Teopeme o6 muBapuantuocTn nuddepennialia

(n. 14) npu BHUHC/AeHHM df g MBI MOXeM MOJ/Ib30BaThCsl HEPEMEH-
HBIMH Ly, Gy (XOTSI OHH M He SABJAAIOTCA HE3aBUCHMBIMH), HO MO

=0 Bciofy B D H YTO 3TH MPOHU3BOJHBIE he-

N' Of
TOJMBKO 4TO AOKasaHHOMY df |s = 2‘ mdgv, H, CJeJ0BAaTeJbHO, IO
v=1
cBOHCTBAM BHelliHero MpoHsBeAeHHss ycaosue (1) BrimosHsiercs.
Has moxasaTe/bCTBa JNOCTATOYHOCTH STOTO YCJOBHH IMOCTPOHM
npun momowy Gopmyasl MapTuHennu — BoxHepa mo 3agasHbIM
3HaueHusiM [ QYHKIHIO

f)= [ Qo 2), @)
rpe g
o, =DV (T B Er A LA AL ()

a) Tlokaxem mpexje BCero, yTo NpPH BHINOJHEHHH ycJaosus (1)

¢yukuus [ rosomopdua Bcogy BHe S. JlJs 3TOTO 3aMeTHM, 4TO
dopma @ TOUHA: HPAMONH moAcuer’) moKaselBaeT, uTO MpPH §, 7= 2,

1) TIpogenaeM oTOT moAacueT (HJs COKpalleHHs IHCbMA nosaraeM z = 0):

n
DI O (—1nvd ~ = _
a2, 0= U N oD st At A A dT A

Gy & TE -
(n—2)1 \ (—1)”(_ pml o, )d J
e é - O e A A

— Sy o1yl
et A=Y N e aa At a0 o).
1 v

V=
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Jupdepennuan GopMul

’ _ =N (=1 Ly=3 .
Q] (C)! z)‘— (23_”)n d Ig I2n_2 gl—'zl d§2/\ . -/v\- . /\d;n/\dg (4)

10 mepeMeHHbIM §, & pasen (g, 2).

3ameTuM eine, 4TO, B TO BpeMs kak ¢opma Q, HMeer ocoleH-
HOoCTb Ha (2n —2)-MepHOH NJAOCKOCTH §;=2;, ee yacTHas [POHs3-
BOJHasl

09 (C,z)_(n—l) O (—1)Y -
!021 T (2m)? l; zlzn (;v )d;2/\ ../v\.. /\d:n/\dg

nMeeT JIHIIb TOYeYHYI0 OCOGEHHOCTh (= Z.
Ilpu 2¢£ S dopmyay Maprunentu — Boxuepa (2) MoxkHO mpo-
AuddepeHuposars N0 Z; MOJA 3HAKOM HHTerpaJfa

G 1o 2o )

Tenepbp samerum, uto B cuay ycJaosusa (1) ¢yekuus f npun nudg-
GbepeHnHPOBAHHHU 1O MePeMeHHBIM §, § BexeT cebsi KaK HOCTOSIHHASA;
ee MOXHO BHOCHTb IOJ 3Hak Judpdepennnana. B camom pgene,
npu ;= S, [, 5 2, HMeeM

d(fQ) =dj A Q +fo=fe, (6)
ubo Q, comepxKur MHOXHTeab df ¥ B cuiy (1) mepsoe caaraemoe

paBHO Hy/mo. DBepst or o0eux uacrell (6) yacTHYIO IIPOH3BOLHYIO
no Z;, waligem, uto npu ¢S, g, %~ 2

a{r @y~ ek, @)
a,
——- HMeeT 0coOeHHOCTD

Tlo cnenaHHOMY Bbillie 3aMedaHHIO GopMa —=
JHIIL B TOYKe =2 H, CJIellOBaTeJIbHO, npaBHJbHA OpU [ =S U

2= S, TakoBa xe H (opmMa 7_— Tlosromy, nepexoasa g (7) k upe-
peny upd f,—>2,, Mbl TNOJY4YHM B CUJY HENDPEPBHIBHOCTH, UTO 3TO
PaBEHCTBO CMPaBeiJHBO MPH BCEX teS uz&S.

V3 31X 3aMeuaHH# BHAHO, uTO dopMmyay (5) npu 2 €& S MOXHO

nepenucaTb B BUAE

% J‘ {f(g)cmx(l‘..z)}’
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rie mnoj 3HakoM jguddepeHnnana CcTodUT npaBHAbHAA dopMma.
Tak Kak S— kg (umeem 4S = 02D =0), to no ¢dopmyae Crokca
npaBast yacTh pasHa (. Brigenss BMecto nepeMeHHOro 2, JApyrue
nepeMeHHBE 2,, Mbl COBEPIIEHHO aHAJOTHYHO NOCTPOHUM (HOPMEL
Q, (&, 2), npaBu/IbHBIE NPH {, 7 2, H Takue, uT0 dQ,=®, H TOYHO

J
TaK Xe J0KaxKeM, 4To —0—;—=0 npu Bcex 2 S. Takum obpasowm,
v
¢ynkuus | meficTBuTesnHO rosoMop¢dHa Bciogy BHe S.
6) Tenepr mNokaxkeM, 4TO 3Ta (QYHKIHSA paBHA HYMIO BCIOLY

BHe D. B camom mene, B Toit yactu C*\ D, rae |z, |>max|g,|,
teS

dopma (4) HeocoGast, [MOITOMY MBI MOXKEM BOCHOJL30BATHLCA CO-
oTHowrenHeMm (6). Mbl MOIyuyuM, YTO AJsi 2, IPHHAAJNEKALIUX HTOH
4acTH,

floy= [ fo= [ d (@) =0
' S

S

(MBI CHOBA BoCHOJb30BaMuch GopMyaolt Ctokca ¥ TeM, uTo S — IuK.I).
Ho ynoMsiHyTast uacTb JomoJIHEeHHst XK [ COJEpXKHUT BHYTpEHHHe
TOUKll, 4 TaK KaK CaMo [AONOJIHeHHe 10 VYCJIOBHIO CBS3HO, TO
B CHJY TEOPEMbl €XHHCTBEHHOCTH [==0 BO BCeM IONMOJHEHHH.

B) JloKaXeM, HaKoHel, uTO TFpaHHuHble 3HauyeHHss (QYHKUHH [ -
COBNAAAIOT C 3ajaHHBIMH 3HAUEHUSIMH [, YUMUTHIBAas CBOHCTBO sigpa
Mapruneann — Boxuepa (dopmyaa (12) npenbgyliero NysKTa), Mbl
MOXeM HamHcaTh aJad Jobod <= S u adioboit 26 S

f@-1@ @)= [ Q- 2), ()
S

rjge y— XapakrtepuctHyeckas ¢yukuus obaactu D.

VrBepxaenue OyaeT IOKasaHO, €CJH J0Ka3aTb, 4YTO MpaBas
yactb (8) mempepniBHa B Touke (% B camom jeJse, Npefe/bHOE
3HaueHHe NpaBof vactH npu z—" usBne D, OUEBHIHO, PABHO
HYJI0; B CHJY HenpepbiBHOCTH OYAeT PaBHO HYJIO N Ipefe/bHOe
sHaueHHe npa 2—>§% uanyrpu D, 1. e. f(2) > f(g") npu z—>% 2z D.

Htak, ocTaercsi noKasaTh HENPEPLIBHOCTb (HDYHKIHH

o) = [FQ~FE) e 2)
. S

B Touke {0 JIJIsi 5TOTO 3aMETHM CHAuaJa, yTo CyLIeCTBYeT HHTErpal
e@= [[[Q-1ENoE . (9)
S

B caMom pmeJe, HHTETpaJ Gepercs no (2n — 1)-MepHOH NOBEPXHOCTH
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U npousBeleHus jgubdepeHIHAN0B, BXOIAMHMX B GopMy !
dg, A PN AdE, ANdE A ... A de,,
v

HMET pasMmepHocTh (21 — 1)-MepHoro siaementa obbeMma. MHoxu-
TeJau 2XKe I[pH ITHX IIPOU3BEACHUAX
HFO~-rey 1
ez (G &)

UMeIOT IMOPSAJ0K He BHIIIe u6o feCl, u, caegona-

;o lQn-Z h
TesbHo, f(§)—f(9, kak u g, — %, nmeeT nopsimok ne Huxke [§ — g0l
Taxkum o6pas3oMm, NOPsAOK OEGCKOHEYHOCTH TMOAHHTErpabHOil (QyHK-
uud B (9) no KpaiiHe#t Mepe Ha eJHHHLY HHXe Pa3MepHOCTH, H,
snauut, uHTerpas (9) cxomurcs?).

JlanabHefilee XOKa3aTeJbCTBO MPOBOAUTCS OOBIUHBIM [JIS aHa-
Ju3a croco6oM, H MBI JHIIb HAMETHM ero Xon. PasHocTb

2R —9@) = [[FO-FE)NeC 2)- o )
S

Mbl pa3o0beM Ha gBe 4acTH, COOTBETCTBYIOLIHE HHTETPHPOBAHHIO
no JocraTouHo MaJsofl (OTHOCHTeNibHOH) OKPEecTHOCTH ¢ TOuKH 0
W ocraJdbHOR uyactH S\ 0 rpanunsl. B cuay gokasanHo#l cxoxu-
MocTd uHTerpaJa (9) nepsyio yacThb MOXKHO CuHTaTh MaJoOH; B HHTe-
rpajse no S \ ¢ 94PO HENpepHIBHO, H, CJAEJOBATENbHO, 3TOT HHTE-
rpaJj CKOJb yTOJIHO MaJ, €CJH TOYKa 2 pocTaTouHo Gamska K %

JloxasaTebcTBO TOTrO, uTO f & Cl(D), MH OmycKaeMm. b
3ameuanune. Teopema Cemepu He BepHa npm n=1: B camoM [eJe,

dyukunsa f= —1 Ha rpaHule exuHHyHOro Kpyra U={|z| < 1} ynosaersopser

yeaosnio (1), ozmaKo ee HeJb3d roJomopdHo mnpomosxkurh B U. IlpHBenenHoe

dg

JIOKa3aTeJbCTBO NpH 7= 1 He mpoxonur, 60 ¢opma Komu e B OTJHUHE

or dopmer MapTunennn — Boxuepa, ue sBJasieTcss TouHoH nHa 4D, ecan 2 €D
(nocTpouts Q mo dopmyse (4) npu n=1 uensssn). Uurerpan

()
r@=gr | s

,

KOHeuHO, TOMOMOp(en npH 2 & 8D, Ho f He o6s3arensno papna 0 BHe D 2).

- B kauecTBe npuMepa IIPpHMEHEHUS TeOopeMbl CeBepn MBI IIpH-
BeIeM J0KasaTeJbCTBO ellle OJHOH TE€OPEMBl O IPHHYIHTCJBHOM

') B sTom mnpouie Bcero yGeAuThesl, mepeXois Ha S K HOJAPHBIM KOOPHH-
HaraMm ¢ moJiocoM B Touke 0.
%) Cm. sapaun 1 1 3 k ror. I u. I,
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AHAJIUTHYECKOM NPOJO/KeHHH QYHKINI HeCKOJbKHX IepeMeHHBIX
(cp. nn. 7 u 8)— TeopeMbl O CTHPAHHU KOMIAKTHBIX OCOGEHHOCTeH,

Teopema 2 (Ocryn—DBpayu). Ecau ¢yukyus [ eoso-
Mopdra scedy 6 o6aactu D = C" (n>1), 3a uckaronenuen, OoiTs
mooer, muouecrsa K €D, 1o | eonromopgro npodossaerca Ha
8cto obaacre D.

< BuiGepem B D \ K raagkue (2n — 1)-Mepuble MOBEPXHOCTH Sy
u S, Tak, uToOb OHH OTPAHHYMBAJAU COOTBETCTBEHHo obaacTu G,
u G, cO CBSABHBIMH JIOMOJHeHHsIMH, uTobnl K € G, € G, u 4To0h
ciofl G=G,\ G, & D (puc. 94). Tak kak [ roqomopbua B G, TO
no dopmysae Maprunesnu — BoxHepa gns
aobolt Toukn z € @

S
Fz) = ff@wucz fﬂ;m@,L (10) D))
. \ D
ITo To#t >xe mpuunbe Ha S, # S, BHIOJ-
HsifoTest yeaosust CesepH:
df N dBls, =df NdClg,=0. Puc. 94.

Tak Kak 2 JIeXKHT BHe MOBepxHOCTH S, To mo Teopeme Cesepu
BTopoit uurerpas B Qopmyae (10) paBer Hy/i0, H, CIEAOBATE/BHO,
4Js Bcex z &€ G

fa= [10 o 2. (11)
S

Ho mo toit ke Teopeme CeBepu uHTerpaJs B npaboit wactu (11)
npepcTaBasieT GyHKIH0O, rogsoMmopdryio Bcrooay B (., H, CaejoBa-
TeJNLHO, peanu3dyer TpefyeMoe aHAaJHTHUECKOE IIPOJOJIKEHHE P
Wz aToff TeopeMBl BHIHO, UTO ToJOMOpdHbIC QYHKUHMU n =2
NepeMeHHbIX He MOTYT HMETh H30/IHPOBAaHHLIX 0COOBIX TOUEK, — OCO-
OeHHOCTH TakKuX ¢yHKUUE 06s3aHBl BHIXOMUTH Ha IpaHuny obaacTH
HJIW TPOCTHPAThest B OecKoHeuHOCTH 1), I3 »To#l XKe TeopeMmnl moJay-
yaeTcs TaKOe yCHJIeHHe TeopeMu JIuyBuaas u3 1. 6: ecau Qynk-
UHA 1 =>2 mepeMeHHBIX rojoMopoHa BHe wapa {|2|<R} u orpa-
HHYeHa, TO OHa mocTosiHHA. (B camom gene, no Teopeme Ocryma —
Bpayna sta $yEknus ronomMopdHO npomoakaercs B liap, T. €.
ABJSAETCH 1eJoil; Ho oOHa orpaHuueHa: B {|z|> R} no ycaosuio,
a B {| z|<X R} Kak HenpepniBHAs Ha KOMIakTe (QYHKIHA.) :

1
1) CpaBrute: Gyuknus f=-z— Ha IJIOCKOCTH 2z HMeerT 0coGyio Touky {0},

a B mpocrpancTse (2, @) —ocofylo anaanTHyeckyo npamyw {z =0}, npocrupaios
Wyiocs B 0eCKOHEYHOCTh.
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18. ®opmyaa Beias. VMurterpaasnas ¢opmyna MaptuHennu —
Boxnepa BrIIHUCHBaeTcs HJafg oOJsactell mOCTATOUYHO OOIErO BHA.
Opnako npu n>1 oHa HMeeT HeJO0CTaTOK, CYLLECTBEHHBIH AJs
psila BOIPOCOB: siapo 3ToH GopMysabl ®(Z, 2) HeaHaJUTHYECKH 3a-
BHCHT 0T 2. MH yXe NIPHUBOLU/IN MPHUMEpPH HHTETPaJbHBIX (HOPMYJT
C aHa/MTHUeCKUMH sfjapamu — popmyay Kown gas moJHKpyroBbIX
o6Jsactefl u Gopmyay Jlepe naasg BHIyKAHX ofgaacrtefi. 3pech
MBI TIpUBefieM elle OgHy (GopMyJay ¢ aHaJIHUTHYECKHM sIAPOM, KOTO-
pas MpUMeHHMA JJs ONHOTO CIICIIHAJLHOTO Kaacca ofaacrell, 60jee
HPOKOTO, YEM MOJUKPYroBbie 06.1aCTH.

Onpepnenenue 1. Ilyctb maHa obaacts D < C", a takxke
KoHeuHoe wumca0 ¢yHkuuit W, = H(D) u naockux ob6aacreit

D, e W,(D), i=1,..., N. ByaeM HasuBaTb noAusdpuseckum
MHONCECT80M MHOXKECTBO
I={ze=D: W, )=D,;,, i=1,..., N}, (1)

€CJIH OHO KOMMNakTHO B D.

Takoe MHOXECTBO He 00s13aTeJAbHO CBSI3HO; CBSI3HOE MHOXKECTBO
Buzga (1) Mul OyneM HasbiBaTh noausdpuueckol o06aacrsro. Uacro
paccMaTpuBaeTcs ciyuail, Korza Bce obsactd D, SBJASIOTCA KPY-
raMH; COOTBETCTBYIOIIEE MHOYECTBO

O={z=D: |W,@I|I<r, i=1,..., N} (2)

OyjieM HasmBaTh aHaAuTukeckum noausdpos. Ecan Bce dyHkuuu W,
ABJSIIOTCSI NMoJuHoMaM¥, TO (2) HaspiBaeTca NOJHHOMHAJbLHLIM
HOTH3LPOM.
B uactHoMm cayuae, korna N =n u Bce W,;(2)=2;, noausgpu-
yeckast 06/1aCThb ABJSETCS NOJHKPYTOBOH, a MOJH3AP — MOJTHKDPYTOM.
Onpepneaenue 2. Ilonmusgpuueckoe mHoxecTBo (1) Hash-
BaeTcsl mHoxcecréom Belias, ecnu N >=n n 1) Bce ero rpanu

o,={zeD: W,(2)=dD,, W;(2)=D,, j + i} (3)

apasoTes (2n— 1)-MepHBIMH MHOXKeCTBaMH; 2) nepeceueHue JIOOHIX &
pasanunbix rpaneit (2<Ck < n)— pe6po Muoxkecrsa Beitsis — umeer
pasmepHOCTb He Bhlme 21— k. COBOKYIHOCTh 7-MepHHIX pe6ep

%, =% N ... No, ) 4

MHOXecTBA Belinig HaspiBaeTcsi ero ocrogom. CBsi3Hble MHOXeCTBA
Beiinsa HaswiBawTcs obaacramu Befias,

J1sT oJSIyueHHus MHTETPAJIBHOTO pelcTaBaeHns GyHKLIMHA, roJo-
MophuuX B o6nactax Be#ssa, nam noHagoGuTCa crenuanbHoe pas-
Joxkenne Qynkiui W;, onpenensomiux 3TH 06;1acTd. BosMOXHOCTD
TAKOr0O paa/ioXKeHUs rapaHTHpyeT
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Teopema Xedepa. Haa aroboil qbymcuuu W, < H(D), e0e
D — o6aacre 8 C", cywecrsyror n ¢pynxyui Pi(C 2y (i=1, ..., n)
eonomopproalx 8 D X D u rakux, 4ro 0as 8Cex TOUeK z; zED

uMeeT Mecro ToxJdecrso .
n

. W,O- W(zéz( —2) Pz, 2). (5)

B o6meM cayuae TeopeMa Xedepa HessqeMeHTapHa 1), MBI Ipu-
BeJeM ee JOKaszaTelrCTBO B 1. IV. 3gecy MBl JUIIL 3aMeTHM,
YTO RS HOJHHOMOB TOXJecTBO (B) mosyuaercs NpocToll meperpymn-
nHPOBKOH TeHJOpOBCKOro paanoxeHus ¢yukuun W,; B TOuKe 2,
npuuem Koshounuents Xedepa Pl Takme OKasbBalOTCA MOJH-
HOMAaMH.

Teopema | (Befinn). Hycro 11— ob6aacre Beiias (1), onpe-
deaseman obaacramu D; ¢ eaadxumu epanuyanu. Toeda awbyio
pyukyuro f HA)NC M) 6 awboi rouke z<Il momuno nped-
CTABUTS d)opmy/zod

, Pi... PL
f(2)= (m)n 2 f _T© L g 6
I=[ (Wi, () =Wy, ()} [Pl ... Pl

20e CYymMMuposanue pacnpoCTPAHAETCs HA 6ce YynopadoueHHosie
Habopor undexcos (1<<ij< ... <i, <<N), onpedernowue pebpa
ocrosa ob.aactu, Py — koappuyuentor Xegepa u dg =dg A ... AdL,;
pebpa opuenTuposanvt ycaosuem, 4ro sce dD; npoxoamc;z 8 noAo-
ICUTEAbHOM HANPABACHUU.

B cayuae, korga 11 Hpe}ICTaBJIHeT €060t IOJHKPYTOBYI0 06,1aCTh
WN=n, W=z, i=1, , N), ocros I' cocrout 3 ogHoro pe6pa

o, , (u cosmagaer ¢ OCTOBOM B CMbicaE I 2) u cymma B (6)

COCTOHT U3 ofiHOro caaraemoro. Kos¢duunents Xepepa Py B aTOM
cayuae pamim 1 npu i=+v u O npm {=%=wv, T. e. Olpele UTEb
B ¢opmyse Befins paseH 1, u sta GopMysna DPHHHMAET BHJ,

fz)= (2m)ﬂf SO )
1_1l v —2v)

Takum_o6pasoM, Qopmyna Befnsi oGoGuiaeT HHTErpajibHyio
dopmyay Kowmn aasa nosugpyrosbix obgactet Ha ciayvyai obaacteit
Betina. Kak u dopmynra Komu, oHa uMeerT fnpo, AHAJNHTHYECKOe

') Teopema Xedepa Guaa pokasana B 1942 r.
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no nepeMeHHHM § M 2. Jdaa ynpomeHus GopMaabHBIX BHIK/JIaJOK
ML HPHBEAEM MNOKa3aTedbCTBO TeopeMbl Belss B ciayuae n=2.

< Bynem ucxoauth us popMmyasl Maptuneann — boxHepa, KOTO-
past B cayyae obnacteil Beitnsg us C? uMeer Bug

X Z g g -2
(= & | H o=z lmadh (g

i=1 g;

rae o; —rpanb obgaactu II. Mgest noayuenus: dopmyasl Beiasa cae-
Ayiouiasi; Ml HocTapaeMcs npHMenuTh K (8) popmyay Croxca rax,
YTOOR HCYe3M HeaHaJHTHUecKHe nuddepeHnuansl df, H BMeCTo
rpaHefl ©; HHTErpHpPOBaHHE BeJOCh N0 pebpaM OCTOBa O;;; MpH
3TOM OKaXXeTCsl, YTO HCYe3HeT M HeaHaJMTHYHOCTb ffpa (IepeMeH-
Hoe §,—Z, u [{—=z|). BecbMma cyumecTBeHHYIO POJb B 3TOM mpe-
o6pasosanun Oyger urpath pasnoxende Xedepa (5).

3aMeruM npexjae Bcero, yto ¢gopma o (g, 2), cTosllas Moj, 3Ha-
KoM uHTerpaJsa (8), Tounas; ona ssiasietcs JuddepeHuuasom Ja06oH
uz N dopm

i i

P Py

Zl - él ZZ - 2—"2

1
Q; (;» Z) = |E~2 P{W; () — W; (2)}

dc. (9)

TlogTBepaum 3TO npsiMOH BHIKJAAAKOH, noJaras AJsf NPOCTOTH
nuceMa z2=0u W;=W,()— W, (0):

1 £y dE + L, dT 7 7 1 i = _
d0; = - — SR (Pt — P o+ s (Pl — PS L) A dE =

= Wi|1§|4 {_ (gldzl +§2d22)(PfZZ—P§Z1)+
+ (8,8, + 5.8, (Pidl, — PEdT)) A dg =
= wrier (B8~ L) 6P+ PY) A dt =g Gidb—EdE AL,

4To H Tpebosasoch AOKA3aTh.

3ameruM euie, uro npu <l w [Eo0; auMmb pasHOCTH
W; () — W,(2) ornuna ot nyas (n6o W; ()= 0D;, a W, (2) € D,),
a BCe OCTa/lbHHIE PA3HOCTH B HEKOTOPLIX TOUKAX oﬁpamamTCﬂ
B HyJab. Ilostomy npu ze<ll, { = o; aume dpopma Q; Heocobas,
a BCe ocTagphble Gopmbr Q;, j7= i, oco0ble, H IPH HHTErPHPO-

BaHUH N0 rpanH ¢; Gopmyay CToKca MOXKHO NMPHMEHSTb JHIIb TaK:

[1®ee 2= jd{f © 2, z)}—E [1oe 2

=1 0;.

oi i H
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(MBpl BOCIOJ/IB30BAJIMCh TEM, UTO TOJOMOPOHYIO GYHKUHUIO [ MOXKHO
BHOCHTH 1MOJ 3HakK nuddepenunana Gopmel ;).

Ecan cknagpiBaTh 5TH HHTETpafbl, Kak TpebyeT dopmyna (8),
To Kaxjoe pebpo 0;; OyJeT BCTpeyaThCs ABAXK/Ibl, C IPOTHBOMNO-
J0KHOH opuenTauued (co cTOpoHbl rpamelf o; u ;). ITosromy Mbi
0yrieM uMeTb

N N

\ N\

Y [foeea=Y [foQc -9 )

i=1 g i,i=1 oy
rI€ CyMMHDOBAHHME BeXeTCsl 0 BCeM YNOPSAA0ueHHLIM IapaM WH-
nekcon (1 <i<j<<N).

Octaercst 3aMeTHTb, YTO IPH BHIUUTAHUH HeaHAJUTHUECKHE

yactu sigep (9) cokpamalores:

1 1GPH1Ll pip pip g1 |PI P2
Ql_gj—lclz Win (PIPZ—P1P2)d€_TW7—L—W—] P{ Pé

dg

(MBI CHOBa BOCIOJIb30BAJHCh WPHUHATHIMH Bbllle YIPOIIEHUSIMH
B 0003Ha4YeHUAX U pasnoxkeHHeM Xedepa). MBI NPUXOIUM, TaKUM
o6pasoM, K Qopmyie

N, i
\NY/ f (L) P P2
flz)= (Qm ) | v o= Pl 2‘1@ (10)

i,j=1 o
KoTopasi coBnagaer ¢ ¢opMmysaod Belisns npu n=2 »

Bameuanne. Ecau mMuoxectso Befing (1) necsiano, To oHO
pacnajmaeTcsl Ha HeKOTOpoe He 6oJiee yeM CHeTHOE YHCJIO CBSASHBIX
komnodedT (o6nacrefi Befins). Teopema 1, oueBHgHO, ocTaeTcs
B CcHJe ¥ B TOM cJjyuae, ec/id IT — HecBSi3HOE MHOXKeCTBO Beils.
Ilpu »sToM s 2z,” NPHHAAMAECKAMHUX KakoH-1u00 KOMHOHeHTe,
B GopmyJe Befiag (6) oTauueH oT HyJisl JIHIIb HHTErPaJ MO OCTOBY
3TOfl KOMIMOHEHTHI, a HHTErpaJb [0 OCTOBAM [APYIHX KOMILOHEHT
ofpalatTcs B HyJb., DTO CJeLyeT M3 TOTO, YTO uHTerpas MapTu-
Henu — DOXHepa, U3 KOTOPOTO BBIBOAUTCS HHTerpaa Befinist, paBen
HyJI0 BHE 06JacTH.

AnanntuuHocTh sigpa GopMyanl Befiis ucnogab3yercs, HalpH-
Mep, B BoIpocax IpHOJUXKeHHs ToJOMOpOHEX OyHKuHE (QyHK-
LHsIMH M3 HeKoToporo Ksacca. IlpuBeneM ocHOBHbie ¢akThl, OTHO-
cslHecs K 3TOMY.

Teopema 2. Jiwbyo ¢yukyuio f, ecaomoppryo 8 anaru-
TudecKom noausdpe (2) u HenpepvlBHYO 8 €20 BAMBIKAHUU, 8 3TOM
noaAuadpe MOMCHO pasaowuTs 8 pao

0o

fa= 3 X Awi L, (1)

{R1=0 (i)

23 B. B. lllab6ar
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ede k=(ky, ..., k) u i=(,, ..., i,)— s6ekTopHsie uHOeKcoL,
[W, ()] = [Wil(z)]kl o [W, (z)]k", BHYTpEHHEe CYMMUPOBAHUE
npoussoouTcs no ynopadodenHoim Habopam 1 <Cij<...<i, <N
u Koaghuuentor BoLpANCAIOTCA NO GOpMysaM

pi ... pl

1 F (g "

R [ ) B A P D)
Vo @I - [We, Q1" pln ... Pl

G; ...0
4 iy

Pad (11) cxodurca pasromepro Ha A060M KOMAAKTHOM nod-
wHoocecTse noauadpa 1L,
. < Pasnoxenne (11) noayuaercss u3 c¢opmyaun Befaa Touno
Tak Xe, Kak passnoxenne Tefimopa H3 HHTerpa/bHOH (GOpPMyJBl
Komn. Has mo6oii Toukn 2 < Il u moboit touku { na ocrope II
MOJKHO HallHCaTh pPa3J/IOXKEeHHe B CXOAfIyloCsd TeOMeTPHYECKYIO
I POTPECCHIO:

1

11 Wi, (0 = Wi, (2)]

V=l

i W @] . W, & Ry W)

Py [W:, (g)]kl’rl e W, (g)]kn+I _[kI=O[Wi (o)1t

IMpu ¢urcuposanHoM z € Il 3T0 passokeHHe CXOIUTCS Ha o, ..
Loy

pPaBHOMEPHO IO §, M, NOACTaBJsAs ero B ¢opmyay Befias (6), Mbi
noJayuaeM pasjoxenue (11) ¢ xosdbdunuenramu (12).

PasuoMepHas cxojmmocTh paga (11) Ha KOMIAKTHHEIX MOAMHO-
skecTBax noausppa I goxaseiBaeTcsd oObiuHeIM 06pasoM »

CanepcrtBue 1. Jwbyw ¢yukyuro [, 2oaomopPryrw & ana-
auruseckom noausdpe II, na awbom muomecrse K & Il mosmcno
CKOAb Ye0OHO TOYHO NpubAUBUTL QYHKYUAML, 20A0MOpPDHLIMU
8 obaacru D, koropaa yxacréyer 8 onpedeseHuu noauddpa.

KopoTKo 3TO cjefcTBde MOXKHO cHOPMYJHPOBATH TaK: cemel-
creo ¢pynryuii H(D) naorno 6 cemericrge H (II).

< YacTtnunsie cymMuel psga (11), ouessgHo, TpPHHAAJIENKAT
H (D)~ ouu u npubauxanT ¢ynruun fe H (II). Ytobw n3bexats
ycaosusi HenpepbiBHOocTH f B I, nymxuo samennuts Il mommsgpowm
W={zell: |W,(2)|<r;}, tae Bce rj<r, H KOCTATOUHO GJHU3KH
K mocaeguuM ({ — cKanspHBIH HHIEKC) P

B uwacraoctu, Korga Il — mosunoMuanbumiit nosusap (1. e. Bce
byuxunn W, — nNOJHHOMBI), dacTHUHBIE cyMMH psaja (11) spasiorcs
nosuHOMaMH. Mu moayuaeM
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-.CuaencrBue 2. Jwbyro ¢pynxkyuto f, e010M0pHHYI0 8 NOAU-
Homuaasrom noausdpe I, na awbom muomecrse K €Il momno
CKOAb YeOOHO TOHHO NPUOAUIUTH NOAUHOMAMU.

O6unactu w3 C", Ha KOMOAKTHBIX NOJMHOXKECTBAX KOTOPHIX
Kaxpas ronomopdHas QyHKIUA CKOJb YTOAHO TOUHO npubJan-
)KaeTcsl HOJHHOMAaMH, HaswHBawTCes odaacramu Pynee (cp. TeopeMmy
Pynre B n. 22 4. I). Cuencreue 2 MoxHO cOPMYJIHPOBATH TaK:
110001 noaurnomuarsnoiti noausdp asaserca obaacroro Pyuee.

3AAYHN
1. Iyets al, ..., a®® — (neficTBHTEILRO) JHEEHHO He3aBHCHMEE BekTOpH B C”
2n

u I —rpynna opeofpasoBanull Buga z—> 2+ ZN\,aV, rpe Ny —uenpe uuchaa.
v=1

Touku 2, 2’ & C” yasopeM 5KBMBAJEHTHBIMH, €CaAH CyulecTByeT nepesoc A =T

Takofl, yro A (2) ==z'. [okasath, uto B MHOxecTBe C"/I' knaccos skBuBaNeHT-

HOCTH O 3TOMY OTHOUIEHHIO MOXKHO BBECTH CTPYKTYDY A-MEPHOTO KOMILTEKCHOTO

muoroo6pasus (C*/T nasmieaercs n-MepPHBIM KOMIJIEKCHBIM TOPOM, €p. 1. 32 4. ).

2. Hoxasate, uro JuoGas (yHKHuA f, rosoMopdHas BO BCeX TOYKAX KOM=-
nnekcuoro ropa C*/T (cum. sapauy 1), nocrosuna. '

3. Tlyers sKoOMaH cucreMbl n (GYHKUMH fy,, roloMmopoHmx B Touke a & C&,
TOXKJAECTBEHHO PABeH HYJIQ B OKPECTHOCTH a. J{0Ka3aTh, 4TO B HEKOTOPOH# OKpecT-
HOCTH TOUKH @ 3TH (DYHKUHU CBA3aHH ronoMopduoi aasucumoctsio O (fy, ..., fn)=0.

4, TlogmuoxectBo N wmuoroo6pasug M kaacca C! Ha3hBAETCA NOAMHOFO-
o6pasHeM, eclH OHO SBJAAETCs MHOroo0pasHeM B HHAYLHDPYEMOH TOIOJOTHH H
orofpaxkenue Baoxkenns N —>M Bciofy umeer paur, paBHBIl paamepsocTH N.
JHokazats, uTo BCAkas ¢ynkuug uz C!(N) sapagerca cyxeumem na N byuruun
xnacca C!(M).

5, Ilyers M — 2m-meprasn nosepxmocts kaacca C! B C%, 1, e. o6pa3 neko-
Topoil obmactu D < C™ npu riagkom otoSpaxenuu 2> f(2), [=(f1, «ov, Fu)e
JlokasaTh 3KBUBAJEHTHOCTb CAEAYIOLIHX VCJAOBUH: ,

a) nra moGoft Toukm P < M B kacareapHofi IockocTH TpM meT amann-

THYECKNX NPAMBX;

5] a
6) rank (—f-, o
97" g
6. HasoseMm ronomopduoll xpuso# cueremy n ronomopdux B obnacru D=C
oynxunft fy; rorma f=(f;, ..., fa) oroGpamaer D B C" J[lokaszars, 4ro AnA
roJNoOMOp(HHX KPHBHX HMEET MeCTO INPHHIHI MAKCHMYMa MOJYJA KaK B €BKJH-

noeoft MeTpuke |f|= VZ |fvl?, rak u B mMerpuke max (|fil, ..., ful).

7. IIpuBecru npumep roaomopduoét kpusoit f: C—>C2 aas xoropoit MHO-
KECTBO TIPeJeMbHEX 3HAYCHHI 10 BCEBOIMOXKHBM MocesoBaTensroctam LY & C,
cXOnfwuMes Kk GeckoneqnocTd, cosnagaer ¢ C2, [Yxasamue: BOCHONB3OBATHCS
samauefi 1 x r1. V u. L]

8. loka3aTb, ¥TO MHOXKECTBO roJoMoppuux orofpaxenuit C— C? obaa-
JAIOLIHX CBOHCTBOM, YKA3aHHBIM B 3ajade 7, BCKJAY INIOTHO B NIPOCTPAHCTBE
BCex TroJNOMODPdHHX oTobpaxenuit C—>C" ¢ Tomosoruel pasrOMepHON CXOLH-
MOCTH Ha KOMIIaKTax.

9. Muddepennuansuas popMa @ B Touke P muorooGpasus M pasHa mymo,
ec/iy B HEKOTODOR JIOKaJbHOM CHCTeMe KOOPAHHAT BCe €e KOI(pPHUHEHTH
B Touke P paBHn Hymo. Jloka3aTb He3aBHCHMOCTb 3TOr0 oONpexeleHHs OT

)E 2m B D (orciona caenyer, uto n = 2m).

23*
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phnifopa koopauHat. JloKasath, uTo m-MepHoe MHOroobpasne M opHeHTHPYeMO
TOTAA ¥ TOJLKO TOTAa, KOTAa Ha HeM CymecTsyeT anddepeHuuansnas GopMa o
TopsiAKa M, HUTZE He PaBHAas HYJIO.

10. [Iycre [ roaoMopobura 8 noankpyre U C" W nmenpepwieHa Ha MHO-
wecrse U U T, rae I' —ocros U. [okasath, 4T0 [ NPOROMKAETCS 10 (GYHKUHH,

venpepsiBHOH B U.
11. ®yukuus [ menpepeiBHA Ha rparuue dU egunuunoro nmosamkpyra U < C#
ia
¥ Ha KaXXJA0M OLHOMEDHOM AaHAJHUTHUYECKOM Kpyre Av,a={g: Z;u=el W=,
gyl <1} rosomopdua no §y. JHoxasats, uto f mposioskaercs 0 QyHKiuuH,

rosioMopdHoll B U u nenpepuisuofi B U.
12. ®yukuns { HenmpepriBHa Ha ocrtoBe I' exunuunoro moJukpyra U C”
Jokasats, uro [ mpomesxkaercs g0 GYHKUHH, TroJomMopgHof B U wu Hempe-

puisHolt B U, Torfa u TOJMBKO TOTAA, KOTAa

f F(5)t#dz=0 nas Bcex k=(ky, ..., ky), ky>> 0 — nesnte.
b
13. Iyers D — o6aacrs B £ co cBsi3nofl raaxkodt rpanuueli 0D u dbyrxuus

f=C! B okpecrHocty 9D, TIpelnoNoXK UM, YTO BAOJIL KAXKAO0H KacaTelbHol Kk 0D
aHaJIUTHYECKOll NpaMoil 2 =a + 0k, a, ® & L%, A & C, byukuus [ ynosiersopser

g
KacaTeqbHpiM ypaBHeRusM Komn — Pumana: =T f(a+ oAr) =0 B Touke KacaHus.

Hokasats, uro f npomonwaeress 10 GyHKuu#, rojomopduoft B D u RempephB-
Ho#t B D. _
14. Myers M={z= C" |py(2) | <1, v=1, ..., n} ~ noannoMnaabuLf nO-

d
auwsap B C" raxoif, uro Det —52—)9&0 Ha ero ocroee I. Jokasars, uro

Besikasn Gynkuwst f, rosomopduas B II m menpeprisnas 8 ITUYT, PaBHOMEDHO
npubauicaeres moanHoMaMHu (M MOTOMY, B YACTHOCTH, NPOKOJKaeTCs 1O GYyEK-

{BY, HempephBHOH B I1).

~
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AHAJIMTHYECKOE NMPOAOJJKXEHUE

Jlio6asa naockag o004acTh CAYKHUT ecTecTBeHHOA o6aacTbhio
CYILleCTBOBAHHUS ro/oMophHOH Gyukuuu: pas aio6oi obaacte D=C
cyulecrsyeT (GyrKuus, rojoMoppuas B [ U He NpojomAKaeMmas
AHAJUTHYECKH 32 Npenenl 31o# obaactu (cM. I 43, u. 1). B oranune
ot svoro, B npocrpaucree C” (n>1) cymecTtsyior 06aacTH, us
KoTOphIX moBas rosoMopdHas GYHKINA HETPEMEHHO NIPOAO/IK AETCS
B Gosiee WIHPOKYI 06aacTb. Mbl NPUBOIMIU HECKOJBKO IIPHMEpOB
Takux obJacrell, ckaeM HeJOrapa(dMHUYECKH BBIyKJble o0JjacTd
Peiinxapra (. 7) uan o6JacTi ¢ KOMNAKTHBIMH AbIpKaMd (Teo-
pema Ocryga — Bpayra B n. 17),

dra rjaaBa NOCBsLeHd B OCHOBHOM OfHUCAaHUIO NPOCTPAHCTBEH-
HbIX ofJqacTed, KOTOPbie CJay:KaT 00JacTAMH CYIleCTBOBAHUA TI0JIO-
MOpOHBIX GYyHKUUH.

§ 7. O6Gaaetu rosoMopdHOCTH

19. Teopema Xaprerca o HpOAOJIKEHHH. 3AeCh Mbl IpuUBeLeM
elle O/Hy TNPOCTYIO TEOPeMy O HPHUHYAUTEJLHOM aHAJHTHYECKOM
NpoLOJIKEHHN QYHKUHMH HecKOJIbKHX KOMIJIEKCHBIX NepeMEHHBIX.

Teopema 1 (Xaprorc). ITycre danvt o6aactu 'D < C+1('2)
u D, = Cle,); awobas pynkyus [, eosomopdras 8 oxpecTHoCcTU
(6 cmoicae C) mnomcecraa

. M=(D X aD,)U({'2% x b,), (1)

g0e '2°<’'D, eoromoppuo rpoloasaercs 80 ecw o0BAdcTb
D='D X D, (cm. puc. 95, rne D, npexacraBiser coGOH Kpyr).
< He yvenblias oOMWIHOCTH, MOXHO CUMTaTh, Yto D, orpauu-
YeHa KOHEUHBIM YHCJOM TJIagKHX KPHUBBIX,
OyuKI KA

F(0) = oz f“”” @, @

—2Zn

rosioMopdna B obsactd D='D X D,. B caMowm nene, npH §, & 4D,
n’z<’D vouka ('z, {,) = M, caenosaressno, f('2, §,), a 10 seMMe

. 6 # f, rojomMopduo 3aBucut or ‘2 B ‘D npu moGom 2z, ¢ dD,;
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¢ apyro#t cropousl, npu jaoboM ‘2 &’D ¢ynkuna [ (kak HHTErpas
tuna Kowwu) ronomopduo sasucur, or 2, B D,. Ho npu =z, npu-
HajexallliX HeKOTOpOoH oKpectHOCTH MHOXKecTtBa {20} X D,, dyHK-
nusA f no ycaoBuio rogomopdra, H Aas
TaKuX 2 N0 HHTEerpasabHol ¢opMyJe
Komwn gns yukumi OXHONO NepeMeH-
HOTO 2,
1 f (2 )
[R)=5z | T2, %n 3)
n

Takum ob6pasom, Ijasa 2 H3 3TOH
okpecTHOCTH [ (2)=f(2) u 1o Teopeme
€JMHCTBEHHOCTH JJIsi (DYHKLHMA HECKOJIb-
KHX NlepeMennwnx f=={ Bcioay, rue f
rosoMopdua. Ho f e H (D), u, crenosa-

Puc. 95, TeJbHO, OHA jaer TpefyeMoe aHaJUTH-
' YecKoe npojoJxenye [ »

IIpuwmep. Beakas dyukuus f, rotomoppuas B obracrn uz 2, nuarpamma
Pefinxapra xoropo#i HsobGpaxxkena Ha puc. 96, aHaJMTHUECKH NPOJOJKAETCH
B Gukpyr {| 21| <Ry, |22 < R2}

3aMevanue. Kak BUIHO U3 J0KasareJbCTBA, YCJAOBHUA TEO-
peMbl Xaprorca MOXKHO HeCKOJLKO oOcCnadurb, HOTpeBOBAaB JIHIIb,
uroOsl Gyukuus [ Oeina: 1) ro;omopdHoi
B OKDECTHOCTH MHOxecTtBa {'2°} X D,, 2) He- (2,
opepLIBHOH No 2, u rojgoMopdHOH no ‘z Ha
MHOXKecTBe ‘D X dD,. 3aMeruMm ellle, d9TO
B 3TOH TeopeMe MOXKHO NOMEHATb poOAd 06-
aacreft ‘D u D, (M COOTBeTCTBEHHO IlepeMeH-
HBIX ‘2 H 2,), — JJI1 3TOr0 LOCTATOYHO BMECTO

(2) paccmorpers kparHbi#i uHrerpaa Kouwn Y 121
no &'D. /
B KauecrBe NpHMepoB MNPUMEHEHHH TeO- Puc. 96,

peMbl Xaprtorca pacCMOTPHM BONpOC O CTH-

panun ocofenHocTell roJOMOPGHBIX (yHK-

.UMH HeCKOJNbKHX NepeMeHHbIX. IlepBasi H3 TeopeM, KOTOPBIE MBI
3/eCh JOKaxKeM, fIBJAETCS IPOCTPAHCTBEHHHIM 4HaJ0rOM TEOPEMB
00 yCTPAaHUMOCTH H30/JMPOBAaHHOH 0COGOH TOYKH, B OKPECTHOCTH
KoTopoir rojomopdHas (yHKuMsa orpaHHueHa. B cayuae mpocr-
pancteednoil o6snactu D < C" ponb u30/upOBAHHONR TOUKH UIpaAIOT
TaK Ha3blBaeMble Towkue muomcecrsa M < D. Ouu onpenensiorcs
yCJIOBHEM, UTO IJS KaXKILOH TOUKH 2 € D cylleCTBYyeT OKPECTHOCTb
U,=D u B ueit ronomopduas ¢bynkuusa ¢ =0, koropass parha Q
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BO Bcex toukax M) U,. Ilo teopeme eIMHCTBEHHOCTH TOHKOE MHO-
¥eCTBO He MOXKeT MMeTh BHYTPEHHHX TOUeK, OHO HHIJe He IJOTHO
B D. MoXHo JA0KasaTb, 4YTO JONOJHeHHE K TOHKOMY MHOXKeCTBY
oTHOCHTEJbHO OfJactu D cBsizHO (3ajaua 3 K I V).
Teopewma 2. [Tycre M — Tonkoe muoxecrso 8 obaractu D = C»
u gynxyus f eoromoppra e D\ M. Ecau | roxarsno oepanuyenal),

To oHa eduncTsenHolsm obpasom npodoaxcaercs 0o ¢yuxkyuu f,
eosomopprot 8 D.

< EXMHCTBEHHOCTb NPONOJIKEHUS OUEeBHAHA, HBO MHOMXKECTBO |
D\ M cesazno. [octaTouHo A0Ka3zaThb TOJOMOP(HYIO NPOAOIKH-
MOCTb [ B TPOM3BOJBHYIO TOUKy a < M, xoTopyn 06€3 orpaHuue-
HUusi OOGUIHOCTH MOKHO HOPHUHsTL PaBHOH Hy/MO. Brimoanss, ecan
Hazo, JHHEHHYIO 3aMeHY IepeMeHHBIX, MOXHO CUHMTATbh, UTO (yHK-
1us ¢, omnpegeasiomias M B okpectHoctn U, yIOBJeTBOpSET

yeaosmio ¢(’z, 0) % 0, rme, xak Bcerpa, 2=(2, ..., 2,.). Ilpu
JOCTaTOUHO MaJaoM P, >0 dymruus ¢ (0, 2,) = 0 Ha OKPYKHOCTH
{l2,1=p,}, mosromy umcna p, (v=1, ..., n—1) MOXHO BHOpaTsH

crosp ManeiMH, 4t @('2, 2,) %0 ans Beex z&’V ={|z,|< p,}
H BCeX 2, S 0D,={{z,]|=p,)}. Otcioga ciexyer, uto ToukH 'z, z,),
rne z&’V, a 2, 090D,, He ‘npHHamLJIexKaT MHOKecTBY M, T. e.
f ronomopdnra B okpectHocTH ‘V X 3D,

C npyroit cTropoHsl, npu aw6oi bukcHpoBaHHOl "2° =’V GynK-
nusa @ ('2% 2,) cornacHo noxrotosuTeIbHON Teopeme Beflepmrpacca
HMeeT KOHeuHOe 4ucja0 Hydelt B kpyre D, ={]z,|<<o,}, 1. e. f(’2° 2,)
umeer B D, KOHeuHOe UYHCJIO OCOOHX TOuek. TaK Kak OHa Tio
YCJOBHIO OrpanudeHa B D,, TO 3TH OCOOEHHOCTH YCTPAHHMMEL U,
sHauurt, f(’2° 2,) NpoJO/KaeTcss 10 roioMoppHOd B D, QyRKIuHU.
Tponomkennas Gynkuusi f rooMophHa B OKPECTHOCTH MHOMKECTBA
('V X 3D, )U(0 X D,) u no reopeme 1 rosomoppHa B NOJUKpyTe
V="VXD,»

B caenyiouieil TeopemMe Mbl YCHJIUM OrpaHHdyenne Ha QyHKUIMIO f,
NpeNNOJIOKHB €€ HellpephlBHOH B D, HO 3aT0 ocabuM tpeGoBanue
Ha MHOXecTBO M. FIMeHHO, MBI HpPeAliOJOXKHM, UTO OHO JEKHT
HEe Ha TOHKOM MHOXEeCTBe, a JMlIb HA IJIaJKOIl NOBEpXHOCTH pas-
MepHOCTH 2n — 1,

Teopema 3. Ecau pynuxyusn f nenpepotsna e o6aacru D = C*
u 2oaomopgra scrody e D, 3a uckaouenuem muowecrsa M, aema-
wezo na esadkoli nosepxuocru S paszmeproctu 2n—1, TO OHa
eoaomoppra 8o sceld D.

!) dro osmauaer, uro ANA xaxAo# Touxu z & D Halfigercd okpectsocTs U,
Taxas, uro f orpannuena B (D \M)NU,. -
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< JIoka3aTeqbCTBO aHaJOTHYHO Npepasiaymiemy. Ilyetbh B okpect-
poctu U Toukn 0 M nosepxHOCTb S NpelcTaBJAseTCs ypaBHE-
HHeM Y, =@ ("2, x,), rme ¢ —raankas neHcTBUTeabHAs QYHKuuA.
Tak Kak @('0, 0)=0, To B cuAy HeNpepHBHOCTH [Jsi moGoro
pocrarouno MaJsoro f>0 naligercs Takasg okpectHOCTh 'V ToukHm ‘0
u takoe a>0, uro [@('z, x,)|<B nas Beex z2&’V u |x,|<a.
ITosromy [ rosomopdua B 'V X {|x,|<a, B<|y,|<v}, rme y>B
nocratouno mMaJgo, C apyro# cTopoHsl, 1pu GurcHpoBarHOH 2° =’V
¢yukuus f(’2° z,) ronmomopcdHa nmo z, B OpAMOYroJbHHKe D, =
={lx,1<a, |y, |<y} BCIOAY, 3a HCKJIOUEHHEM TIJIALKOH KPHBOH
Yy, = (2% x,), n nHenpepuiBHa B D,. M3 Teopun ¢ynkumii onHoro
TiepeMeHHOro u3BecTHO (CM. 3agauy 5 X ra. I u. 1), ute orciona cae-
ayer rojomopouocts f(’2°% 2,) B D,. ITo teopeme | (cM. 3amedanue
BCseq, 3a Helt) sakaiouaem, uto [ roaomopdHa B 'V X D, »
20, Monarue o6aacru roiomopdHocTH. Kak MBI HECKOJBKO pas
OTMeuaJH, B IPOCTPAHCTBE He BCsiKag 0GJaacTh SABJSETCs 00/1aCThi0
12, CylulecTBOBaHHsT rosoMopdHoll  QyHKIIHE —
uMeloTcsi 00J1acTH, H3 KOTOPHIX Kaxzasi IO-
aoMopbHass QYHKUUSA aHAJHTHUECKH IIPOMHOJI-
Kaercss B 0oJiee MIHPOKYW o6.JacTb. Mbl X0-
THUM ¢ CaMoOro HayaJa HOJNYePKHYTb, 4TO B
IpPOCTPAHCTBE, KaK M Ha MJOCKOCTH, B NPO-
[ECCE TAKOT'O MPONOJIKEHHST PaCIInpSIONiancs
o6sacTh MOXKET HauaTh HaJeraTh Ha camoe
cebsi, o6pasyss BTOPOH cJoll, B KOTODOM
(GyHKUUS DPHHUMAET JpYrHe 3HAueHUs, YeM
B NepBOM CJsoe. Mbr OPUXOAHM, TakuM ofpa-
30M, K HeOOXOJHMOCTH pPaccMaTpPUBATh «MHO-
IOJIUCTHBIE» OOJACTH, aHAJOrMYHBIE PUMAHO-
BBIM MOBEPXHOCTAM aHAJUTHYECKHX (yHKUHUH
oJiHOro nepemensoro. ITogpoGHee MBI pacCcMOT-
Puc. 97. puM mHOTOJHCTHHE obaactu B § 9. Cefiyac Mut
TOJIBKO [IPUBEJIEM APHUMED, H3 KOTOPOTO BHUIHO,
uT0 HeoOXOZHMOCTh B Takux 00acTSX MOKeT BO3HHKHYTb H B
npouecce «IPHHYLHTENBHOTO» aHAJUTHYECKOTO NPONOJIKEHUS,
IMMpumep. INyers D < C?—obaacrs, auarpamma Xaprorca
KOTOPO# H3o0paxkeHa na puc. 97, sto nuaunap (xj+yi<1,|z,[<2}
¢ poOpowennsiMu Kpampatamu [={0< x, <1, y, =0, |21},
H={0<y<l1, x,=0, 1<|2,|<2} n cekropom S={]z[<1,
x, 220, y,2=0, |2,]=1}. Ilo reopeme Xaprorca kaxznasa QyHKIusS
f<= H{D) anaauTH4ecKu IpOROJIKAETCA Uepe3 CeKTOP S KAK CBePXy
BHM3, TaK W cuuay BBepx'). B camoM sgese, paccMOTpHM, Hanpumep,

1) My psif DPOCTOTHL TOBOPHM O MHOMKECTBAaX, H300pa’XeHHBIX Ha Auar-
paMme XapTorca, MOHHMAst IIOJ HHMH COOTRETCTBYIOLIHEe MHoxectBa Ha (2
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nepBHId CcMOCO0 NPONO/UKEeHHs (cBepXy BHHM3): (yHKUMs [ rono-
MopdHa B oxpecmocm noaykpyraZ={lz,|<{l —e, x,>¢,] 2,/ =2 —e}
W otpeska (2,=2), |2,|<<2—¢), rae |2} <1, x{>0, /<0, n
CJIe0BaTeIbHO, npo;j;omxaeTc;{ Ha % X {Izzl<2—e}

ITpu TakoM NpPOJO/IKeHHH Mbl CHOBa HOmajaeM B 00jacTb D,
HO QynKuus He o0f3aHa NPHHEMATb Te JKe 3HAUEHHs, KOTOpPbIE
oHa wuMeJsa. B caMom peJsie, paccMOTPUM, HamprMep, GYHKUHIO

folz1, 25)=V 2z, rme paccMaTpuBaercsi HellpepbiBHasi B D BETBb
KOPHsA, KOTOpasd IPHHHMaeT NOJOMKHTeNbHble 3HAYeHHA HA OCH X|.
Omna, oueBuznnO, TosoMOpdHa B D u B Toukax A u B auarpaMubl,
KOTOpble TPOEKTHPYIOTCS B OJHY TOYKY P NJOCKOCTH 2;, HO pac-
[IOJIOXKEHBI 10 Pa3Hble CTOPOHH S, IIPHHUMAET Pa3JHuHble [I0 3HAKY
3HaveHus (nepexonsi u3 A B B mo D, MBbl [OJIKHBL H3MeHUTh arg gz,
Ha 2m). C Apyrod cTOpOHBI, NpPOROJIKAs [, uepes S IO TeopeMme
Xaprorca (Kak ONHMCAHO BBILE), MBI NOJYYHM, 4TO 3HA4YeHUS fy,
CKameM, B TOuKe B M ee mponosKeHnus B Touke A HOJKHB ObITh
OJHHAKOBBLIMH,

Taxum o06pasoM, NpoNO/KeHHe f, TPHBEJO HAC K HeO g HO-
3Haunof QYHKUHH; He XKesjas paccMaTpPUBATh TakKue (QYHKLHH,
MBbl LOJDKHBI OTHOCHTb TIPOJIOJIZKEHHbIe 3HAYEHHUs] KO BTOPOMY 3K3eM-
naspy obJgacta D, CKJIGEHHOMY ¢ NepBbiM N0 MHOXKecTBY S. Mul
MOJYyYHM NPHMEP MHOIOJHMCTHOH 06JacTH U3 4HCAa TeX, O KOTOPHIX
rOBOPHJIOCH BBHIIIE.

BpeneMm rtenmeps ojHO K3 Ba)KHeHINWX NMOHATHH Teopuu (YHKUHHA
HECKOJIbKHX KOMIJIEKCHBIX NepeMeHHBIX.

Onpepneaenue 1. O6aacrs D < C" nassiBaercs 064acTsr0
egoaromopgpuocru gyuxyun f, ecan f roromopdra B D u He mpo-
Jo/DKaeMa aHaJUTHUECKH 34 mpenaesbl 3To#d ofaacTu B CAefYIOLIEeM
cMblcset): mas ool Toukn 2°e D QyHkumsA f, rogomopdHas
B Haubospuiem noaukpyre U (2 r) = D, He npopo/kaercs ro-
JoMopdHO HH B Kako#l mnoaukpyr U (2% r’), r">r (paauycsl r u
r’ —ckansipet). O6aacTe Ha3bIBAETCST 00.4aQCTHH0 20A0MOPPHOCTU,
ecyqu oHa daBJsercst 067acTbio roJoMopdHOCTH KakKOH-1100 QyHK-
IUH.

Onpepeaenne 2. O6aactsy G, crporo cogepxkainas obaacte D,
HA3BIBAETCS 20A0MOPpHbLM pacuiupenyen ocaeneli, ecan mobas
fe H (D) npomosxkaercss 10 (GyHKUHH, rojomMopdHOi B G.

Bropoe onpenpesenue comepxarenbdo, Korga D He sBisgercs
06/1aCTbI0 I0MOMOPGIHOCTH, T. €, JUIIb B IPOCTPAHCTBEHHOM cJ/ydae.
HHrepecHyio OCOOEHHOCTb 3TOrO cJydasi Bolpaxaer chaenywollas
npocras

1y Yrounenue CYuIeCTBEHHO, KOTMA { HE mNPOAOJKaeMa B OJLHOJHCTHHE 0O-
JAactH, comepikamue 0D, HO NPONOAKAETCH B HEOJHOJNHCTHBE (Kak fo B mpH-
BeeHHOM BRHIUIE IPHMepE).
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Teopema 1. Ecau G a8aaerca e0AOMOPPHUM pacluuperten
obaactu D, To npodosmenue awboi Gynkyuu < H (D) momer
npurumars ¢ G \ D auwe Te 3navenus, Kkoropoie [ npununaer 8 D.

< ITyctb, oT nmporuBHOTrO, HeKotopass ¢yHKuma [ & H (D) npu-
HUMaeTt Kakoe-qH0o0 3HaueHwe wy B G \ D, HO He IIPUHHMAeT €ro

1
B D. Torma ¢pyrxuus g (2) ETEETN

HO HemnpojonkaeMa aHaJHTHYeCKH B (7, H60 B HEKOTODOH TOuKe
G \ D oHa obpalgercs B 6eCKOHEYHOCTb., DTO IPOTHBOPEUHT OTpe-
JeJeHHIo 2 »

Cnencrteue. losomopgroe pacuwupenue G oeparuyeHHol
ob6aacru D = C" raxme ssasercs oepanuuentoii o06aacrsio.

< ITo reopeme 1 dyukuun f,(2)=2, (KoopuuHATH TOUKH )
npuHuMalor B G \ D Te e 3HaueHust, 4To H B D, T, e.

, OUeBHIHO, roqomopbHa B D,

suplz,|=suplz,|, v=1, ..., 1. (n
zEQ zED

Ho tak kak D orpaunduena, to npabnle yactH (1) KOHeUHEHI, cJe-
JOBATeJbHO, KOHEUHBl M JeBHe, T. e. G orpaHuueHa »

Kak nss panbpHefiero paspuTHA Teopun, Tak M AJd HpHJO-
JKeHH# Ba’KHO yMeTb HAXOAMTb B HM3BeCTHOM CMBIC/JE MaKCHUMaJ/b-
Hble TOJOMOD(OHbIE paclINpeHns JaHHO# 06gacTH — TaK Has3biBaeMble
06onouku rojoMopdroctn. Drofl 3amauell Mbl 3afimeMcs B § 9.
A moka OymeM yuuTbCH XapakTepusaoBaTh <«HepacllHpsieMble» 00-
gactu npocrparctsa C", 1. e. ob6aactu rogomopoHocTH (Ha mJao-
ckoct Jbas obsacTb HepacluHpsieMa B HPHHATOM 3Jech CMBIC/E,
TaK 4TO IIOCTaBJIEHHAs 3ajaya HHTepecHa JHLIb nmpH n > ).

HauyneM ¢ HpocTHIX JOCTATOUYHBIX YCJAOBHH. ByneMm roBopurs,
YTO B T'paHHYHON TOuKe { obaactu D < C" cymectByer Gapsep,
ecan pas Joboro MHOXRectBa K& D n Jmoboro &> 0 Hangercs
bynkuua g < H (D) rakas, 410 {| g (g = ma1><<l g(@)I<<1, 50 g (@) >1

zE

B HEKOTOPOH Touke 2 = U (L, e).

OueBuiHO, 4TO ecau cyllecrsyer Gpyukuus f & H (D), sneorp a-
HUYeHHAas B Touke { & dD (r. e. takas, yto f(2¥)—> oo no He-
KOTOPOH moc/aenoBatebHOcTd 2V & D, 2¥—>f), TO B 3TOH TOUKe
cyllecTByeT u Oapwep. B camom nede, nas giobux K &E D u e>0
MOIKHO B35IThb g(z)zﬂffﬁ—z]j. O6parHoe yTBepXKIeHHE TaKXe cnpa-
BeJJHUBO, MPUUEM B CJAeAyIomiedl ycuaeHHOH (opme:

Teopema 2. Jaa arbozo muoxecréa & < 0D rouex, 8 Ko-
TOpuLX CcyuwecTayer Gapoep, naiderca ¢pynxyui [ & H (D), neoepa-
HuYennas 60 8cex Toukax &.

<« Tlpexzae Bcero 3aMeTHM, 4YTO CyllecTByeT He OGoJee ueM

CYETHOE MHOJKECTBO TOYeK 0D, BCIOAy MJOTHOE Ha &, H 4TO ByHK-~
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Ius, HeorpaHHYeHHAs HA TAaKOM MHOKecTBe, OyneT HeOr'paHHUeHHOH
1 Ha &. IlosToMy & MOXKHO cuuTaTh He OOJiee UeM CUETHBIM MHO-
JKecTBOM. B 3TOM NpeAnoJIOKEeHHH MBI NMOCTPOUM TOCJAENOBAaTe/b-
HoceTh IV & & Tak, urobbl Kakpmas TOukKa & BCTpedasdach B Heil
GeckoHeuno uacto!). Tenepp mJis HLoKas3aTeJbCcTBa TEOPEMBI JOCTa-
Touno HalTH OyRxkuMw f< H (D) M nocaesoBaTegbHOCTb TOUEK
2ve D tak, urobs [2V—V|—>0 u f(2V)—> oo.

Crayasna MBI NOCTPOHM KOMIAKTHOe HcuepnwiBanue obJgactu D,
T. e. BO3PacTawouIyl0 MOCJAeS0BATEIbHOCTh 3aMKHYTHIX MHOXKeECTB

o0

R, <= R, ... Takux, yro U R, =D,— 310 genaercss TOYHO TakK Ke,
k=1

KaK TpH JoKasateabcTBe JaeMMmbl H3 1. 22 u, . Teneps ™Mbl mo-

CTpouM TIOCJENOBATENbHOCT, HATYPAJbHBIX uHCEd p, /00, TOYeK

2Ve D u dynxuni f, & H (D) Tax, yrobsr aaa Ky = R,, 1 Ji060ro

v=1, 2, ... BBIIOJHAJHCL YCJIOBUA:

1) 2 € Ky NKy, 12 =2 1< 55 2) Il <1, m01f,() 1> 1. (2)

JTO MOXKHO cjgesaTth mo HHAYKuuH: AJas v=1 Gepem K,=R,,
B KayectBe f; —Gapbep B Touke (! mas MHoXectBa K, W B Ka-
yectBe 2'—Touky u3a: D\ K, |2' =Y <1, B koropoit |, (z1)]>1
(oHa cyulecTByeT mO Omupenesenuid Oapbepa), 3ateM BhidHpaem
Ko = R,, Tak, utobnl 2! & K, (MOKHO cHesaTh O YCJIOBHIO uUCYep-
HbIBaHUA); Tellepb ycaoBHs (2) Bomosnenst npu v=1. Ilycts mo-
CTPOEHHUE CJEeJaHO JUIst BCeX HATYyPaJbHBIX uYHCesa 10 v— 1 BK.O-
ynuTeJ bHO; MBI BrIOHpaeMm B KadecTBe [, 0apbep B TOuke §, IS

mHOX)ecTBa K, (0HO yKe moctpoeno Ha (v— 1)-m miare), Haxomum
Touky 2'&DN\Ky, |2V=0¥|<+, B kotopoit |f,(2")[>1 (onpe-
denenne Gapbepa), H GepeMm Kvi =R, Tak, utobn 2¥< Ky
(ycaoBue ucuepnwiBaHus). YcJjaoBHst (2) BHINOJHAKTCH, H BO3MOXK-
HOCTb Hailler'o MOCTPOEHHSI AOKasaHa.

Hakonen, yuursiBas, uyto |f,(2Y)|>1, Mbl nonGupaem mocaeno-

BaTeJbHOCTh HATYpAaJbHBIX 4uces ¢, (HaumHas ¢ ¢, = 1) Tax, 4ToGnl
BBINIOJIHSJIOCh HEPAaBeHCTBO

n—1
@ =Y @Y +r @=2, @)
v=1 .

') TIycThb TOYKH MHOXKECTBA ¢ KaK-TO 3aHYMePOBAHBI; AN MOCTPOEHHS IIO-
€AeloBaTEeNbHOCTH g" Mbl BO3bMeM TOUKH B TakoM mopsiske: 1; 1, 2; 1, 2, 3;...
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¥ paccMaTpuBaeM Dpsifi

o0

1e) = Nt (). (4)

v=1

Has moBoro z & K, mbl umeeM |f,(2)|<<1 npn vZ=up, caeno-
BatelbHO, psil (4) paBHOMEPHO CXOIUTCH HA K,. Taxk gax K, KoM-

MaKTHO HcuepubiBaloT [, TO orciloma cJaeayer, uto psn (4) exo-
OUTCSt BCIoAy B D H uro ero cymMma f < H (D) (cM. teopemy Befiep-

mrTpacea us n. 6). Hakonen, pgas mwoboro n=1, 2, ... Mb uUMeeM
1 S . L
@) = @) = B @ = Y 5 E =
Vs | v=U-+1 v=p+

OTKyZa BUAHO, uTO f(2*)—> 0o p

M3 nokasannoii TeopeMbl HelOCpenCTBEHHO BBITEKAET JAOCTATOU-
Hoe ycJoBHMe nasi obgactefl rosomMopdHOCTH:

CrnepctBue. Ecau Ha 8C00Y NAOTHOM MHOMNECTBE TOYEK
epanuyv. D cywecrsyer Gapsep, To D sasasercs obaactero 20.40-
MOPGPHOCTHU.

Hanpumep, B Kakxof Touke § rpanuus wapa B ={|z|< R}<=(C"
cylllecTByer 6apbep, HOO CyulecTByer (QyHKUHA

i

fle)= ! = H(B),
Z Cv2y

HeorpaHudexHast B Touke [. CJuepoBaresbHo, map siBjisietess 06-
JACThIO rosoMop®roctH. IJToT NpuMep obobiiaer

Teopema 3. Beakaa ewvinyxkaas obaacte D < C" asagercs
06.4acTo10 2040 MOPPHHOCTIL.

< B cumuy BHOyksaocty D pgas 1060#d TOUKM § & dD MOXKHO
TMOCTPOUTDL (21 — 1)-MepHYIO DJAOCKOCTH

il {av (zv - gv) +a, (év - CV)} =0,

IpOXCAAIYIO Uepe3d { ¥ TaKyiwo, uro D JexXur ¢ 0JNHOH ee CTODOHBHI.
B 5Tofi NJI0CKOCTH MBl BO3bMeM (27 — 2)-MepHyo ') aHANHTHUCCKYIO
J10CKOCTD

ZI Ay (Zv_‘ ;v) =0

') Vkasana neficTBHTENbHAS Pa3MePHOCTE.
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KOoTopas IIPOXOAHT dYepe3 { W He comepxut Touek D. Ho torma
|
$yuknus f(2) =-—————— rosomopdua B D u He orpaHHyeHa
2 ay (zy — &y)
v=1

B L, r. e. B { cymecrsyer Gapbep. [lo caencrsuto D siBasiercsi 06-
JacThio rosqoMopdHOCTH B

OnHako ycnaoBHe BHIYKJIOCTH HE SIBJASETCS H2OOXOMHMBIM I/
00/1acTH TroJgoMOpPGHOCTH. DTO BUAHO, HampuMe)p, H3 ciaenyimollei
TEOpEeMBI;

Teopema 4. Ecau D, asaferca o64acTst0 2010MOPPHOCTU
8 npocrpancree C"(2), a D, — anasoeuunoti o6aacTsro 8 npo-
crpancrge C™(w), 1o npoussedenue D, X D, sa8a9eTcs 064acT610
conomopgrocru 6 npocrpancree C*'" (2, w).

< BosbMem ¢yHxuuwo f(z)e H(D,), He npoao/IKaeMyio roJo-
MopdprOo B OGojee MmHPOKYw 00JacTh, U TAKYK Xe QYHKUHIO
g(w)e H(D,). Torna dynkuus f(2) g (w) e H (D, X D,) u He npo-
LoJKaercs roqoMopohHo B 6ojee IHHPOKYIO 00sacTh, ueM D, X D, »

Tak kak B C! mobasi o6sacth siBasieTcst 06acTbi0 roJ0Mopd-
HOCTH, a NOJHKPYrOBble 00JAaCTH — 2TO NPOM3BEACHHA NJIOCKHX 06-
Jacred, TO Mbl HMeeM

Caepncraue. Jwbas nosukpyzosas obaacte us C* seasercs
obaactero eoromopprocTu.

B uwacrrocry, npoussenenre D nByx nuockux obaacreit Dy u D,
U3 KOTOpHIX 0O KpallHed Mepe OJHa, ckaxeM [);, He BHIOYKJa,
siBJsieTcsi 06J1acTbio roJloMopgHOCTH, x0T D H He BHIOyKJa.

B caenywouem mOyHEKTe MBl BBeJeM O0O0OOLIEHHOE NOHATHE BbI-
MYKJOCTH, KOTOpOE MeHee HArJsAnHO, ueM oObIYHOE, HO 3aTO JaeT
HeoOX0a¥MOe U JOCTAaTOYHOEe YyeJaOBHe 1 obJacteft rosomopd-
HOCTH.

21. TonomophHas BHTYKAOCTb. Brimykaywo 000/104Ky MHOMKE-
¢tBa M <= (C" MOXHO, OYeBHIHO, ONHCAThL KaK COBOKYNHOCTb M
Bcex Touek 2°e& C" rakux, uro gas Jw000H pnefcTBUTEILHOH JH-
HeliHOH OGyHKUMH

2n
AR)=0ay+ X ayx, (a,=RY
V=]

HMEEeT MECTO HEPABEHCTBO

| A% << su%!k(z)l

(cM. pue. 98, rume mpu n=1 uzobpaxedsl JHHHH yDPOBHA auxel-
Hotx Gyuguuil).
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ITpegocTaBasieM uutaTtenio yGeIHThCS B TOM, 4YTO NMpPH ONHCA-
HAM BHNyKJAOH o6onouku B C* neficTButenbunie snHeilinnie QyHK-
UHMH MOXKHO 3aMEHHTb KOMIIJIEKCHBIMH:

[(2Yy=qy+ 21 a2, (a, = CH.

HMupMu cnioBaMH, BHIYKAYIO 060I0UKy
MHOXKeCTBA M MOXKHO ONIpPENEJUTh Kak
— MHOJK@CTBO

M={"eC" ll(zo)l<zsggll 1@ 1}, (1)

rie HepaBeHCTBO CNIPABENJHBO AJS BCeX
auHeHHBX Qyuakuui  (2).
Puc. 98, Msl XoTHM 0000LINTH NOHSATHE BBHI-
NyKJoH 000Jd0YKH, PaCHPOCTPAHHB ero
Ha NpousBoJbHoe cemelcTBo F yHRUMH (geficTBUTENBHBIX HJIH
KOMIIJIEKCHBIX), ONpeleseHHbIX B obJgactn D < C"
Onpenenenue l. F-saunykaoli obonoukoii Mmuoxkectsa M < D
HaspIBaeTCS COBOKYIHOCTb TOYeK

Mp={2& D: 1)< sup 1 ()1} (2)

rJle HePaBEHCTBO CIPABELIHBO IJd BCeX GyHKUHEA [ F.

Onpepneneunune 2. O6anacts D HaspiBaeTca F-gbinyk.aoii, ecan
s Joboro MHOXKecTBa K, KOMIAKTHO NpPHHaaJexallero D, ero
F-Brinykjas o0o0J0YKa TaKkXke KOMIIAKTHO
upunagjgexur D:

KeD = Kr=D. (3)

dopma, B KOTOPO#l INPHHATO OINpeaeJe-
HHe 2, TO03BOJSsIeT yCTaHaBJUBATb [-BHIIYK-
Jocth 00JacTy, He BHIXOAS 3a €€ IpeleJbi.
DToO CyUIeCTBEHHO, Korza F CcoCTOHT H3
dyHKUIHH, onpejeseHHbIX JHIDb B o6JsacTH D,
Scno, uto B cayuae, xorpa F COCTOHT u3 Puc. 99.
JIMHEHHBIX PYHKIHH, F-BBIIYKJIOCTh COBIANAET
¢ ofObunoft (reoMeTpHyeckof) BHIYKJOCTBIO {cM. puc. 99, rxue
TOKa3aHo, KaK HEBBINYKJOCTb 00JacTH BJeueT 3a cofoil Hapylue-
Hue ycJaosus (3)). .

B Teopun ¢yHKUHI 0C000 BaXKHYI0O POJIb HIPaeT 2040MOpPHAS
evinykocTs, Korga F= H (D), a TakXke noAuHOMUAABHAA BbLNYK-
20CTo, KOrna F mpemcraBisieT cob0fi COBOKYIHOCTH BCeX MOJH-
HOMOB P (). IlosHHOMHAMBHO BBINYKJYIO 000JIOYKYy MHOKecTBa M
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Mbl OyleM o0o3Hauath uepes Mp, a rosoMop(HO BHOYKJIAYI — ue-
pes Mpy. ‘PaccmartpuBaercs W TNOHATHE BBIIIYKJIOCTH, CBf3aHHOE
¢ ApYrHMH KJjaccaMd F, HanpuMeD COBOKYHNHOCTbIO BCeX paluo-

HAJbHBIX (QyHKIHA RJIH BCeX MOHOMOB (T. €. KparHbX CcTelieHe:l

k k k
Ja— 1 n
4 —21...2n>

OueBHIHO, ueM LI H P € Kaacc F, TeM a/s1 OOJIbIIEr0 MHOXKeCTBA
¢GynKUMiIl Tpebyertcsi BHNOJHeHHEe HepaBeHCTBA (2) 1 NMOITOMY TeM
yx)e F-pimykaas 000/04Ka MHOMKECTBA W, CJEIOBATEILHO, TeM
[WHpe Kjaace F-BuIykanx oGaactefi. B uwactueotH, Becerpa M <
My Mpc M H Bce BBIIYKJAble 00JIACTH 7i3JAOTCH  IOJHHO-
MHAaJBbHO BHIIYKJ/JIBIME, BCE MOJHHOMHAJIBHO BETYKJblE — [0JOMOP(HHO
BBINYKJIBIMH.

ITpumeps.

1. TlpounaiocTpupyeM ONHUCAHHOE BKJIIOUeHHE B IJICCAOM CJIy-
“yae. JlwGag obaacts D C! apaserca rosoMopdHO BHINYKJIOILN,
a IOJHHOMHAJBHO BHIYKJALIMH OyayT Juiub 00/JaCTH CO CBSI3HBIM
nonoanenneM B C! (moxawxwure!). Kinace reoMeTpHUeCKH BHIIYKJIBIX
obJacTefl yiKe Kaacca mOAMHOMUAIbHO BRNYKALX. O6pasHo rosopi,
Hepexon K MOJHHOMHAJbHOH 060/s0uKe MJAOCKOH 06/1acTH CBOJTHUTCS
K 3aKJEMBAHMIO B HeH «ablp», a K (reOMerpuuecKH) BHOYKIOH 0fo-
JIOYKe — ellle ¥ K 3aKJEeHBAaHUIO «BbIEMOK» BOJH3H TI'paHUILBI.

2. JlioOolt aHaauTHUecKUH MOJMU3ID

M=<D: [W,(d)I<], v=1,..., N}

(cM. m. 18), rue dyukuun W, H (D), asasercs BHINYKJILIM OTHO-
cutenbHo kaacca H = H(D). B camom gmene, ecan K € 1l, to pas
aoboro v=1, ..., N umeem {|W,llx<Cr<1. llo omnpenenennio
H-Buinykao#i o6o0uky

sup W, (2)|<< sup W, () I<r,

2&K gy zeEK

a orcona caenyer, uto U Ky & 11,

Ye0BHE BBITYKJOCTH OTHOCHTEJNBHO JI06OT0 ceMeficTBa (YHK-
uui F < H(D) okaspiBaercsi NOCTATOYHLIM [Jsi TOTO, 4ToObl D
Oblsia 00/aCTbIO I'OJOMOP(PHOCTH.

Teopema 1 (Kaprau u Tyaanen). Ecau obaacte D = C”
BOIAYKAQ OTHOCUTEABHO Kakozo-iubo kaacca F < H (D), to ona
A848€TCA 064ACTO10 20A0MOppHOCTU ).

<« JIokaspiBaercA BIIOJIHe aHAJOTHYHO TeopeMe 0 Oapbepe M3
TPeAbIAYILEr0 NyHKTa. BulOupaeM cueTHOe BCOAY MJIGTHOe Ha JD

') Buibupast B xauecTse F COBOKYNHOCTh JMHHEHHHX QyHxuui [ (z), moayunm
TeopeMy 3 HPeXBAYINEr0 MYHKTA.
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MHOJKECTBO TOUEK & H MOCJeLOBATEJbHOCTb I'PAHHUHLIX TOYEK ¥
Tak, YTOOb Ka¥Aa# Toyka & BCTpeuasach B Hell 6eCKOHEYHO YacTo.
Jlanee, Hcxons M3 Kakoro-aHOO KOMIIAKTHOrO HCuepHbIBaHUA R,

< R, ... obaactd D, CTPOUM NOCJIENOBATEJIBHOCTh MHOKECTB

Ky=Rp , touek 2¥& D n Oyukmuii [, & H(D) Tak, utobu nJs
> > 1

awoboro v=1, 2, ... 6e0: 1) 2K, \K,, [2°'—2"]< ol

2) ”fV”K\, <1, Ho |f,(2¥)[> 1 (mast npocTOTH MHCbMa MBI ONyCKaeM
ungeke F B oGoskauennn F-sunykaofl o6Gosouku). Ilocrpoenue
Aenaem mo uugykuuu. Has v=1 Gepem K;=R, u, m0ab3yschb
F-BRIIYKJIOCTHIO, TIO KOTODPOR K, & D, nHaxoauM Touky 2'< D ra-
- Ky10, yto 2! &K, u |2'—¢l|<1; u3 onpese/ienus 06OJOUKH cile-
Iyer CyllecTBOBaHHe GYHKUUK g & F Tako#, yro | g, (2") | =] g, ”1(’

Hgg“ﬁz) 3ateM Mbl BhGHpaeM K, = R, TaK,
Ki

yrobu 2! npumamiexagaa K, a 3HAYHT, ¥ NOHABHO K2 Hanee
NpeAlosiaraeM, uTO TOCTPOEHHE CHENAaHO /I BCeX HATYPAaJbHBIX

yrcea Jo v-—1 BKJHO‘{I/ITe.HbHO Torna Gepem TOuky 2V e D\ [{v
TaK, 4ToOH OBIJI0 lz — l< ~ + Haxonum pynkuuo g, & F, nas
'gv( )|
R e ftx s
1(W1=R,,v+1 Tak, yrobse 2¥ & Kyi1 \ Ky. [locrpoenive 3akouueno.

Ocraerca Tak e, Kak B TeopeMe 0 Oapbepe, BuiOparh HaTy-
paJbHbBle uHcaa ¢, Tak, 4ToObl IIpH BceX W>1 BLINOJHAJUCH He-
paBeHCTBA

¥ Mpl moJaraeM [, (2)=

Kotopoii |g,(2Y) > gvllk,, monaraem f,(2)= U BbIGHpaeM

u—1
1 . > !
o T (&%) Iw > 2‘-\,—2!}%(2”) v +u,
v=1
H PacCMOTpeTb DSk

oo

@) =Y~ (i ()™,

v=1

Tak Kak pspg CXOAUTCS PaBHOMepHO Ha JwboM K & D, 10
fe H(D), a rak kak [(zY)—> o0, 10 D siBasiercss 06.1aCTbIO I0JO-
MOpPHOCTH 3TOH PyHKUHUH b

CaMoe cHJpHOE YTBEpIKIECHHE MBI nonyan ecai  BHIGepeM
B 370N TeopeMe F = H (D)

Cuaepmcrtaue. Beakaa eoaomopgro suinysxaas 0064acTsd
A8A8€TCA 06A0CTHI0 20A0MOPPHOCTL.

fcro, yro mas MoayueHus HeoOXOAMMBIX yeaosull aag obaacru
roJoMOpQHOCTH Ha KJaacCc F Hano HaJOXUTb JONOJHUTE/NbHbIE
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ycsoBus (HanpuMep, ecau F — COBOKYNHOCTb BCeX JHHEHHBIX QYHK-
nuft, T0 F-BHOYKJIOCTb CBOIUTCSH K OOBIYHOH BHIIYKJOCTH, & OHA,
KaK MBl BHAENH, He sBjseTcs Heo6xXomuMo#). MB Hpefno/oxRuM,
yTO KJacce F sIBJAseTCS yCTOHUMBBIM IIO OTHOLIEHHI K juddepen-
UMPOBAHWIO, Kopoue, d-ycroiyussim, T. €. Blr\gel‘.CTe ¢ mobofi dynK-
nuelt f colepKHT M Ji06y0 NPOU3BOAHYIO aazkr.

Jnst 060/0YKH OTHOCHTENBHO TaKHX KJACCOB CIIpaBejJdBa cJe-
Aylolias BaXkHas TeopeMa 00 OJHOBpPEeMEeHHOM TPOJOJI-
K eHHH:

Teopema 2 (Kapraum u Tyaaen) IHycre KED u
r =p{(K, 0D)— paccrosnue 8 p-merpuxe or K 00 eparuyer D. Ka-
Kosa 6ot HU 6Gviaa Toyka 2°, npu-
Halrexcaujas svinykarold oborouke
mroocecrea K orHocureasno d-ye-
rotiyusoeo Kaacca F, arbas ¢Gynk-
yus f&F eonomoppro npodoa-
acaerca 8 noauxpye U (2% r).

CymecrBenno, uro U (2% r)
MOXeT BBIXOIHTb 3a Hpepelbl 06-
qacty D (cM.  cxeMaTHyeckuir Prc. 100.
puc. 100); pammyc 3TOro moJHU-

Kpyla He 3aBHCHT OT HHAMBAAyaabHOH (yHKIMM f& F u onpe-
JeJsiercsl JIHLIb PacCTOstHMEM MHOXKectBa K a0 0D,

<« Tak kKak 2°= D, 10 mobGasi Gynkuus f & F B okpecTHocTH 2°

npeacrasJasercs psapom Teisopa

00

fle)= X cplz—2p)", (4)
leT=0
_Lalklf H . 0 % @
THE Cp= il I 0 TaK Kak 2’ & Ky u KJaacc d-ycToOHYHB, TO
2
alklf alklf |
12| <12 (5)
028 1, 0z K

T. €. OleHKa IIPOM3BOAHBIX B TOuKe 2° CBONUTCH K MX OleHKe HA K.

BruiGepemM wucio ry<r u 0603HAYUM uepe3 K™ sambikanue
ry-pasnyrtus MHOXKectBa K (T. €. OODbeIUHEHUS BCeX TOJHKPYIOB

Ulz, r), 2= K). Tak kax K™ <= D, To { orpaHnyeHa Ha HeM, MBI
00603HaYUM

Mylr) =1l - ©)

24 B. B. Hladar
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Ecanze K, 10 Uz, r;) = K", 1 pas OlleHKH NPOH3BOXHBIX B npa-
BO#l uacTH {5) MBI MOXKeM BOCHOJbL30BATLCH HepaBeHcTBamu Komiu
(n. 7):

1

lckl<;1_

3! klf
9=~

Mf (r1)

STET
K !

Tenepp BoiOepeM a060e ro<r;; AJS TPOH3BOJBHOH TOUKH
z e U(2% ry) umeem

Y
ez =2 IS Mpir) (2, (7)

OTKyZRa BHAHO, uto psif (4) cxommrtes B moamkpyre U (29, ry). Tak
KaK 4uc/aa ry H ry MOXKHO BBHIGpPATh CKOJNb YrojHO GJIH3KUMH K 7,
10 (4) cxomuTes Bciofy B U (20, r). DToT psif ¥ AaeT HYKHOE roJo-
Mop¢HOe npojxosxenre QYHKUHH | B

JokasaHHas Teopema cpasy IpPUBOAUT K HeOOXORHMOCTH fF-Bbl-
NYKJIOCTH JJs1 o0JsacTefl ToJoMOPGHOCTH B caemymoell popme:

Teopema 3 (Beuke—1lreiin). Ecau D=C" sasaserca
06.4aCTb10 2040MOpPHOCTU HekoTopoil pynkyuu [ w3 d-yerotyu-
goeo Kaacca F, To ona F-soinykaa. ‘

< BosbMeM npousBoabnoe MHOXKecTBO K & D n o603HauuM
r=p(K, 0D). ITo_teopeme 2 dynxuus f npogo/xaercs B r-pasny-
THEe MHOXecTBa Kr, @ TaK Kak [ IO YCJOBHIO HE NPojoJsKaema
3a npegesabl D, TO 3TO paszayTHe NPHHAAIERHT D H, 3HAYMT,
Kr€ED»

. B wactHOCTH, BHIGUpas F = H (D){(3T0oT Ka1ace, oueBHAHO, d-yCTOH-
4HB), NOJyuuM, uto JioGas 06JacTb TOJOMOP(PHOCTH SIBJSETCH
rosomopdHo BHNyKaoH. O6beHUB 3T0T (PaKT C OTMEUEHHBIM BbIIIE
CJeLCTBHEM TeopeMbl 1, NMOJYUHM OKOHYATEJBHBIH pPe3ysabTaT:

TeopeMma 4. Ycaosue eosomopproi ebinYyKAOCTU 06AACTH
Heobxo0umo u docraroyno 048 To20, 4T0GbL OHa Obiaa 004aCTHI0
2020M0pHOCTU. .

K coxagenuio, 3T0 yCJOBHE He sIBJsieTcsl CTOJb HATVIATHBIM H
3P ¢dexTHBHO MpoBepsieMbIM, KaK yCJI0BHe [eoMeTPHUYecKOH BbINy-
KJocTH. B caemywolneM naparpade MB IaZuM JpYryilo ero Tpak-
TOBKY, OCHOBAHHYI0 Ha TeOpHH CyBrapMonudyeckux (QYyHKIUH. ITa
TPaKTOBKA, MOXKaJyl, 60Jee reoMerpuyia ¥, KpoMe TOrO, OHA NPH-
BeJleT K HEKOTOPHIM 3(h(PeKTHBHHM KpUTEPUAM jJg obJaacTell roJo-
MopdHocTH,

Ceftvac MHI npuBejieM elje OAHY (GOPMYJHDPOBKY yCJOBHS F-Bbl-
NYKJIOCTH, HaJ0)KHB Ha paccMmaTpHBaeMble KJIacChl LONOJHHTEAbHOE
orpannuentte. Mmenno, Mel 6yfeM cyuTath, 4To KjAace F ycToHuyns
IO OTHOUIEHHIO K BO3BEAEHUWIO B CTeNeHb, KOpoue, p-yCTOHUUB, T. e.
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BMecTe ¢ Kaxno# ¢ynkuueir f comepxur u mobylo ee HaTypaJsb-
Hywo ctenenb f™.

Jlnsi TakHMX KJaccoB TeopeMy 00 OZHOBpEMEHHOM NPONOJIKEHHH
MOXKHO HECKOJBKO YCHJIHTD:

Teopema 5 (Kaprau u Tyaanen). IIycre KED, r=
=p(K, 0D), a F —npoussoasHslli Kaacc, OOHOBPEMEHNO p- U
d-yerotiwuseii. Toeda daa awboi pynkyuu & F u aw6oi Touku

e Kp
1l o vy < U Fllgeros (8)

2de ry<r—npoussorstoe wucio u K™ — pasdyrue muoocecrsa K.

< Tlycth ro,<ry u Touka 2z < U (2%, ry); Torma psia Tefimopa (4)
GyHKIHKY [ ¢ HeHTpoM B Touke 2° CXOXHTCH B TOYKE 2 M JJ/Ia Kaxk-
JIOr0 €ro uJjeHa cnpaseniuBa ouenxa (7):

re ¥:21
lew(e = 2P <My () ()

CyMMHpPYSL 5TH HepameHCTBa, Halijem
el v
1R IS M; (r) 3 Moy ()
v=0

rae uepes N, , 0603HaueHo uHcJO uJeHoB pana Telsopa QyHk-
IIHH 1 IepeMeHHEX ¢ janHoi | k|=+v. Ho cymMa B OpaBoH 4acrty,

1
=T
r

@ I<M; ) (22 )

ry—

oyeByaHo, paBHA H, CJAeA0BATEJNbHO,

ITpumensis 37O HepaBeHCTBO K ¢yukuusaMm [ (m=1, 2, ...),
IPHHARJEKAWHM Kaaccy F B CHJIY ero p-yCTOHYHBOCTH, IOJYyYHM

@< Wy ()

ry=—ry

Tenepb HaBneuem KopeHb m-f CTENEHH H ycTPeMHM m —> co; GyneMm
uMeth | [(2) << M;i(r)). Ho smech 2 MOXKHO CYMTATh HpPOU3BOJBHOM
Toukoit u3 U (2% ry), a Mi(r;) cornacuo (6) cosnmanaer ¢ npasoi
uacteio (8) »

Cunencreue. B ycaosusx u o6osnauenusx npedeidyuieti
Teopemol

(Kn)"™ ND = (K")p. ' (10
- 94% . ’
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<« JTw6as Touka 2!, mpumHamsexauwas .JeBOi uactu (10), npu-

Hajgaexxur u noaukpyry U (2% r)) ¢ HeHTpOM e KF, NO3TOMY
coraacuo (8) aas moboit f& F nmeenm | f(2") | <<{|fllkey; 370 1 o3na-

qaet, 4To 2! NPUHAAIERKHUT F-BhIYKA0H 06010uke Muoxectsa K™ p

Kpurepuit  F-BLIIYKJOCTH B CHEJaHHBIX MPEANOJONKEHHIX
0 KJacce MOXKHO CHOpMyJaUpPOBAThL Tak:

Teopema 6. Jan roeo 4rober obaacte D < C" 6viaa gbiny-
KA0U OTHOCUTeAbHO HekoTopoeo Kaacca F, odnoepemenno p- u
d-ycrotinugoeo, Heob6xod0umo u Odocrarouno, urobvr 0as 106020
MHoxcecrsa K &€ D

0 (Kr, D) =0 (K, aD). (11)

<« Jocraroynoctb ycsaosus (11) oueBuana. s pokasateabCTBa
HeoOxonuMocTH o0o3HauuM JeByio gacts (11) uepes 7, a npasyio
yepes r. OueBupno, 7 <r; ecau Obl OblI0 7 <r, TO MBI UMEJH OBl
K”eDp. B CHNY B3aMKHYTOCTH MHOXeCTBa KF OHO COJEepIKUT
touky 2° gmas Kortopoit p(2° dD)=#¢. Ilo-
aromy noaukpyr U (2% 7) kKacaercst rpaHHIB!
0D u He MOXeT KOMIIaKTHO IIpuHamgiexarTh D.
Ho U (2% 7) corsmacho Teopeme 5 comep-

A5
wurest B (K”)p. Takum oSpasom, o6osouka

K? uekommakrua B D, a 370 NpOTHBOPEYUT
F-suminykaocru obaacru b
Mpl  nmoJyuusM HOBYI XapaKTepHCTHKY
Pue. 101. o6JiacTel, BHINYKJLX OTHOCHTEJNLHO OJHOBpE-
MeHHO p- H d-yeTOHYHBEIX KJaccoB (B yact-
HOCTH, oJoMOP(hHO BHIOYKJBIX). JT0 Takue 00JacTH, B KOTOPBIX
Hepexojy OT KOMMNAKTHHIX MOAMHOKECTB K UX F-BbIIYKJBIM 000J0Y-
KaM IPOUCXONUT Be3 yMeHbIUEHUs paccTosHu i no rpanniul. O6pasno
roBOPS, TAaKOH Nepexol COCTOHT B 3aKJEHUBAHUH <IBIPOK» H <«BIa-
IUH», UMEIIUXCs B NoAMHOXKecTBax {puc. 101).

22, CpoiicrBa oGaacreii rosomopgHoctn. O6aacté roaoMopd-
Hoct B C" — 310 rosomopdHO BeIIyKJble 00JaacTH. Mbl npuBeneM
HECKOJBKO UX CBOHCTB, 00001ai0lliX H3BECTHHIE CBOHCTBA BLINY-
KJabIX ofJacred.

Teopema 1. Hycre D, o& A, —npouseoisnoe cemeilcrTeo

obaacrel emzozuopdmocm s C"u G = n D,— ux nepeceuenue.
oA

Kamdaa ceasnan xomnonenta D orkpurozo adpa G ABAALTCA
06.4aCTo10 2040 MOP PHOCTH. )
< Ilycrs K € D; rtak Kak kaxpas ¢ynkuus u3 H (D) ro.o-

mMopdra u B D, 10 H(D) D H(D,) 1, creposareasno, Ku o) S Ki (py)
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nas scex o = A, Mostomy p(I%H(D), ODa)>p(RH (Dg)s 0Dg), H, 3ua-
4uT, B CHJy TrosoMopdHOA BumykJocTH Dy, Ias Bcex o & A umeeM

o (K ), 0Da) =0 (K, 0Da) =0 (K, dD). Ecau 6e1 D ue Gnina 06-
J1aCTHIO rojoMopdHOCTH, TO HIJA HekoToporo K Obl10o Obl
0 (Knw), 0D)<p(K, dD), n rorna mamJach 0bl D, AJs KOTOPOi
P (Kuwy, 0Dg)<p(K, dD), BoupeKk:H NOKa3aHHOMY b

B oranume oT mepeceueHusi, o6 begHHEeHHe of.JgacTed roJo-
MophHOCTH He 06s3aHO OHTb TakoH e obgactbio (cp. cooTBeT-
CTBYIOLME CBOHCTBA BBINYKJBIX 00JacTell). D10 BUIHO U3 NMPOCTOTO
npumepa: {lz; /<1, [2,]<2} u {|z,1<2, |2,1<1} sasasoTca o6-
gactamu roaoMmopdrocty B C2, a ux
o6'bejiMHeHUe, IuarpaMMa KOTODOTO
usobpaxena Ha puc. 102, —mer (310
40Ka3aHo B 1. 7).

OnHako, cnpaBen/uBa

Teopema?2 (Beuke—IllTeitn). /

124l

O63edunenue gospacraroujeli nocie- S
dogareasHocTu obaacrell 2oio0mopg- NN
nocru Dy ' 3 X \
p=JD,, D,=D,, (1) / iz
v / A
TaKdxce A8.48eTCA 00AACTHI0 2040 MOP (- Puc. 102.

HocTu, ecau D oepanuyena.

< JloKa3aTe/abCTBO 9TON TeOpeMbl He TaK MPOCTO, H MBI pazobbem
€r0 Ha HEeCKOJbKO 3TaloB. '

1. Ilpexxpe Bcero moxaxem, yTto D MOXKHO IpPeACTaBHTb Kak
o0beIUHEHHE BO3DACTAIOUWIEH [0C/AeL0BATENbHOCTH aHAJUTHUECKHX
noausapoB (cM. n. 18). Has storo smbepeM NOC/EL0BATENLHOCTD
HaTypaJ/IbHBIX YHCeJa p, Tak, 4tobmr obaactu Gy= D, nisi Beex

v=1, 2, ... YIOBJeTBODPS/IH YCJIOBHIO
Sup o (27 an+l)< o (Gv—ly anH)' (2)
€046,

BosMoixkHOCTD Takoro BeIOOpa moKaxKeM 1o HHAyKUMH. ITosoxum
G, =D, u BubepeM p, croJb 60JbIIHM, UTOOH A5 Gy = Dp, Ob110

sup p(2, D)< p(G,, D); nocae storo BuIGHPAeM p; Tak, UTOOBI
z2e9G,
rpanuna obsactu Gy;= D, Gbiia croqp Gauskoit K dD, 4TO B 10-

c/enHeM HepaBeHcTBe 0D MOKHO 3aMeHHTb Ha 0Gy: sup p(2, 0G3) <
2€E0G,

< p(Gy, 0G,). Ilycth BHIOOp cHesaH IJs BCeX HATyPaJbHBIX UHCe,
MeHbIUHX v; BhiGepeM p, Tak, uyTo6n mis G, =D, Gbu10

Sup 9(2, aD)<p(Gv~'11 aD)’ (3)
zE,éGv
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a 3aTeM BBIGEDEM Dy TakK, 4TOOH D, = Gy Oblyia cToab 6.1H3-
Koll K D, uto B NocJenHeM HepaBeHCTBE dD MOXKHO 3aMEHHTH
3Gy, — MH NOJydaeM (2). ’

Tak Kak Gy E Gy H Gy (KaKk 06s2CTh roIOMOpGHOCTH)
BBIyKJIa OTHOCHTe/bHO Kiaacca H (G, ), TO 10 TeopeMe 6 Ipenbl-

AYIIEro NYHKTa /s 060JOUKH G-y =(GV‘1)H(GV ) HMeeM
+
0(GY-1, 3Gvar) = p(Gr-t, OG- )

Ho u3 (2) crenyer, uto mas mo6oil Toukn <0G,
p(zO, an+1)<p(Gv—l’ anH)’

*

T. e. 0G, He nepecekaercss ¢ G, . [TosTomy pas moGof TouxkH
0 o

2°=0G, nafineres dynxkunst f,& H(G,,) Takas, uro |f,(2)|<1
B G,, u |f,(2)|>1] B mekoropom mosmuxpyre U(°% r). B cuay
KOMIIAKTHOCTH MHOXKeCTBa J(G,, MBI MOXEM H3 NOKPHITHA er0 TAKUMH

noJMKpyraMu BHIGpaTh Komeunoe mokpsthe Uy =U (2™, r®Y),
p=1, ..., N,, H [IOCTPOUTH AHAJHTHUECKHH NOJH3AD

I, ={z= G lfu,'v(z)l<1’ p=1, ..., N}, (5)

rae f, ,=fu v—HaiileHHsle Bbuue OYHKUMH U3 Kaacca H (Gyy).

[To mawemy noctpoernro G, &€ll,& G, nis moboro nary-
paaproro v. [Toatomy o6sacte D npepcraBgsercsi Kak o6beluHe-
HiHe Bo3pacraiolledl Oc/e0BaTe/bHOCTH NOJHIApOB Bedas:

D= U Hv’ Hv & HvH! (6)
v

npuueM noausap I, onpepensercs dynkumamu f, ., < H ().
3aMeTuM, uTO, HauWHAs C HEKOTOPOro v, sce moausaps Il, moxwo
CYUTATh CBSi3HBIMH,

II. TTokaxeM Temepb, 4ro kKaacc H (D) NJIoTeH B KaskIOM
knacce H(IL,), 1. e. uwro mobyo yukumio foe H(IL,) Moxno Ha
A060M KoMnakTHOM nopMuoxectBe Il, ckosb yrogHO TOYHO IIpPH-
6ausurs QyukuuaMu us H (D). B camom pese, NycTb 3alaHbl
K&lIl, u e>0. Ilo crenersuio 1 reopeMbl 2 1. 18 cymecTByer

¢ynkuns e H(l,,,) takas, uro ||f,—F HK<%. ITo ToMy ke

caencTBHIO cyiiecTBYeT fo < H(Il,,,) Takas, uro {|fy—f; an< 2% ,

M BoOGmie pas Jioboro w=1, 2, ... cywecrsyeT (QyHKIHA
f.= H(1,,,) Takas, uro
&

” fu _' fu—l !!nv+u;z <§' .
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[TocnenosarenpHocTs GyHKUME f, CXORHTCH paBHOMEPHO Ha Ka-
JXJ0M KOMIAKTHOM YNOJIMHOMKecTBe oOJactH D, H00 Ha KaxXJoM
TAKOM NOJMHOXKECTBE J[Jif BCEX JOCTATOYHO OOJBIIHX U M BCEX
p>0

P
o =< Rl k= fu+kll<ek}]l S <3r

OGosnauum f(2)= lim f,(2); no treopeme Beltepmrpacca f & H (D),
W ~>co .
u rak Kak f=fo+(fi—fo)+(Fo—Ff)+ ..., 10

1F ~Folle < Wl f— fucil e <2 Ziﬁ (7)

pe=1

111. ITo moctpoenuto noausnapw II, ompenensiores GpyHKuUUAMHU
us giaccos H(I,,,), u NO3TOMY OHH BBEIDYKJL OTHOCHTEABHO 3THX
‘kaaccoB (cM. mpumep 2 Ha cTp. 367). MH ImOKaxem, UTO OHH BHI-
OYKJB H OTHOCHTeJBbHO Kjacca I (D). 3ro Ha ocuoanun 1I cie-
nyer u3 rtakoro akra: ecau o6sacth G sBJasercsd F-BHIOYKJIOH H
kjgacc F’ nuored B F, T0 G saBasercs ¥ F/-BeInykJoil.

B camom pese, nyets K € G; B cmuy F-Buinykmoctu obaact G
fas mo6oit Trourn 2°< G \ K cyumectByer dyHkuus { & F rtakas,
uro ||fllx <I1f(2%|. Ho torma mafigercs 6 >0 rakoe, 4ro H

1 llx +8<1F (Y1, (8)

Tak kak Kaacc F/ mnjaoren B F, TO cyliectByer ¢yukuua f, s F’
Takas, 4TO

[¢]
1= Filkeuen <5
Orciona, noJb3yAch HepaBeHCTBOM (8), MBI IOJYUHM, UTO

@17 @) =5 > 1l + 5 >l

1o 03Hauaer, uTo 2°¢& Kpr; Takum o6pasoM, G\ Kr<= G\ K,
T. ¢. Kn& G u obmacte G sBjsiercsd F/-BHIYKJION.

IV. Teneprs yxe HeTPyAHO A0KazaTh, yTO 00JacTh D BEINYKJa
OTHOCHTeNBHO KJsacca H (D)= H u, cjepoBaresibHO, sBJseTCst 00-
JacTeio rosomopoHoctH. Ilyeth 3TO He Tak; TOorga HaljeTcs MHO-
xkecTBO K& D, p(K, dD)=2r,>0 ¥ nocnejoBaTeJbHOCTh TOUEK
4= D, cxopsamasca K Touke { < 4D, Takux, uto ajd Beex fE H

. ]f(zu)] ”f”K (P’=1’ 2"--)-



376 AHAJIUTUUECKOE TMMPONOJDKEHUE [TJI. 111

PaccmoTpuMm ry-pasnytue K" wmuoxecrsa K; umeem K& D
H N0 yTOUHEHHOH TeopeMme 06 ONHOBPEMEHHOM IpPONOJIKeHHH (Teo-
peMa b mpejablLyllero NyHKTa) jus gao6od fe H

“ f” U (2%, ry) < H f “K(rn)' (9)

Ho K™ &1, s BCeX W, HAUHHAS C HEKOTOPOrO Wy, W, B CHJIY
Bunyksoctd II, oruocuresnsno kaacca H, m1a mo6oH  ToukH
ZOEOHu\K(r") Haligercss Qyukuua f,& H takast, uto |f,(%)]>
> 1 o e

Tak kak lim Hu=D, TO L% JOCTaTouHo OOJbIIHX W Ie-

U->00
peceuenne Ol NU (g, ry) uemycto m 2°&U (L, ry), a 3uauur,

u U (2%, ry). Tlostomy mocJeadee HepaseHCTBO mpoTtusopeunt (9) »

Oas GopMyupoBKH mocjegHed TeopeMbl 3TOTO NYHKTa BBeJeM
BaXKHOE

Onpepnenenue. Oro6paxenne ¢: D— D* nasniBaercs 6ueo-
aomopusim otobpaxenneMm obaactn D <", ecau oHO B3aUMHO
OJZHO3HAUHO ¥ BCE KOMIOHEHTH @, 53TOro oroGpaxenus (@ =
= (@, ..., Qo)) TosoMOPDHL B D, a BCce KOMIOHEHTH 1, o6par-
HOro oro6paxenus ¢ !=(y;, ..., P,) rosomoppus!) 8 D"

BurosoMopgusie oTobGpaxenus Mbp OyAeM Has3wBaTh TaKke
2020MOPPHOL MU USOMOPPUIMAMY WIH, KODOUE, 20A0MOPPUIMAMU.
Ounn apasotTcs obobmleHHeM Ha IPOCTPAHCTBEHHBIH cJuydal KOH-
dopMubIX oTOGpakKeHuit.

Teopewma 3. Csoticrso o6aactu 66iT6 004ACTHIO 20A0MOp -
HOCTU UHBAPUAHTHO OTHOCUTEABHO 20A0MOpPu3M08. Huoimu cao-
samu, ecau D C"—obaacre coromopgrocru u D*—ee obpas
npu Gueoromoprom orobpascenuu @, 1o D Takwme a8a3eTCA
064aCTH10 20A0MOPPHOCTU.

« [lyes K*& D", torma B cujay roMeoMopdHOCTH @ H MHO-
xkectBo K =¢ ' {K')& D, a Tak kak D —obaactb rosoMopdrocry,

10 K (py €D.
Jlerko BumeTh, uTO

(D(RH(D))DRZ(D*). (10)

B camom pene, ecau HekoTOpas TouKa wOED*\q)(IfH(D)), TO
= (w)=D\K u naiigercas ¢yukuusa fe H (D) rakas, yto

Y Mol yeuaum B nanbHefimeM (cM. m. 44), uTO STH YCJIOBHS He SIBJITIOTCA
HE3aBHCHMBIMH! ¥3 B3aUMHOH OJZHO3HAYHOCTH H TroJOMOPHHOCTH ¢ ToJoMopd-
HOCTb @~! mhiTekaer.
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1F () 1> lk; obosnauum g(w)=foq@(w); OYeBHJIHO, g H(DY)
H Ig(w°)|>llgll,<*, a 310 O3Hauaer, yTo w'e D" \KH(D')

Us K,,(D)CD 3aKJaI0uaeM, 4TO cp(KH(D))CD u mo (10)

KH(D*)C:D* TakuMm obBpasom, D* rosoMopdHO BBIIYKJIA H, CJAEIO-
BaTeJbHO, fABJAETCH 06JaCTBIO I'OJOMOP(HHOCTH W

§ 8. MceBaOBLINYKAOCTh

31ech MBI NO3HAKOMHMCS € APYroll TPaKTOBKOH MOHSATHS T0JIO-
MOPGHOH BHIIYKJOCTH, KOTOpas HMeeT [Ba CYUIeCTBEHHHIX JO-
CTOMHCTBA: BO-NIEPBHIX, 3TO INOHATHe MOXHO chopMyJIHpPOBaATh JoO-
KaJbHO (M B TaKOM BW[E OHO Jerue IpoBepsieTcs), W, BO-BTOPHIX,
OHO eCTeCTBEHHO BHIpaxkaercs, QOPMYJHpYeTes B TeOMETPUUECKHX
TepMHUHAX.

23. HpuHuun HenpepniBHOcTH. Haunem emle ¢ omHoli TeopeMul
0 NPUHYAHTEJBHOM aHaJUTHYECKOM NPOAOJKeHHH. [Misi ee dhopmy-
JIHPDOBKH YCJIOBUMCSH O HEKOTODBIX T€PMHHAaX.

Onpepnesnenne. DBynmeM Ha3bBaTh KOMIJEKCHO r-MepHOH
anaaruruseckoil nosepxuoctsto B obaactn A () ee obpas S
NpH B3aWMHO OJHO3HAUHOM TOJOMOpPPHOM oToOpaxeHn# @: A—
— C"*(n>r), onpenesasieMoM GYHKIMIMU

v=0y (i s L) v=1,..., n, (1)

Iy
e

KomniekcHo OgHOMepHble aHAJUTHYECKHE IOBEPXHOCTH Hasbi-
BAIOT TAKXKE AHAAUTUYECKUMU Kpusbimu (eCJH, B UACTHOCTH, BCe
@, JUHEeHb: ¢ = a + ©f, TO Mbl I0Jy4aeM aHAJHTHYECKYIO MPAMYIO,
cMm. ra. ).

AnaJsuTHYeCKasn TNOBEPXHOCTb SBJAETCH, OUEBHUJHO, CBA3ZHHM
KOMIIJIEKCHO aHaJUTHYecKHM MHoroob6pasueM. Huas GyHkuuii, roJo-
MODPPHHIX HA aHAJUTHYECKHX NMOBEPXHOCTAX, KOHEUHO, CNPABEAJNBLL
TeopeMa €JMHCTBEHHOCTH H IPHHIMI MAaKCHMyMa, [OKa3aHHble
B 1. 9.

Bynem nasnBaTh (KOMIIJIEKCHO) mM-MepPHYIO0 AHAJHTHUECKYIO MO~
Bepxuocth S < C" komnakraoi, ecan oHa ABJASETCH KOMIAKTHBHIM
HOAMHOXKECTBOM ADYroft m-MepHOH aHAJHTHUECKOH NMOBepXHOCTH S’.
HOasi KOMIAKTHEIX aHaJUTHUECKHX IOBepXHOoCTel S mpuHIum Ma-
KCUMyMa MOJAyJ/d MOXHO, OUeBHJHO, ChHOpPMYJIHPOBATL TaK: [Js
moboit dyukuuu f, rojoMopdHOH Ha S H HempepolBHOH Ha 3aMbI-

KaHuu S,
I lls=NFl,5"-

1) Hamomuum, uto [lflls=25;% 7 ()1

ecIM paHT MaTpuubl SIkobu ( ) Bclony B A pased r.
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Janee, HA30BEM IIOCJ/e10BATENBHOCTE MHOXKecTB M, cxodawelica
K MHoxecTBY M (oGosHauenne: M,— M), ecan pmaa mawoboro €>0
Halijercal HOMep v, TakoH, UTO OPH BCeX V=V,

MycM® u McM?, (2)

TAe uepes M® u MP o6osnauenn e-pas3fyTHsi COOTBETCTBYIOIIUX
MHOXKecTB (T. €. oObenuuenus Bcex NOJHKPYroB U (2, €) ¢ LeHT-
paMH B TOUKAaX MHOXKECTB). _ :

Teopema (Beuke—3oMmeD). [Tycrs S, —~nocaedosaress-
HOCTD KOMNAKTHBLX TM-MEPHbLX QHAAUTUHECKUX nosepxuocrell,
npunadaexcawux emecre ¢ epauyamuy 9S, obaactu D < C".
Ecau S, cxodurca K HEKOTOPOMY MHOMEC-
crey S, a O0S,—k muomecrsy YT u
'eD (puc. 103), r0 awbas gynkyua
fe H(D) eoromoppro npodosxaerca &
HEKOTOPpYI0 OKPeCTHOCTs MHOMecTsa S.

<« Tak kak I'& D, 10 cymecrsyer 06-
npacte G €D raxas, uro I'& G; obosna-
unM p(G, dD)=r. B cuily cxogumoctu
S, T nafinerca takoe vy, uTO IpPH V=W,

4S, =@, 3)

- s moGoit” fe H(D) u moGoft ToukH 2& S, 1O NPUHUKIY
MaKCHMYMa MOAYJS HMeeM

1F @) 1< Fls,»

a orciona B cuay (3) npu v_=>v, noJgydyaem
[Tl

Ho 570 osnauaer, uto 2, a C/efOBaTeqbHO H Bes IOBepX-
HOCTb S, MpH V>V, NPUHANJIEXHUT BHIYKJIOH obosouke Gg (p).
Ilo TeopeMe 06 opmHOBpeMeHHOM npojo/ikenus (m. 21) orcioga
caenyert, yto mobas dyukuuda f & H (D) rosoMophHO IPOROIK aeTCs
B r-pasnyrtue SS9 Beex nosepxHocTell S, ¢ HOMepaMH V=W,

Haxoneu, B cuny cxoguMoctd S,— S HajfifeTcst Takoe v, ==+,

(%)

uro S < Sy’ npu Bcex v=wv,, H, cjenoBaTensHo, dobasa fe H(D)
r
TOJIOMOP(HO NPOROKAETCH B -PasiyTHe MHOKecTBa S b

3aMeuanne. Kak BHIHO H3 10Ka3aTeJbCTBa, B TeopeMe
Benke — 3ommepa kaacc H (D) MOXHO 3aMeHHTb KaaccoM (yHK-
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1, rosoMopdHBIX JHIb B IepeceueHHH D ¢ HEKOTOPOil OKpecT-
HOCTbIO NpefesasHoro Muoxecrsa SUT.

Teopemy Denre — 3oMMepa Ha3BIBAIOT HPUHLUNOM Henpepvls-
nocru'). ONHCATe/IBHO TOBOPS, OHA COCTOHT B TOM, YTO CBOHCTBO
GyHKUHH OBITE TOJIOMOPGHOH B OKPECTHOCTH aHAaJHTHYECKHX 0=
BepxHocTell S, coxpaHgercs M AJA IpefesbHOrO0 MHOXKECTBA S
3THX IIOBEpPXHOCTEH.

B kauectBe NpHMepa NPUMEHeHHs INpPHHIMNA HempepeIBHOCTH
OpHBeNEM J0Ka3aTeJbCTBO OXHOM JieMMHI, KoTopasi moHamobHTes
HaM B cJaepyomeMm naparpade npu
H3YUeHHH NPOROJIKeHHS QyHKuui, ro-
JIOMOP®HBIX B TPyHuaThx obJacTax.

Jdemwma. Hycre x°% x', x2—71pu
rouxu npocrparcrea R*(x), ne ae-
acaugue Ha o0Hot npamod, I = [x° x']
u ly=[x% x| —samxnyrseie orpesxu,
a A= x%!x%— samxHyToii Tpeyeoas-
nux. Ecau  ¢ynxyua [ eoano-
MOPHHA 8 OKPECTHOCTU MHONCECTEA
(L Ul) X R (y), 70 ona eoromopgro
npodoancaercs 8 OKPeCTHOCTs MHO-
acecrsa A X R" ().

WupiMu csaoBamH, BCAKas (QyHk-
uug f, rolomopdHasd B OKPECTHOCTH
o0beHHEHHsT ABYX IpaHeil Tpexrpannoil mpusmsl (puc. 104), nempe-
MEHHO IIPOojoJKaeTcsl ToJOMOP(HO B OKPECTHOCTb BCeH INPH3MHIL.

< Bes orpanuyeHus oOIHOCTH MOXKHO CUHTaTh, uTo X%=
=(,0,...,0), x*=(, 1,0,..., 0), ¥?=(-1, 1, 0,..., 0), u6o
9TOTO MOXKHO JOCTHYb JHHeHHHIM NpeoOpazoBaHHeM NPOCTPAHCTBA
C"(2) ¢ peiictBuTesbHEIME KOo3(GdHuuenTaMu ?). [JocTaTouHO 10Ka-
3aTh, YTO [ roJoMopdHO Npomo/KAETCH B JOOYI0 TOUKY 4 MHO-
xectBa M =AXR"(y). Moxuo cuuTaTh, YTO @ JEXKHT B Ilepece-
uyennn M ¢ pgeficTBHTesIBHEIM mopmpocTpanctsoM {y=0}, T. e.
B TpeyrosbHuke A (9TOro MOKHO M0CTHYL CJABHIOM Ha BEKTOP
C YHCTO -MHHMBIMH KOODPAHHATaMHu).

HMiTtak, HYXHO [J0KasaTb, 4TO [ npOROJKAETCA  rOJOMOPHHO
B mobyo Touky a=(a;, a, O, ..., 0), rae a,, a,— AeficTBUTEb-
Hble YHCJa, YAOBJETBOPSIOMHE yeioBH0 | a, |<a,< 1 (npn HameM

Puc. 104.

1) Yactumii cayuafi Teopemsl Berke — 30MMepa, KOra Sy SABIAIOTCS 3AMKHY-
THMH TOJMHOXECTBAMH AaHAJHTHYECKHX NPAMHX ‘Z='ay H S —TakuM Xe IOA-
MHOXKECTBOM npsmMofl ‘z=’a= lim ’ay, O mokas3aH eme XapTOrcoM H Ha3hl-

v
BaeTcs Teopemoll Xaprorca o0 HelnpPepHBHOCTH.

2) Takxoe npeoGpazoBanHe nepesogur R"(x) B ce0s M He HapyulaetT HH

YCAOBUHA, HU' YTBEPXKACHUS JEeMMEL
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paclnoJIoXKeHHH ocell 3To ycJjoBue Toro, uto a<&A N\ ([, Ul,); npu
a1, !, roromopbHocTs [ yike mnpenmosoxena). [uas pokasa-
TesIbCTBA IIPOBeJeM uepe3 TOuKH x', a u x? mapabouy

x2=axf+(3 (4)

_ 1 T% . —_
(;mﬁ 9TOTO HaJIO0 B3ATh O = I—:—»g—?— uf=1—a; npu a,=1 napa-
1

6oJsia BLIPOAUTCS B IPAMYIO X, = l) u gasa Jgioboro A, 0<A <,
PACCMOTPHM aHAJAHTHUECKYIO KPHBYIO
S,=zEM: zy=az}+ 4, z,= ... =2,=0. (5)

IlepeMennoe 2, MBI pacCMaTpHBaeM Kak napamerp Ha S,.
UToOB [0KAa3aTb KOMIAKTHOCTB S,, JOCTATOYHO IIOKA3aTh, YTO MPH
7 ze S, 3sHaueHUs 2; MEHAWTCA
B orpaHHdeHHoH obJaacTH NJ0-

J/ Z=ac(Bf-yf)+A CKOCTH 2. Ho npoeknus S, na
4 IJIOCKOCTb 2, Ol PejieseTcs yCJo-
BreM (Rez,,Rezy, 0, ..., 0)=A,
KOTOpO€ 3alHChiBaeTCs B BHIE

Z % |<a(xi-p3)+ A1 (6)
M BHAEJSET OrpaHHUEHHYI0 0O-

JacTh, 3aKJIOUCHHYIO MEXAY I'H-
nep6onamu

~=0(Zf-yf)+ A

AV e LA
Puc. 105, (xiiéa) Yi=27F T3

(aann*pnxonaﬂa Ha puc. 105). 3amerum eye, 4TO aHAJHTHYECKHE
KPUBbIE Sy, mpn 0L AP nepecekawr "(¥) mo mnpuHapsiexa-
mwemy A o’ﬁp@a y napaéeis

x,=0ax2+ A, ' )

napaJjesnsiell napaBose (4) (n306paxena myHkTHpoM Ha pue. 104).
OBosHauHM

& ={L=(0, gl: [ ronomopdPro NPOLOIKAGTCHE B OKPECTHOGT: S,};
3TO, OUEBMAHO, OTKPHITOe MHOXecTBo. OHo HemycTo, u6o mpH Jlo-
craToudo MaJganix A>0 o6gacth (6) uaMenenusl 2, Kak BHUAHO i3
puc. 185, jeXuT B CKOJIb YTOAHO MaJofl OKPECTHOCTH TOYKH 2, =0
H, CJeIOBATE/LHO, S; — B CKOJb YTOLHO MaJsioil OKPECTHOCTH TOYKH
2=0, rge f no ycsaosuio rosoMopdua. Ho mHO)KeCTBO & B TO ke
BpeMsl ¥ 3aMKHyTO. B caMom neJse, ecuau A, (0, B] — npenessuas
TOYKa &, TO CyLIECTBYeT NOCJENoBaTeNbHOCTh S’vn" Shp A E&;
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npu stom 9S, — 0S8, u [ rojomopdHa B OKpeCTHOCTH BCex S,

u 0S5y, (3amerum, uyro 0S8, npu mobom A& (0, f] npunanexuT
mHoxectBy (I, Ul) X R*(y), roe [ rosoMopdHa no ycaosuio). Mu
MOXKeM, CJef0BaTeJbHO, IPHMEHHTh NPUHLUUI HENPEePBIBHOCTH (CM.
3aMeuaHHe IOcJe ero JOKasaTeJbCTBA) H 3AKJIOUYHTBL, 4TO Ay &= &,
Takum o6pasom, & ==(0, §], u, smaudr, f rosomopdro mpoxoJ-
Haercsi B OKPECTHOCTb Sy, HO S, COAEPKHT TOUKY a b

24, Bunyknocts B cMbicae JleBn. [IpmHIMN HempepBIBHOCTH
rapanuTupyeT BO3MOXKHOCTb IOJOMODPQHOr0 NPOAOJUKEHUA (QYHKIHU
u3 objactd D B OKPEeCTHOCTh MHOXKecTBa S, KOTODOE MOMKHO IIPH-
6M3uTh HOBepXHOCTAMH S, D. Tak Kak S MOMKHO CUHTaTh pac-
MOJIOXKEHHBM B OKDECTHOCTH Kakoi-nubo TrpaHuyHONl Touku D,
TO 3TOT HPHHIHI HMeeT JIOKaJbHLII XapakTep.

EcrecTBenHo BBecTH Ha o006JiacTh YCJIOBHe JIOKAJNBHOH Hempo-
JOJKAEMOCTH HEKOTOPHIX TOJOMOPPHBIX O(YHKUMH Kak ycJoBHe
HeCyIlleCTBOBaHHS IOC]HeL0BATEJbHOCTH NMOBePXHOCTEH, K KO-
TOPBIM Oblsl OBl HPHMEHHM NpPHHIMI HenpephBHOCTH. Chopmysu-
pyemM 3T0 B CJeAyIOlLleM BHAE:

Onpenenenue. OGuacte D" nasmBaercs sunyxaol
6 cmoicae Jlesu (Kopoue, L-goinykaoll) 6 eparuunol Touxe §, eCJH,
KakoBa Obl HH Obl7a HOBEPXHOCTH S, cojepKamas §{ # Takad,
yro 0S <D, 1o gaa mobo# mocaeOBaTEbHOCTH KOMIIAKTHBIX
aHAJUTHYECKHX TOBepXHOCTelt S,

S,—>S8, 08S,—93S, (1)

Ha#ijleTcs HOMep vV, HaulHasf C KOTOPOro Bce S, COAEPIKAT TOUKH,
He npuHapiexaite D, O6aacte D HaswBaercs L-gsinyxaolf, eCin
0Hg L-BpilyKJsa B KaXKAOH cBOeH rpanHHyHOH TOUKE.

M3 npuHlNna HenmpepeIBHOCTH HENOCPEJCTBEHHO BHITEKAEeT

Teopema 1. Kawdasn o6aacts 2040MOppHOCTU ABARETCA
L-goinyx aofi.

<« Ectu D me amasiercss L-BeHIYKJOH B Kako#-1ub0 TOUKe
{ e 0D, To HalifieTcsl HOBEPXHOCTD Tarad, uto = S, S < D,
H TI0C/Ie[I0BATEJbHOCTD KOMNAKTHHX AHAINTHYEGKHX IIOBEPXHOCTEH
Sy, D, S,— S, dS,—>09S; rorna mobaa fe H(D) roromopdHO
IIPOAONIKARTCS B TOUKY {, ¥ D He MoxKeT ObiTh 06/aCThIO TOJO-
MopdHocTH B

ATOT pesyJsbTaT MOXHO cHOpMyaupoBaTth U JoKaJbHO. Hasomem
o6aacte D He pasuwupsemoli eoaomopgdHo B TpaHHYHOH TOuke [,
ecJH CYIeETBYeT OKpecTHOCTh Up 3TOH Toux¥ U QyHKHHA [, ToJo-
MOpdHas HA OTKPMTOM MHoxXecTBe Ur(lD ¥ He nmpomo/KaeMas
ronoMopdHO B TOUKY (.

Teopema 1, o4eBHAHO, HONYCKaeT TaKON JIOKAJbHHIN BapHaHT:

Teopema 1. Ecau obracte D Ke pacuuprema 2010M0pHHO
8 Touxe [ = 0D, T0o ona snsasnerca L-svinykaol 8 arTod Touke.
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SlcHo, uro moGas obxacTs TOJNOMOPHHOCTH He pacmnpﬂema
rojoMoppHo HM B ojHO# Touke dD. Eume B 1911 r. 3. JleBH mo-
cTaBHa oOpaTHylO sajauy:

ITpobaema JleBu. fgsanerca au obaacre D, ne pacuupse-
MAA 20M0MOPPHO HU 8 00HOU TOuKe 2paruypbl, 00AACTBIO 20A0-
MmopgrocTu?

I'naBuas TPYAHOCTE B Toll mpofJaeMe COCTOHT B IHepexoje
OT JIOK&JbHOTO CBOACTBA K riiobasbHomy. Eean D ue pacumpsiema
rofoMopGHO B Touke { & 0D, TO CylLeCTBYeT JOKaJbHbI Gapbep —
dyukuus fr(2), romomopduas B Uzl D u He npogoaxaemas
rojqoMopdHo B Touky §. HO kak u3 TakuxX JOKajJbHHX GapbepoB
nocTpouth rnobanbHbEf Oapbep, T. €. QYHKUHIO, roAOMOpOHHYIO
BO Bcell obanactu D u He mpojomkaemyio B ? dra Tpya-
HocThb Obljia mpeogosieHa Jaumb B 1954 r, K, Ok a, Koropwiit foKa-
3aj, uro npobsgema JleBH pemraercss mOJIOXKUTEJNBHO AJs ma060#
ofnactu D <= C".

IMpu nomown Teopemsr Oka B n. 39 Oyzer KOKAasaHO, 4TO
ycaoBue L-BHIYKJOCTH o6aacTd D siBaseTcs M JOCTATOUHEIM A8
rosioMOp(HOH HepaclWIKMpseMOCTH, TAK 4YTO 3TH YCJOBHS 5KBH-
BaJIEHTHHL.

BrinykaocTs B cMEbicie JleBH, B OTJHUHE OT T0JOMOP(HOI
BHITYKJIOCTH, fiBJSETCS JIOKAJbHLIM CBOHCTBOM rpaHHIB ob.JacTH,

B IO3TOMY €CTEeCTBEHHO OXKHAATb, YTO OHA

Jerue nposepdercd. MH IpHBefeM 314eCh

4 70} HecKoJ/IbKO KpHTepHeB. HauHeM ¢ mpocTtoro

JLOCTATOYHOTO YCJOBHUSA.

0 Teopema 2. Ecau obaactu D 6 ue-

KOTOpOll epanHu4noll TO4Ke [ MONCHO KOC-

HYTHCA U3BHE AHAAUTULCCKUM MHONCECT BOM

S={z=C" [(2)=0}, ede [— pynxyus,

Puc. 106. 2oromoppras 8 rouke L, 10 D Agasnercs
L-soinyxaoti 6 rouke § (puc. 106).

<« Yc/oBHe TeOpeMBl O03HAUdeT, uTO CYUlecTBYeT OGyHKUHA f,
rojoMopbuaa B okpectHoctH Uy ToukH {, paBHas HYJI0 B 3TOH

1
TOuKe M oTJHuHast oT Hyad B Ug{]D. Ho torpa ¢ysknu#a g=F

rosqoMopdHa B Uz (1D u He mponoJsKaercs roJoMoOphHO B TOUKY L.
TaxkuMm obOpasoM, D He pacmupsieMa roJoMopdHOo B TOUKe { H
no Teopeme 1’ ApJasercd L-BumykJoff B 3Tof TOuke b
OTMEeTHM, 4YTO 3TOT INpH3HAK o0o6miaeT M3BeCTHBIH IMpPH3HAK
oObIyHOH (reoMeTpHUecKO#) BHITYKJOCTH of6jacTH. Ecad BMecTo
agaqauTHueckoro muoxectsa {f=0} mm Oyzem paccMaTpuBaTth
2n

OIIOPHYIO THIIepIJIOCKOCTb { A a.x,—f= 0}, TO moay4yuM (HeoGxo-
v=]
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OHMBIEL H JOCTATOUHKIA) NPH3HAK BBIIYKJOCTH 06JIaCTH B I'paHuu-
HOH Touke L.

Cuenyowuii KpuTepHH NIPHMEHHM K 00JacTAM C JOCTATOYHO
raanxko#t rpannuedi. Ilpepnogoxum, uro B okpectHoct# Uy meko-
TOpOH rpanuyHo¥ TOUKH [ objactb D 3amaercsi yc/JoBHEM

DNUr={z= Uy 9()<0}, (2)

rie ¢ & C*(Uy) — peiicruresbuast GyHkuus. [Ipesmonoxum ere,
YTO B TOoYKe

gradq>=(—g%, aq’) 3)

Oxap
OTJIHYEH OT HYJ.
TellnopoBCcKOE pasfioXkeHHe @ B TOUKe { HUMeeT BUJ

¢(@)=2ReL()+ReK()+5 H(z, B)+o0(z2—LP, (4)

Tlie
L= Y2t | e-t) K@= ¥ oo =t =2,
v=1 uw, v=1 . -
H(Z, §)= -0—2%332_\; ¢ (2;;—'@;;) (év_zv)

u, v=1

(Bce mpousBoaubie Gepyrcs B TOuke {, CBOGOAHBIN useH ¢ (Z)=0,
u 0(]|Z — 2 %) o6osnauaer MaJaylo BhHIle BTOPOro MOPSAKA IPH 2 —§).

s moayuenus (4) 1OCTATOUHO HamucaTh 0GBIYHOE TEHJIOPOBCKOE
passIoXeHHe N0 NePeMeHHBIM 2y, 2y, ..., &, Z, H 3aMETHTb, UTO

o 0 e % 0%
TaK KaK QYHKUHA @ AeHCTBHTENbHA, TO — = =(—1|, = =(—% ],
0z, 9z, 0z, 0z,
1I03TOMY TIDYNIbl YJIEHOB DAasJOXKeHHs IO NePEeMEHHHM Z, KOM-
[JIEKCHO CONPSKeHh COOTBETCTBYIOIIMM IpyNimaM IO 2, H B CyMMe
20T YABOEHHHIE NeHCTBHTE/bHEE YacTH (3TO 3aMeuaHHe OTHOCHTCH
K NepBOMY H BTOPOMY cJaraeMbsM GOpPMYJIb).
3aMeTuM ele, YTO ypaBHEHHe

n
o9
V=1
onpeneadaeT AHAJUTHUCCKYIO KaCaTeJbHYID IJOCKOCTh K HOBer-

nocty {p=0} B Touke ; (OHa He BHIpOXKJEHA B CHJY YCJOBHS
grad @ = 0). ®opma ‘

(2y—2)=0 )

e
. 0z, 92,

H(z, 2)=

B, V=

t (zp, - gu) (év - Ev) . (6)
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e _( %

0z, 02y _(02\;02“) A BCEX U, v =
=1,..., n B CWIy TOTO, UTO ¢ — AelcTBUTeJbHAS (QYHKIHUS.

Teopema 3 (Jlesu—Kmocka). IHyecrs o6aracts D < C*
8 okpecTHOCTU TOouku { & 0D 3adaerca ycaosuem (2), ede ¢ = C?
u gradel, #0. Ecau D seaserca L-swnyxaol e Touxe §, To
cyncenue apmuTosoli gopmot (6) HA KACATENBHYIO AHAAUTUYECKYIO
naockocrs {L = 0} neorpuyareasvro:;

Hz, 2)],_,>0. @)

sIBJIETCS 3PMHUTOBOH, HOO

ObparHo, ecau 3TO CYHMEHUE NONOHUTENALHO:

H(z, 2y|,_,>0 (8)

0aa scex 2=, 70 D asasnerca L-soenyraol 8 Touxe (.

« s ynpouieHuss (opMaJibHHX BLIKJAA0K OTPaHHUUMCH CJIy-
yaeM n =2 u moaoxum {=0. CoBepmium HeBBIPOXKNeHHOe adPuu-
HOe Npeolpa3oBanye IepeMEHHBIX

a21+b22‘—)21, 2L (Z)"’ZQ,

KOTOPOE MePEBOJUT KACATENbHYIO aHAJHNTHUECKYIO MJIOCKOCTD {L = 0}
B IJI0CKOCTh {2, = 0}. Tlocse atoro passoxenne Teiisopa (4) npu-
MEeT BHJ,

() =222y ReK(2)+ 5 H(z, 2)+0(l2P), (9)

TIhe
—_ 2 2
K(2)= a2+ 2a,y2/2, + a2}, : (10)

Hz, &)=a;2,2 + a;32,2, + 05,22, + a,52,2,

(H,JIH IIPOCTOTH IMHCbMA MBI IIOJldTaeM

_Pe | _, _ P9
0zy 9zy |g uvs 0z 02y

0 am.,).

Cyxenne QopMbl H Ha KacaTesJbHYIO aHAJHTHUECKYIO IVIOCKOCTh
{zo =10} Tenepr 3amucwpiBaeTCA COBCEM NPOCTO:

Hio=a3|z [ (11)
a) Hocrarounoe ycaosue. Hs (8) caenyer, uro a;5>0.

BosbMem ¢yukuuo f(2)=z,+ @;22 ¥ PacCMOTPHUM aHAJHUTHUECKYIO
nosepxnocts S={z=C% f(2)=0}. Ha met 2,= — q,;2}, u, pens
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nojacuyeT ¢ TOYHOCTBIO A0 MaJbiX BTOPOTO IopsagkKa, MbL HallgeM,
4YTO CYXKEHHE

¢ ls= Re(—~ay2}) + Re(q,2]) + % a722 +o(lzf) =

éaﬁlzI Fro(lzP). (12)

Orcioga Bugno, yto @|g==0 B HeKOTOpPOH OKPECTHOCTH TOYKH
=0, r. e. uro S B npegesax 3Tod OKPECTHOCTH JEXHT BHe D.
ITo TeopeMe 2 orciona ciemyer, uro D sBasercs L-BHIYKJIOH
B Touke {=0.

6) Heo6xoxgumoe ycaosue., Ilycts, oT NpOTHBHOTO,
D apnsiercst L-BrimyKioii B Touke { =0, a a7 <0. Us (12) Bugno, uro
aHaJUTHYECKas IOBEPXHOCTh Sy = {zECQ: 2,= —a, 2}, Iz‘lgr}
OpH ROCTATOYHO MAJBIX r BCs, KpoMme Touykd =10, JeXHT B 00-
dacth D. V3 coob6pakeHHil HeNpepHIBHOCTH $ICHO, UYTO KOMIIaKT-
Hble aHAJHTHUECKHE MOBEPXHOCTH

S, ={2€C% z,=—a,2] -}, |2|<r}

OpH BCeX HocTaToyHo Maneix A>0 npunaggaexar D u uto S, — S,
08, —>08, npu A—0. Ho 310 mporTuBopeuuT L-BHIIYKJIOCTH D
B Touke {=0 »

s cayuas n=2 cyuectByer ellle 6oJiee 3P HeKTHBHLIE KpH-
tepuil, HazoBem onpedeauresenm Jlesu

g oq
O (921 —52—2—
_ | o9 p Pe |,
Z (p) = 02 02,0z, 9210z |’ (13)
Jo o9 _d%

052 622 62, 65‘2 022

TOTLA WMeeT MeCTo

Teopewma 4. Iycrs obaracte D < C? 8 okpecTHocTu TOUKU
{ = 0D sadaerca ycaosuem (2), ede ¢ =C* u gradg|, #0. Ecau
D seanerca L-ssinyxaoi e touxe §, To 6 aroi Touxke £ (g)=>=0.

Ecau Z(9)>0 e rouke §, 70 06.sacre L-goinykaa 6 srol Touke.
2
< 3aMeTUM, 4TO B YACTHOM CJyyae L(2)=72, K KOTOpOMY

o6uiuil IpUBOJHTCA HeBHPOXKACHHBIM ad¢HUHHHM npeobpasoBauueM

25 B, B. llaGar
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(kax B npepmpylleli TeopeMe), UMeeM

1
00 5
1
Z@=—{0 ey ap|=7ay
1
T 5 4

¥ TeopeMa cBOAHMTCA K npepwmiayuiefl. g nokasaTesbcTBa B 06LIEM
cJyyae JOCTAaTOYHO 3aMETHTh, YTO NPH OHTOJOMOPGHHOM OTOOpaKe-
HHH 2->Z onpepenurteib JleBu mnpeoGpasyeTca IO CJAeAYIOIIEMY
3aKoHy:

2 (@)= ()| 22 (14)

9(Zy, Z)

rae P(Z)=¢(2) (roxpmectso (14) nposepseTcss NpsiMOH BHIKJAA-
Koii) » .

ITpumMepH.
1. ITycth ocuoBanne B r1pyGuaroi 06JIacTH D =B X R?(y) us C? orpauu-

25+ 2 21+ 2
4eHO KPHBOH Q= Xs— 1 (x;) =0, 3amenss xg————;—i, x|=-—'-—-;——', BHLUH-
ciisieM OIpefesnTelb JleBH:
1 ., 1
0 2 v 2
F@==| =¥ - 0 |==ct
2 4 16 7
1
— 0
2 0
Or1ciona BHIHO, YTO L-BHINYKJIOCTh TaKuX obmacrelt CBOZMTCH K OGBIUHOM
mayxnpcm
2. Ilna o6aacteii Peitnxapra us C? c rpanuued 9=|2;|—P{(]2z])=0
d?In
F(@=—— L%
16r{ (dIn ry)
(MH NMONOXKHAM ry=1]2y]). L-BHNOYKJOCTh TaKHX O6JAcTeHd CBOLHTCA, CJENOBA-
TeJBHO, K JIorapHQMHUECKOH BHINYKJIOCTH, TaK Kak P =|2,| = 0.
3. Jaa ofnacreit Xaprorca 43 C2 ¢ rpanumedt @=|2;|— ¢ (2) =0

L @==Lamwy,

e A~ oneparop Jlamnaca. YcaoBHe L-BHIIYKJIOCTH CBORHTCA K CyOrapMoHmu-
gocTH yHkuum - In+p (cM. 3afauy x . V u, I).

25, Nawpucybrapmonndeckne GpyHkunu, Kak BHAHO H3 mocJaef-
Hero mpuMepa, L-BHnykJocTh ofnacrelt Xaprorca us C? ceogurcs
K cyOrapMOHUYHOCTH OQYHKLHIH, HX onpegensioliux., OkasniBaercH,
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uto, BOOGIIE, CyllecTBYeT Iiy6oKas CBfsb L-BHIYKJIOCTH O6macrel
HpH n =2 ¢ cCyOrapMOHHYECKHMH, a IPH 1 >2 ¢ HX 0600ILeHUAMH,
TaK Ha3bHBaeMHIMH ILTIOpHCyOrapMoHuyeckuMH ¢yHkuuaMu. Ilpwu-
BeJleM HX ONpejeseHHe U NpocTedumue cpoiictsa.

Onpenenenne 1. HefictBuTensHass QyHKRIHASA ¢, — 0o <@ < 00,
OnpejieieHHas B OKPECTHOCTH TOYKH 2*=C", nasuBaercs noay-
Henpepsleroll céepxy B STOH TOUKe, ecju Aas Joboro € > 0 Hail-
nercst 6 >0 Takoe, uUTO

\ ! p(2)— (% <e, ecam @(2% & — oo,
lz—2°1<6 = | (p(z)<—-:;—, ecan  @(2%) = — oo, (1)
UJaH, ¥HaYe, eChH
zlgnz ¢ (2) <29 (2)

DYHKUNA § HA3HIBACTCA NOAYHEnpepvisrotl ceepxy 8 obaacru
D c (", ecau oOHa noJyHenmpephHBHA CBePXy B KaKmoH TOuke
2= D (gna sToro HeoOBXOOHMO H JOCTATOUHO, YTOOH AJs Jio6Goro
0 (— oo, 00) MHOXKECTBO MEHBIUHX 3HAYECHHH {ZED ()< a}
O®l10 OTKprTbIM)

IloaynenpepbiBible GQYHKUHH €O CTOPOHH OOJBLIIHX 3HayeHUM
BeAyT cebs Kak HelpephIBHEIe. B uacTHocTH, HAa KOMIakTax K € D
Takue (QYHKUHH OrDaHUYyeHHEl CBEPXY H JOCTHUrAIOT CBOHX HAWUGOJb-
IIHX 3HayeHUH (OTrPaHHUEHHOCTb CHH3Y H AOCTHXKEHUE HAaMMEHbUIMX
3nayeHuit He o0f3aTesbHH).

CoBepIeHHO AaHAJIOTHYHO BBONSTCH HOAYHENPEDLLBHBLE CHUBY
GyHKuMH, KoTOphle BeXyT ceOsi Kak HempepbIBHHIE, TaK CKa3aTb,
CO CTOPOHRI MEHBLINX 3HAUEHHI.

Onpenenenne 2. Oyukuua ¢: D—>[— 0o, oo0) HaszuHBaercq
naopucybeapmonuyeckoti B obaactu D < C", ecau: 1) ona moay-
HenpepbiBHA cBepxy B D u 2) miasa mo6oit touku 2= D u nus
moboil  aHagauTHYecko# npsMod 2=I[({)=24+wf, rae oa=(C",
¢t =C, cyxenue @ Ha 3Ty NPAMYIO, T. €. QYHKUHA @ o (L), apagercs
cyfrapMmonnyeckoi Ha OTKpmTOM MHOXectBe {{=C: [(§)= D}.

ITmopucy6rapmonnyeckie QYHKIHH CBA3aHB C TOJOMODQHBIMU
(GYHKIHAMH HeCKOJbKHX NePeMEHHBIX Tak Xe, Kak cybrapMoHuue-
CcKHe ¢ QYHKUHAMH OJHOTO INepeMeHHoro: aJs Jwoboit dyrkuuu f,
rojiomopduot 8 obsacty D — C", dyuxuus

9 (R)=Inlf(2)| (3)

sBJsieTcsl o pHcyOrapMonrueckoit B 5Tol obaactu. B camoMm pede,
¢ OuYEBHJHO NOJYyHENpPephBHA CBepXy B D, a TaKk Kak CyxeHHe f
Ha moOylo aHAJHTHUECKYIO NpAMYyIo 2 = [({) aBssgeTcs rojoMop dHol
¢dyHKIMER OT §, To CyxKeHHe @ HA aTy npsaMyo ol () =In|fo ()|~

v N

25*
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cy6rapMonnueckass ¢ynkuusa. B uactHoctH, ecam fs£0 B D, TO
byuruus (3) mJI0pHrapMOHHYHA.

M3 onpeneneHnst BHAHO, UTO CBOMCTBA IIOPHCYOTapMOHHYECKHX
GyHKIHA IPOCTO CBOAATCA K cBoOHCTBAM dyukuuit cybrapMmounuye-
ckux. B uwactHocTH, M3 TeopeM, HoKasaHHHX B I, 46 u. I, Heno-
CpeACTBEHHO IOJYYalOTCs CJeAyIolliHe YTBEPXKIEeHHS:

1°. Eean numopucy6rapmonuyeckass B ofjactu D GyHKuua @
JIOCTHraeT JIOKaJbHOI'O MaKCHMyMa B HeKoTopoil Touke 2’ D, T0
OHa TocTrogHHA B .

2°. Qynknus, n10prucyOrapMOHHUECKast B HEKOTOPOH OKpecT-
HOCTH Kawxjo# Toukd, 2°& D, ABJsieTCst MI0PHCYGrapMOHHYECKOH
B odjactu D,

3°. Ecau Bepxusig orubamoliuas

p(2)= sup @ (2)

ceMelictBa QyHKUME @, ¢& A, MMOPHCYOTAPMOHHYECKHX B 06-
Jgactd D, noJynenpepeiBHa cBepxXy B D, To oHa fBJseTCS IJHODH-
cy6rapMoHHueCKod B 3Tof 06JacTH.

4°, Nas toro uTtoObl OQYHKIHA @, IOJYHENPEPHIBHAS CBEPXY,
Onla  muopucyfrapMonuueckoft B ofgactu D, uHeobXoguMmMo W
IOCTATOUHO CYILECTBOBAHHE JIJIF KaXIOH TOukM 2D u Kaxmoro
BekTopa o & C" rakoro unciaa ro=ry(2, @), uTo

2n
0@ <o | 0z +ore)dt @
0

st BceX r<ro{(kpuTepuil naOpUCYyOTrapMOHHYHOCTH).
st pyukuuit kaacca C2 MOXKHO 1aTh Gosiee JIeTKO IPOBEPSTEMBbIi
KpuTepui. BenomuuM, uTo Aas cyGrapMonuynoctd ¢yukuuu u(f),
npunagiexaieii knaccy C? B okpectHoctH Touku g, & C, neo6x0-
JHMO H JOCTaTOYHO, 4TOOB B 3TOH OKPECTHOCTH OBLI HEOTPHLa-
TeJieH ee omepatop Jlanaaca:
0%u
(cm. sapgauy 12 kK . V u. I). Tloabsysice npasuaom auddepenuu-
poBaHHA CJAOXKHOH (YHKIHM, Mbl HafieM, uTo [JIs CYXKeHHs YHK-
wun @ < C?*(D), D<= C", na ananuruueckyo mpamyio z=1[(f) =
=204 @, T. e. aJs cuaoxHOH QyHKuMH u(3)=q I (]),

n
Pu ) _
o IE 02, 02y nOv:
W, v=1
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OTcioga mosayuaeTrcd TaKo# KpuTepui:

Teopema 1. [Jaa narwopucybeapMoHU4HOCTY (PUHKYUL @,
npunadaexcaweii Kaaccy C* ¢ nexkoropoii 06.aacru D =", neobxo-
dumo u docrarouno, 4robul 8 Kaxcdoi Touke 2= D dasn arwbozo
sexropa @ =" 8bLn0aHANOCY HepaseHCT80

N e
(o, &)= 3z, 02y

u, v=1

o @, &y =0, (5)

20e npoussolnsie Gepyrca 6 Touxe 20

3ameruM, yro spmuToBa dopma H (0, @) — 3to Ta camas dopma,
KoTopas yuacTByeT B Teopeme JlesH — KIIOCKM H3 MpenbIAyILero
nynkra. HasoseMm eue dynkuuio ¢ & C? ¢rpoeo nawpucybeapmo-
Huteckoli B Touke 2°= (", ecqd B HEKOTOPOH OKPECTHOCTH 3TOH
Toukn grade*=0 u H(w, ®)>0 gaa Bcex w==0. Torma mu
6yneM HMeThb CJELYIOIIMH Pe3yabTAT, YKA3KBAONHUI CBASH HJIODH-
cy6rapMoHHUeCKUX PYHKIHHA € BBIIYKJOCTBIO B cMbicsae JleBH:

Teopema 2. Iycre o6aacts D < C" & Hexoropoii oxpecr-
Hoctu Uy rouku § < 0D 3adaercsa ycaosuem

DNUg={z= Uy 9(x) <0},

ede @ —crpoeo nawopucybeapmonugeckans 8 Ur gyurxyus, Tozda
D svinyxaa e cmoicae Jlesu 8 rouxe .

« YrBepxKaenre cpasy moJyuaercs u3 TeopeMm Jlesu — Kmocku,
€CJIH 3aMeTHTb, 4TO AJIS CTPOro IO pHCYOrapMOHHUeCKOH QYHKIHU
cyxeHne ¢dopmel H(®, @) Ha KacaTeJbHYIO aHaJUTHUECKYIO I1J0-

CKOCTb
. 5}
= .i
L Zazv
v=1

HOJIOXHUTENBHO 1) NJ BCeX 2 4L »

IMepefifem K maJjbHedieMy H3Y4YEHHIO CBOHCTB mmwopucyGrapmo-
HUUeCKHX QyHKUHHA. YMHOXKasaA o0e uacTH HepaseHcTsa (4) Ha sJe-
MeHT miowagd coepel {|w|=1} u uHTErpHpPYs ©O 3TOM Cchepe,
MBI HaliieM

¢ (zv —Zy)=0 (6)

an

cp(z)o(l)é%fdt J.(p(z+mre")d0= f(p(z+mr)do', )
0 {lo{=1} {lo]=1}

) Yre6bl mnoJMy4uTh TaKOe CyXeHue, Hafo B BHpaxenue H MOZCTaBHTb
@y =2y — {y, cuuTad, 4TO 3TH BeJHYUHB! CB3aHH ypaBHeHueM (6).
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n
rae o(l)=m—2_’_-‘lT—nJlomanb noBepxHOCTH cdepr (BHYTpEHHHUI

puTerpas He sasucut ot £). Ilpocroit saMeHoil mepeMeHHOrO M
IOJYYUM OTCIORA, YTO NJA BCEX HOCTATOYHO MAJIHX 7

W<gy | o0, ®)

{1t-21<r}

rae o(r)=o0(1)r»! -~ ngomanb cheps panuyca r.

Orciofa TOYHO TaK Ke, KaK B IIJIOCKOM cJyuae (cM. m. 46 y, 1),
BEIBOLHTCH, HTO 2/00af naopucybeapmonudeckas GyHRyus 6 ob-
aactu D <= C* sasaserca cybzapmonuseckol pynxyuei 2n Oeticr-
BUTENbHBIX nepemMertHbix. DTO O03HAYAET, 4YTO OJI BCEX TOYEK
Z& D U Bcex AOCTATOYHO MAaJHX 7, AAf Jo0O0f ¢GyHKUuH A,
rapMonuueckoii') B mape B={{&C" |{—z|<r} u Henpepsis-
Ho#i B B, .

PlpShlyy = ol <Al (9)

Teopema 3. Cpednee 3nHaueHue

S=+r | e@do

naopucybeapmonuneckot 6 oxpecrnocry Touku z<C" pynk-
yuu @ Asaaerca sospacrarouwell gyrkyuelt or r,
<« CoraacHo (7)

25
S(r)o(l)= f doQ—‘nf(p(zﬂumre”)dt;
{lol=1} 0

CJIelOBATEJBHO, JOCTATOYHO J0OKa3aTb BO3pacTaHHe CpejHero 3Ha-
yeHus CyOrapMOHHYECKOH B OKpecTHOCTH TOUKH { =0 ¢yHKUHH
u(@Q)=q(z+ ), T. e. BENHUHHEI

25
s(ry= % f u(re')dt.
0

Ilyets ro > ry v h(C) — Hawsyumass rapMOHHUECKAad MaXKOpaHTa
¢yukuun u B Kpyre {|g|<r,} (em. m, 46 u. I). Ilo cBoficTBaM.

1) HanmomuuMm, uTo rapMmonuueckofi B mape B C”" yasmBaercs ¢yHKuHA
h: B->R xaacca C? xoropas B KaxXioi Touke 2 & B ymosileTBOpsieT ypasHe=
2n
a%h
HUO Jlandaca Ak = — =0

o ax,
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cy6rapMOHHUECKHX M FapMOHHYECKUX GYHKIUH HMeeM Torja
o 25 ’
s(r) << % f h(re") dt = % f hire™)dt =s(ry)»
0 0

Tenepb LoOKaXKeM, YTO NPOH3BOJBHYIO IJIOpPHCYOTrapMOHHUECKYIO
GYHKUHIO MOXKHO AaNNpPOKCHMHPOBATh TAKHMH Xe, HO GecKOHEUHO
A depeHIUPyEMBIMH QYHKIHAMU.

TeopeMma 4. Jlana aioboli (yuryuu @, naropucydeapmoru-
yeckoil 8 obaactu D < C", moxcHo nocTpours 803pacCTArOULYO NO-
caedosareabHOCTs  oTKpuiTolx  mHowmcects G, (w=1, 2, ...),

U G,=D, u ybssarouyo nocredosaressHoCTs GYHKYUL ¢, S

p=1
e C*(G,), nawopucybeapmonuveckux 6 @G,, cxodawyywcs K @
8 Kascdoi Touke z < Dt

Py (z)\(p(z)
<4Ecan ¢ = — o0, TO B KayecTBe ¢, MOXKHO B3%Th NOCIENOBA-
TeJbHOCTh @ (2) == —p. B ofuieM cayuae mocjen0BaTeNbHOCTh @,
CTPOHUTCS IpU NOMONIH ycpeineHu#d. BosbMeM ¢yHKUHUIO
1
T
K(z)=! ce I=F, 121<1, (10)
Lo 1zi>1,

BLIGPAB HOCTOSIHHYIO € Tak, 4TOGH HHTErpast ot K mo BceMy Opo-
crpauctey C" pasuasnca 1| (baxkTuueckH HHTErpaJ 1no wmapy
{lgt< 1}, u6o BHe mapa K=0). 3Ty GyHKUHIO MBl HCIIOJb3YEM
B KauyecTBe YCPeAHAIOLIEro f/pa, IOJOKHB

w@=[oz+L)k@av, (1)

rae dV —sjemeHt 2n-MepHoro of6beMa H uuTerpaJs Oepercd mo
BceMy C" (dpakTHueckn no exMHHyHOMY miapy). SICHO, UTO Kaxjast

1
¢$yHRuug @, onpefesesa B ~CEaTHH obnactu D, T. €. OTKPHITOM
MHOKeCTBe

Gu={z=D: e(z, 00)> 1, |

The e— eBKJHAOBO paccrosinue, SIcHo Takxe, 4to G, < Gy AAR

aoGoro p u uro {J G,=D.
n=1
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&
n
pu@)=p" | Q) K{n(t—2)}dv,

H3 KOTOpPOro sicHo, uTo @, < CT(G,) (B camoM pmeJse, NMoxHHTe-
rpaseHas (QyHKIHA, a cjefoBaTesbHO, M HHTErpaJ 3aBHCSAT OT 2
6eckoneuno guddepenurupyeMbM obpasoMm). Iloabsysce Kpurepuem,
KOTODHI BHIpaXaercst HepaBeHCTBOM (4), JerKO YCTaHOBUTD IJIIOpH-
CyOrapMoHHYHOCTb QYHKUHI @, /s BCex 2 € (G, o <=C" u Bcex
LOCTAaTOYHO MaJIbIX r

ITocsie 3aMeHH NepeMeHHBIX 2 + ——>{ unrerpaJ(l1) npumer suj

2n 2 ]
% f g, 2+ arelydt = f K(C)!l—;;; f (0] (2 + % + mre“) dtJ}dV >
[ 0
>f1<(€)cp(z+ ~ﬁ—)dV=q>u(2)
(MBI HCTO/IB30BAJKM NJIOPHCYOTaPMOHHUHOCTE @ H HEOTpHIATEJb-

HocTb sifpa K).
3amensass dV =do,dr, rae do,— sjeMeHT NOBePXHOCTH cdephi

{|¢|==r}, a 3arem Hesasd 3aMeHy IeDEeMEHHHX z+—u~ —>{, MBl IIpe-
o6pasyeM (11) kK BHRY

1
mu(z)=fK(r)dr ‘f cp(z+%)do‘,=
0 {1E1=r}

1 1
= [k@ar [ o@do, =0 [ K)o s (L) ar,
0 {IE—2|=—C— * 0
u
(12)
r r
riae S(F)-cpem{ee 3HaueHue QYHKIUH @ Ha chepe {g: lg—2 I=E}.
Teneps U3 Teopembl 3 BHAHO, YTO QYHKUHH ¢, yORHBAIOT C POCTOM i,
B cuay cy6rapMOHHUHOCTH (YHKUHHM @ ee cpejHee 3HAUECHUE

S(—&)}(p(z), a Tak Kak
1 1
o(l)fK(r)rQ”“dr=fK(r)c(r)dr=deV=l,
0 0

10 u3 (12) caenyer, uro @, (2)>=>@(2) B moboit Toure z &= D pas
BCeX W, HauuHas ¢ Hexoroporo. C JAPYrofi CTOPOHH, B CUJY IOJY-
HeNpepHIBHOCTH (PyHKuHH @ Aast Jo6oro >0 6yaer ¢ (5)—oR)<e
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IJs BceX §, AOCTATOYHO OJM3KHX K 2, T. €. S(—&-)gq)(z)+e i

BC€X |, HAYHHAsS C HEKOTOPOro, W AJd Takux uw u3 (12) Mu mo-
JyYuM, UTO (pu(z)<cp(z)+a. Takum oGpasoM, mjd Bcex 2 & D

lim @, (2) = @ (2)»
B> 00

3ameuanue. Ilpegen yOuBaioleil Ioc/eq0BaTebHOCTH cy6-
rapMoHHUYECKHX QYHKUuH sBiasercs yHkiHeHd cyOrapMoHHuecKoH
(cm. sagauy 14 x ra. V u. I), u 370 yTBepxKaeHHe cpasy mepe-
HOCHTCA Ha NopucyOrapmoHuueckue ¢ysHkuxH. [TosToMmy Teopemy
4 MOXHO OGpPATUTH.

B onpepeJsennn nmopucybrapMonuueckoit ¢pyHKuuu Tpebyercs,
4TOGH €€ CYMKEeHHs Ha aHaJUTHYeCKHe NpsAMble ObIM QYHKUHSIMH
cy6rapMOHHYeCKHMH. DTO CBOHCTBO NONyCcKaeT c/efyloliee yeuaeHue:

Teopewma 5. Cywenue pynxyuu @, naopucydbeapmonuieckotl
6 obaacru D < C", Ha 1100y10 KOMNACKCHO M-MEPHYO AHAAUTU-
weckyro nosepxuocrs 2=f@)={f, ©), ..., ()} rakme asrserca
nawpucybeapmonuueckoll Gyuxyuell Ha OTKPOITOM MHOXCECT8E
Q={=C" ()= D}

<« J11g 11pocTOTH $OpPMAJBHEIX BHIKJAAJOK OTDAHHUHMCA caydaeM
m=1, 1. e. IOKaxeM, YTO CyXeHHe @ HA AHAJIUTHUECKYIO KPHBYIO
z=[(§) aBasiercsa cybrapMmonnueckoii QyHkuuei.

ITycts cuauasna @ < C?(D). Torga mias u(f)=¢@of() mo mpa-
Buay pud¢pepeHUHpPOBAHUS CJAOXKHHX GYHRUMA B Jai000# Touke
te=Q

ou O %% of, a_fy)
oLOT e 02,02, ‘f(_ag‘ :
Taxk kak ¢ nmopHcyGrapMonudyHa, To mo Teopeme | ¢dopma B mpa-
BoH uwacTH HeOTpHIlaTeslbHAa, & 3TO H OgHauaer, uto u({)— cy6-
rapMoHHUecKas PyHKIHs.

OO6mu#i cayvyalf CBOZHTCA K pPaCcCMOTPEHHOMY IIpH NOMOIH
TeopeMbl 4 WM 3aMeuaHus Bcien 3a Hell b

CunepgcrBue. [Jaa cymenus Ha QHAAUTUHECKYIO nosepx-
HocTe S Qynryuu @, nwopucybeapmontiueckol 8 okpectHocTd S,
cnpagedaus NPUHYUN MAKCUMYMA,

B uyacTHOCTH, IJi% KOMIAKTHOH aHaJMTHUeCKOH moBepxHocTH S
(cM. 1. 23) TOT IPHHUHI MOXHO CHOPMYJIHPOBATH TaK:

lolls=ol- (13)

B sakJsouenne nmposefeM CpaBHeHHe MOHATHH NaopHeyGrapMo-
HHYHOCTH W BBUIYKJOCTH (PYHKUMH HeCKOJbKHX (neficTBUTEBHEIX)
nepeMeHHHX. Mbl yXe orMevanu (B m. 46 u. I), uro cy6rapMonHu-

<
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yeckve OGYHKUMH SBJAOTCH IJOCKHM aHAJOrOM BHIIYKJBX (YHK-
nuit ogHoro mepemenHoro. ITocjextne MOXHO ONpefeNHTh TakK:
byuxkuus f: [a, b]—>R! HaszbiBaeTcss evinykaoi (BHH3) Ha oTpeske
[a, b]=RY, ecam gmasn mo6bx paBYx TOuek X', x”" <|a, b] u
moboro (0, 1)

fax’+ A =) x"} < () + (1L~ f (7). (14)

Yro6e NOJuepPKHYTb aHAJOTHIO € CYyO6rapMOHHYeCKHMH (PyHK-
nuamMH, obosnauum uepes x=1x"+(1—#)x” u uepes h(x)=1f(x)+
+ (1 =) f (x”) — nuuefinyo QyHKUMIO !), NpUHUMAOLIYI0 HA KOHIAX
orpeska [x’, ¥”] Te e 3Hauenus, yro H [ (puc. 107). Torma
yciiopHe BhHInyKJaocTH (14) mpumer Bunm:
F)<A(x) mas Bcex x =[x/, x”].

Pacnpocrpanum TnoHATHE BHIIYKJIO-
CTH Ha (QYHKUHH HECKOJbKHX JeHCTBH-
TeJbHBIX TepeMeHdbix. Pynkuus f: D — R}
HasblBaeTcHd  guinykaoi B obJaactu
DcR", ecan ee cyxeHHe Ha MOGYI0 Opsi-
My x=I[(f)=x"+of, rae %% o=R",
, ABJSAETCS BHIYKJIOH QYHKIHEH HA OTK PhI-

- ToM MHOxkectBe Q={{=R: [(f)=D}.

Puc. 107, YcaoBHeM  BHIYKJOCTH — JBAX L

raankodl ¢yHKuMH f OJHOrO mepeMeH-

Horo ¢ sBJAsieTcst, OuEBHIHO, HepaBenctso [7(f)>>0 nas Beex

t=|a, b]. Ilo npaBuay auddepeHUAPOBAHHS CJIONKHBIX (DYHKLHH

oTCiofla IOJYHAeTCs VCJAOBHE BBITYKJIOCTH OVHKIHH HECKOJbKHX
nepemeHHbx [ & C2(D): kBagpatuuHas dopma

o
e Oxy dxy
rae npoussonHbie OGepyress B Touke x0, HeoTpHuareabHa Jsi BCeX
x°= D u Becex o ER".

Taxkum o6pasoM, IAOPHCYOrapMOHHUHOCTL SBJAdeTCHA, TAK CKa-
3aTh, KOMIIJIEKCHHM aHaJIOTOM BHITYKJOCTH, MIHEIMH CJIOBAMH, NJIO-
pucybrapMonnyeckHe GyHKIMK TOJIYHAIOTCH M3 BLINYKJHX 3aMeHOH
JeHCTBUTEJBHOH CTPYKTYPH KOMIIJIEKCHOH: BMECTO CY:KeHHH Ha
IelcTBUTE IbHEE (OfHOMepHBIE) TPsiMbIe ¥ =[ (f) Haxo paccMaTpHBATh
CYXeHHS Ha aHaJjiTHYeckHe (gBYyMepHble) npaMuie 2 =/ ({) u BMeCTO
BHIOYKJABX (QyHKuU#A oT f~— cybrapMmonuyeckue GyHgUHY oT . Jlas
dyukuuid kiacca C? Tako# NepeXoi COCTOHT B 3aMeHe KBanpa-
tTHyHO#t opmu (15) spMuToBO#l dopmoit (5).

H{e) =

5 Qu®vs (15)

') ®ynxmua A seaderca Haudyyimed Jgumefnofl maxopanrtofi ¢yuknuu f Ha
KOHIAxXx OTpe3ka [x’, x”]— anajoroM Haudyuuefl rapMOHHYEeCKOR MaxOPaHTHE
§ynkuuu Ha rpaHune o6gactd (cp. m. 46 u. I).
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26, IlceBpoBbinmykabie o6aacTi. Boinyxasimu HA3LIBAIOTCA TaKHe
obaacth D =R, koropwe BMecTe ¢ JoOmMH Toukamu X' M X7
CONEpPKAT TaKkKe H Bce TOUKH x =1Ix'+(l—~£)x”, roe = (0, 1).
CyuniectByer H »3KBuBaJeHTHOe!) ompepesenue: obaacte D — R"
Ha3blBaeTCs BHIYKJOH, ecan dyHkuua —lne(x, dD), rue e(x, D)—
€BKJHJOBO pACCTOSHME TOUKHM X JO rpaHuub OGJacCTH, SABJAAETCHA
BuinyKJa0d B D, .

Mbpl IpHAEM K NMOHATHIO [CEBIAOBHITYKJOH 00/1aCTH, €CJIH BMECTO
JefCTBHTENbHON CTPYKTYpsl OyXeM pacCMaTpPHBATh KOMIJIEKCHYIO!

Onpepeaeune. O6Gaacts D <= C" wuasnBaerca ncesdogoi-
nykaot, ecan GyHKLMA

¢(2)= —Ine(z, dD), (1)

rae e(2, dD)—eBKAMIOBO pPACCTOAHHE TOUKH 2 A0 rpaHHuu 0D,
njopucy6rapmonnusa B D.

3aMeTuM mpexjae BCero, uto Ha muockoctH C mobasi o6aactb
nceBfoBhINYKAA. B camom mene, mas D=C yrsepxnenue Tpu-
BuHasbHO (uG0 3gech e(z, OD) = oo). Haa D=C\{} yrsepxne-
HHMe IpOBepseTcs IpocThIM mopcueroM (3gech —lne(z, dD) =
= —1Injz—1{|). Ecan xe rpanuna o6/acTH COCTOHT 0oJiee UeM H3
ONHOH TOYKH, TO (yHKUMS

—Ine(z, D)= sup {—In|z—{[}
t=oD

H, cJieoBaTesibHO, CyOrapMOHHUYHA, KaK BepXHAs orubaioouias cy6-
rapMmonuueckux Qyukumuit (cM. Teopemy 4 m. 46 u. [; B a10H Teo-
peMe IpejmoJaraercs, YTO BepXHAfA Orubaiollas HOJyHeNpephBHA
CcBepxy, HO y Hac e(z, 0D) HenpepniBHa, HOO B CHJy HEpPaBEHCTBA
TPeyrOJbHHKA OHA JaXe YAOBJETBOPHAET YCJAOBMIO JIMIIIHIA, X
He oOpallaercss B HyJib HH B OXHOH TOUKe 2 & D).

IIpn n>1, kKakK MB ckopo yGeguMmcs, He BcAxad 064aCTh
IICEBAOBBINYKJA: MCEBHOBLINYKJOCTh OKA3BIBAETCH SKBHBAJACHTHOH
BBHIIYKJIOCTH B CcMbicae JlesH. Jlas [oKasaTesibCTBA YCTAHOBHM
CHauaJa BaxKHBIF BCHOMOraTe/bHBIH pe3yJabTar.

Teopema 1, Jan aroboeo pada Xaprozca

1= 3 602 e an), @)

go= H(UD), ¢pynxyus o= —1nR('2), ede R— paduyc Xaprozca?),
AeaneTea naopucybeapmonuyeckoil s obaacru 'D.

}) DKBHBAJEHTHOCTD ITOrO ONpeJeNeHHs NPEAHAYILEMY CACAYET H3 Pe3y.Ib-
TaTOBs KOTOpHIEe OGYAYT YCTAHOBJEHH 3Kech H B 1. 27.

2) HamomuuM, ut0 R ('2) — 4T0 pajidyc CXOAMMOCTH CTENEHHOTO DAJA npH
¢purcupoBanHOd Touke 'z & ‘D,
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<be3 orpannueHus OOGHIHOCTH IOJIOXHM d,=0; KpoMme TOrO,
AJs1 IPOCTOTH NMHcbMa OyJeM omyckaTh LITPHX B o603naueHHH 'z,
TaK 4TO

2= (21’ ey zn—l) = Cn-l‘

a) JlokaxeM, uto ¢yHkuus R (2) mosyHenpepniBHA CHH3Y B 00-
aacta ‘D. Ilpepnosarasi npoTHBHOE, AOMYCTHM, 4TO B KakKoH-auG0
Touke 2°e<’D .

R (2% > lim R (2).

2>z
Myets cHauana R (2% < co. Torma pl1st JOCTaTOYHO MaJoro
e > ( cyliecTByeT HOCJAEA0OBATENbHOCTh TOUEK 2¥&’D Takad, uTo
V=20 u

R(2) < R(2") —e. (3)

ITo omnpepenennio paaumyca XapTorca oTCIOJA CJaefyeT CYIIEeCTBO-
BaHue MNOCJEN0BATEJBHOCTH TOUEK (2Y, 27), ]z;[=R(zV), B KaXAyio
K3 KOTOpbX yHKUuA [, ompegeaseMmas pajgoM (2), He mpoxgo.-
xKaeTcst ronoMopdHo. B cuay (3) nocaenoBaTesbHOCTh {z;} orpa-
HHUeHA, M H3 Hee MOXHO BHIODATh HOAMNOC/IENOBATEJbHOCTb, CXO-
Adliyiocs K Touke 29, ]zg|<R(z°)—s. Touxka (2% 29)—-npejenbHas
AAf TOueK (2Y, 2¥), B KOTOpHE [ He MPOJAONIKAETCH roJoMOpdHO,
cJaefoBaTeNbHO, [ He HpOJLOJKAaeTcd H B 2Ty Touky. Ho mo ompe-
geneHnio pagmyca Xaprorca [ mpogoJrkaercs B J0Gyi0 TOUKY
(2% 2,), maa koropoil |z,|< R(2°). IIporTHBOpeuHe HOKa3LIBAET

yTBepXKEHHE.
Cayuait R(2%)=co npuBOAUTCA K NPOTHBOPEUHIO AHAJOTHYHO.
6) CorJaacHo a) GpyHKuHsl ¢ = — In R (2) moayHenpephiBHA CBEPXY

B ‘D. IlostoMy ocTaeTcd 10Ka3aTb, YTO CYXKeHHe 3TOH (PYHKIHH

Ha M6y aHAJTHTHYECKYIO mpaMmyio z=I(f)=2°+ oZ, rae o=C"™,
2°e’D, sBasercsi cyOrapMOHHYECKOH (YHKLUHEH B OKPECTHOCTH
toukn {=0. [IycTh 5TO He Tak, TOr[a CYLIeCTByeT TaKas aHaJH-
THuecKas npsaMas z=1(f), uto pyuruuga

—InReI(g)=ull) 4

He cyOrapMmonuuHa B okpectHocTd {=0. Torna cymeCTByeT Kpyr

U={l¢|<r} nu dyuakuusa A, menpepmsHast B U ¥ rapMoHuueckas
B U, rakas, yro u(f) << A(f) na dU, HO B HeKOTOpOil Touke {,=U

h(g)~ (L) =inf{A(Q) = u (@} =—e <0
u

(MB BOCIIOJIB30BAJIHCH TEM, UTO NOJYHENPePHIBHAS CHH3Y (QYHKLHS
h —u pocruraer cpoeil HHXKHeH rpaHy HA KOMMAaKTe),
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OGosHauum uepes g(f)= — A(Z) —e GYHKLHMIO, TAPMOHHYECKYIO
B U u HenmpephBHYO B U; umeeMm

g0 < —u() na U,
g@)<—u(@) s U, (5)
g (&) = — u(Zp).

Mo caoficTBy pamuyca Xaprorca CyIIeCTBYeT TOukKa a,, |a,|=
= Rol(fy), B Kotopyo ¢ynxuus (2) npu duxcuposanuom z=/I ()
He mnpopoaxkaercs rogomopduo. ITocrpoum rosomopduyio B U
byukunio G)=g @)+ ig () mak, urobm G (f;) coBnamano ¢ Ka-
KUM-HUOYAb 3HauenHemM Ina, (370 MOXKHO caeJjaTh, MO0 ¥ Hac
g () =1nR ol (L) =1Inla,l).

Tenepr BmbGepem kpyr U’ ={|{|< r’} & U rak, urobun na U’
6p10 g (8) < —u () (310 MOXKHO chenaTh B cuay (5) U moJyHe-
HPEePHIBHOCTH CBePXy (YHKUHH g + 1), H pacCMOTPpUM ceMelCTBO
KOMIIAKTHBIX B CMBICJE II. 23 aHAJUTHUECKHX KPHUBBIX

Sp={(z, 2) EC" 2=1(), 2,= 290, L= U"}. (6)

JOas mo6oro As(0, 1) xpusas S,&D, rae D='D X {|z,| < R(2)},
6o gaas Bcex (2, 2,)ES, B cuay (5) HMmeeM |2,|<<Ae*® =
= ARl (§)=AR(2). Hanee, oueBugno, 4to S,— S, u 95, —> 95,
npu A—1 u uro 0S5, & D, ubo Ha JU’ umeeM cTporoe HepaBeH-
ctBO g () < — u (), paBHOCHABHOE HEPaBEHCTBY | 2,| < e~#©® =R (2).

Takum o6pasoM, HIPUMEHAM MPHHIHI HENPepPLIBHOCTH M. 23,
no xotopoMy ¢yukuua (2) romoMopguo mnpomoskaercs Ha Si.
Ho S, comepxur Ttouky (/(Zy), @,), B KOTOPYIO, KaK MBI BHLEJH,
3Ta (PYHKIHS HEIPOJOoJKaema.

ITpoTuBopeune QOKaskBaeT YTBEPIKAEHHE >

CBs13b [OKa3aHHON TeopeMbl C BBIIYKJIOCTBIO B CMBICJe JIeBH
BLISICHAIeTCH cJaefyloliuM o6pasom. J[lias NpoH3BOJAbHOH objacTu
D = C" wunasoseM paduycom Xaproeca B Touke 2 D pammyc
R (2°) HauGoabiero Kpyra ¢ unedatpom 2° Jexkallero Ha Iepeceue-
HuM D ¢ aHagutuyeckoil mpsamoil [, ={z=C" 'z2="2°% 2z,=})

R(2) =e(2% 0D N1y). (7)
Jemma. Jas awboii L-sonyxaoll obaracru D < C* pynryus
¢=—InR(z), ede R(z)— paduyc Xaproeca D e Touxe z, nawopu-

cybeapmoruyra 8 D.

< [Ina npoussoabHoil obaacty D < C" paauyc Xaprorca R (2)
noJyHenpepLIBeH CHH3Y, a QyHKuusa ¢ = — In R (2) noayHenpepoiBHa
ceepxy B D. B camom jgene, nycrh a &R 1 R(2% > a; Torga
kpyr K={z=C" 2="2, |z, —2}|< a} € D, 1 Mp 0003HaUAM
r=p(3K, 0D)>0. W3 puc. 108 scHo, uYTO Aas moGOH TOYKH
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ze U (2% r) umeem R(2) > a. Takum o6pasom, MHOXKECTBO BepX-

HUX sHaueHHii {z< D: R(2)>a} otkpuro aas Jmoboro a =R:L,
Ocraercsi [10KasaTh, uTO AJs L-BHIMYKJBIX oOJsacTelt cyxkenue

$yukuuu ¢ = — In R (2) Ha M06YI0 aHAJIHTHUECKYIO HPAMYIO

lo,={z=C" z2=2"+ ()}, (8)
rae 2°= D, e =C", asaserca cy6rapM0aneéKoﬁ ¢yukuueii B Ok~

pectHocTH Ttoukn §=0. Ecam ‘e='0, 1. e. [, mnapaanenbha
OCH 2,, TO MH HMeeM CHTyalMi0 IJOCKOro

cayyaal): R(z), = inf 2 —2"]|, u, cae-
_ y ) ( )lm z’EaDﬂlml n n, »
R, /e\\\ L0BATENbHO, (DYHKIHS
—InR(2)},. = su ~1Injz —2’
o \ R( )llm z’Eal?ﬂlm{ l n nl}

[ cy6rapMoHHYHA, KaK NOJyHelpepbiBHAA CBep-
Xy BepxHsst oruGamoumas cyOrapMOHHUYECKHX
(bYHKIHH,

Puc. 108, Ecau xe ‘0 s£’0, 1. e. I, He mnapaa-
JeJbHa OCH Z,, TO MH JOJIKHBI HOBTOPHTH
paccyx/eHusi, IPOBeJeHHbIEe BO BTOPOH YaCTH A0KAa3aTe/]bcTBA Teo-
pemsl 1. Kak u TaM, nmpexnoaaras, uro Qpynkuus — InR(2)], ne
cyO6rapMOHHYHA, MBI HafiieM TOuky a<dD, giad KoTopoi
‘a="2"+"al, |a,—2%|=R(2°+ @), H MOCTPOHM CeMeHCTBO KOM-

MaKTHEIX AHAJMTHUECKHX KPHBHIX

S,={ze=C" 2="1(), 2,=2% + 100, CE’(-J_},

roe ‘1(§)="2"+'wl, a ocTajbHhle 0603HAUEHHA Te Ke, 4TO B (6).
Ilppy 0< A< xkpusne S, €D, a npu A—>1 oHH cxoadATcA
K KpuBo#l S,, rpannna Kortopoii 0S; € D u KoTopas COHEPXKHT
TOuKy a & 0D (cooTBETCTBYIOLLyI0 3HAUEHHIO HapameTtpa §={§g).
Ho 310 mporuBOopeunt L-BHnyKaocTH ofaactu D»

Teopema 2. Jwbasa evnykras 8 cmoicae Jlesu 064acts
D < C" snsasnerca ncesdosvinyxaoii.

<« yukuust e(2, D) Bcerma koweuna (kKpoMe TPHBHAJBHOIO
cayuas D=C") wu HenpepwiBHa, HGO B CHJIy HEPaBEHCTBA Tpe-
Yro/MbHHKA OHA YAOBJeTBOpsieT ycJaoBuoo Jlunumuua. Tak Kak oHa
NOJOXHTebHAa B D, TOo H GyHkuus — Ine(z, dD) HempephBHA
B D,

PaccMOTpHM BCEeBO3SMOXKHBIE aHAJHTHUECKHE HOBODPOTH

2= 204+ C (z — 29, ()

) Cp. paccyxuienne nepex teopemoil 1 na crp. 395.
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rie C =(c,y)—KBagpaTHas MaTpHUA n-TO MOPAAKA, BTOPOH UJeH
crpaBa INOHMMaeTCs KaK IpousBejeHHe Marpuibl C Ha BEKTOP
2—2° W wmarpHua TakoBAa, YTO EBKJHIOBH pACCTOSHHS MEXIY
moGuiMu AByMs Toukamu C” npu oroGpamenun (9) COXpaHAQTCH.
Takum MOOBOPOTOM HampaBseHHe JOG0H aHAJHTHUECKOH npsAMoH
l,={z=C" 2=2"+ 0f} MOXHO IepeBeCTH B HaNpaBJeHHe, MapaJ-
JAeqbHOe OCH 2,. OGosnauum uepes R, (2°) Beauunny papuyca
Xaprorca o6aacTd D, COOTBETCTBYIOILEr0 HanpaBJeHHIO @!

R, (2% =e (2% aDN1,).

Mpl uMeeM, oueBHjHO, jag Jawoboro z< D
e(z, D) =inf R, (2),
(0]

rje HUXKHAA Tpanb Geperca no BceM BekropamM o =C" |o|=1.
Ecan ofaacte L-hinykaal), To mo semMe aJs mo6Goro (GpUKCHPO-
BaHHOTO ® ¢yHkuMa —In R, (2) naopucybrapMoHHYHA, H, CJe-
noBaTesbHO, (yHKUUAG —lne(z, D), Kak HeImpephiBHAS BepXHsA
orubapniast naopucybrapMoHHyecKux (QYHKIUH, TakKXKe MJIODH-
cyOrapMoHuuHa B Db

Teopema 3. Jwbas ncesdossinykran obaacts D < C*
f848€TC binyKkAaoll 8 cmbicae Jlesu. '

<« IlyeTh, or nmpotuBHoro, D He sBasierca L-Beinykisoi#. Torxa
Hafigercs Takas IOC/JAEJOBATEHbHOCTh KOMHAKTHBIX aHAJHTHUYECKHX
nosepxnocreft S,, uro S,—> S, 3S,—0S, upuuem S,, 0SE D,
a S cOoXepkHUT TOUKY { € dD. B cHAy HeNpepHIBHOCTH €BKJIHAO0BA
PacCTOSIHUST UMeeM

e(S, D)= lim e(S,, D). (10)
V> 00

C npyro#t cropoHb, Tak Kak ¢yukuus — Ine(z, D) nmopu-
cyOrapMOHHUHA, TO AJf Hee CHPAaBeNJHB INPHHIHI MaKCHMyMa
(cM. cJaencTBHe TeopeMBl 5 NpPeABIAYILEr0 IIYHKTA), O KOTOPOMY
g awoboro v=1, 2, ...

—lne(S,, dD)<<—1ne(dS,, dD).

Otrciona e(Sy, dD)=e(0S,, D), a tak kak 90S,, S&€D nu
dS,—>3dS, 10 e(0S,, dD)>06 u, caegosareanso, e(S,, D)=
nng BcexX v u Hekoroporo 6>0. Ho torma us (10) me mosydaew,
uto e(S, 0D)>=9d, a 370 HPOTHBOPEUHT TOMY, UTO S COLEPIKHUT
TOUKy L= 0D »

Taxkum 06pasoM, NHOHATHA L-BHIMYKJIOCTH H ICEBAOBHIIYKJIOCTH
JeACTBHUTENBHO OKAa3aJHCh 3KBHMBAJEHTHBEIMH.

1) Jlerko BuzeTh, 4TO L-BHIYKJAOCTb He HAPYLIAETCS UPH aHAMHTUYECKUX
nosopotax (9).
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B aaxaioueHue sTOoro mnaparpada IIpuUBENEM CBOJKY YCJOBHIL,
xapakrepusyiomux obmactu romomopduoctn 8 L7

Teopewma 4. IxsugasentHol caedyrouue HATL YCAOBULL:

(I) D —obaacre eoromopgrocTy (T. e. CcyliecTByeT GYHKIHSA
fe= H(D), we npoRomxaeMast rosomopdpno B Gojee WUPOKYIO
o6sacth, cM. 1. 20); :

(I1) D He pacwupsema zoaomoppro 8 Kandol epanutnod
rouke (T. e. Ajast jobolt Touku { & 0D cymiecTByer oKpecTHOCTs U
u byukuua fe H (D () U), He npozomxaeMas ro1oMopdHo B TOUKY ,
cM. 1. 24);

(II1) D eosomoppro swvinyxaa (T. e. aaa JA060T0 MHOXKECTBa

K @& D ronomopdno Buinykaas obomouka Ky ={z=D: [ [ ()| <||f ik
nas scex fe H(D)} & D, cM. n. 21);

(IV) D ncesdossinykaa (r. e. pyugkuus — lne(z, dD) apasercs
naopucydrapMonndeckoil 8 D, cM. n. 26);

(V) D sonykaa e cmoicae Jesu (1. e. He CYILIECTBYET IOCJje-
IOBaTEJbHOCTH KOMIIAKTHHIX aHAJUTHUECKHUX NosepxHocTed S,—> S,
0S,—~ 0S8 raxgux, uro S,, 0S&E D, a S comepxur TOuky 0D,
cM. 1. 24).

< Bpimte 6pli JOKa3aHB UMIUIMKAIHH, M300parKeHHbie CIIOM~
HBIMH CTpeJKaMH Ha cXeme

I Ve

(umnumkannst (I)— (I1) tpusmassna, umnaukauuu (I)(III) co-
CTaBAAIOT cojepxkanue rteopeMu 4 m, 21, (II)— (V) — reopemu 1
n. 24, (IV)<=(V)—Teopem 2 u 3 310r0 nyHkra).

N3o6paxennast NMyHKTHPHOH cTpenroit uMiaukauus (If)--->(I)
cocraBJaseT cojepxanue TeopeMwm Oxa, pemiaoweil mnpobaemy
JleBH, O KOTOPOH MK roBOpHAH B H. 24; 3Ta TeopeMa OygmeT
nokasaHa Bra. V. [loabsyssce Teopemo#t OKa, Mb fOKaXKeM
ceityac, uto (IV)—(I), 1 370 3aMKHET 1eNIOYKY 3KBHUBAJIEHTHOCTEN.

Urak, nyets gas wekoropo# ob6aactu D < C" dynxuus

9(2)=—Inel(z, D)

nmopucy6rapmonnua B D. ITo Teopeme 4 n. 25 nocTpoum nocJaemo-
BaTeILHOCTb QYHKIUE ¢\ @, MToprcyGrapMOHHuecKnX Kaacca C™
B OTKPHITHIX MHOXeCTBaX G, npuyeMm G, 06pasyioT BO3pacTaollyio
NOCAe0BATENbHOCTh, ANIPOKCUMUPYIOMYIO 06sacTe D H3HYTDH.

Tax Kak dyukuus ¢@(z)—>oco npu z—>09D, T0 aasa moboro |
MOXKHO HaATH HoMep v=v(u4) TakoH, YTO MHOXKECTBO

t=D: o)<y} € Gy
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ByneM cuurars, uto dyHKuMs v(U) / 00 TOrLa MHOKECTBA G;= G,w

Takxe 00pasyloT BO3PACTAUIYIO MOC/JIeNOBATENbHOCTb, ANMPOKCH~
mupyouryio D usnyrpu. ITonoxum, Hakowern, '

@L(z)=¢v(m(z)+&lzlz—u. (11)

Ouesuuo, cp; eC” (G;), ¥ MPOCTOf MOACUET TTOKA3LIBAET, YTO A

Jaoboro 0 =C"*
I 2 * n 2

g %9 1
* ~\ o 5, = v - a 2

Hy (o, &) Ozs 02; DOt E 92.05 @O ylelh

s, =1 s, f=1
B cuay nmopucy6rapMOHHYHOCTH (yHKIHUM @, cyMMa B OpaBoii

YaCcTH HEOTPHIATeJbHA, OTKYAA CJEeAYeT, UTO

* _ 1
Hu(mv (‘))>E‘m12»

T. e. uTo GYHKIAH qJ; cTporo muopucybrapMonmnuusl., ITo Teopeme
Jlepu — Kirocku m. 24 oTciofa BeITEKAeT, YTO OTKPHITOE MHOMKECTBO

D,={z=G,: ¢,(2)<0}

He paciupseMo roaoMopHO B KamxoH cBoell rpaHHuHON TOUKe
{cM. DYHKT a) J0Kas3aTeJnCTBA 3TOH TEOPEMBH).

W3 storo mo teopeme OKka cJepyer, UTO Kaxjaasi CBA3HAS KOM-
TIOHEHTa MHOXeCTBa D; aBJjsAercs obnacrtpio rogoMopduoctu. Ho

npu GUKCHPOBAHHOM Z Il PacTyLieM | BeJHUHHA @, (2) yMeHblIaeTC,
npuueM lim @, (2) = ¢(2). Orciona BumHO, UTO CymiecTsyeT BO3pa-
B> 00

Ccralolias MOCJAe0BATEJbHOCT KOMMOHEHT D), amlmpOKCHMHpYIO-

mast D usnyTtpu. 1o Teopeme 2 m. 22 oTCIOfA MOXKHO 3aKJIOUUTH,
4yTO0 D sABJdeTcA 06/1acTbi0 roJOMOPGHOCTH B

§ 9. OGonoukn roxomopdHOCTH

Ecan D He siBasercst o6anactbio ToJgoMOp(HOCTH, TO mawobas
bynkuua f e H(D) roroMopduo npoposkaercss B 60see MUPOKYIO
o6sacTb. BosHukaer Bompoc 06 OTBICKAHHH TaK HaswiBaeMoil 060-
JIOUKH roaoMopduoct obnactu D — HauMeHnpiuefl 061acTH, B KOTO-
pylo mpoposkawTcss Bce Gynguuu uz H (D). DTOT BONIPOC BaxkKeH
KaK ¢ NPHHUMIOHAJBHOH TOUKM 3peHHs, TaK H € TOUKH 3PEHHA
NpHJIOKeHHH B KBaHTOBOH (uauke!).

1) Cm. k. U ocT, Teopuss KBaHTOBaHHEIX hLoJgell, «Mup», M., 1967,

26 b. B, Illadar .
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27. OnHoauctHole 06on0uku roaomopduoctd. B n. 20 mu npu-
BeqH npumep obaactd D, M3 KOTOPOH Kkaxpass rosioMopduas
‘byHKuus npomo/mxkaercs B Oosee WHPOKYI 06aacTh, IpHUEM He-
KOTOphie (PYHKIHH HPH IPOJO/TKEHHH OKA3EIBAIOTCHA MHOTO3HAUHBIMH,
JKesass u3bexkarth pacCMOTPEHMS MHOI'O3HAUHBIX (QYHKUMH, MBI NpH-
XOOHM K HeOOXOQUMOCTH pPacCMATPHBATh MHOI'OJHCTHHIE 00JACTH,
aHAJMOrMYHbBIE PHMAHOBHIM HOBEPXHOCTSM AHAJUTHUECKHX (YHKUHH
OIHOI'0 TepPeMEeHHOIO.

B uacrHoctd, H OGOJIOUKH TroJOMOPGHOCTH MOryT OKasarhes
TaKUMH MHOTOJIHCTHHIMH 06acTaAMH (KaK B YHIOMSHYTOM IpUMepe).
Mpl paccMOTpUM MOHSITHE MHOTOJIMCTHBIX O0sacTed B CJeRyIOUIHX
NYHKTax, a 37ech JHIIb cHOpMYJHPYEeM olpejesaeHHe 000J0UKH
roqoMopdHOCTH Tak, uTOOH OHO OXBATHIBAJIO H MHOTOJHCTHBIH
cayuas. B

Onpenmeaenue, Ob6aacte D (OQHONHCTHAS HJH HET) Hasbl-
Baercs 06o40uxor eoromopprocru obaactu D < C", ecau: 1) D co-
mepxut D, 2) moGas ¢pynkuus f & H (D) npoposkaercs 10 GyHK-
uHH, rojgomopduoit B D, u 3) nasa mo6oit Touku 2° & D cyiiecTyer
ynkuns fo & H (D), cyxenne Kotopoit Ha mosmkpyr U (20, r), rue
r=p(2° dD), He mpOmOMKaeTCs roJIOMOppHO HH B KAKOH MOJH-
kpyr U (2% R), rae R>r.

3ameuanne. Xora onpenenenne copMyIUPOBAHO HPO 3amac
H /151 CJIyuast MHOTOJHCTHLIX 0GJ1acteil, B MHOTOJIHCTHOM CJyYae OHO

HYXKJAeTcs B NOsiCHeHHsX (HanmpuMep, mousTull D D D u p (2°, dD)).
OTH nosicHeHHss GYAYT HaHbBl B CJEAYIOIUMX NYHKTAaX; 3J4eCh XKe

_upTaTes]bh MOXeT HOHHMaTh HOA D OfHOJMHCTHYIO 006saCTh.

B sTOM mynkTe MBI pPAaCCMOTPHUM OCHOBHHE CBOHcTBa 000/0UeK
roJOMOpGHOCTH B HPEANOJOXKEHHH HX OMHOJHCTHOCTH, a TakKkKe
BONPOCH NOCTPOeHHA 000J04eK BJs o6JacTell MPoCTeHIIHX KaaCCOB.

ITpexne Bcero 0TMETHM, UTO 000JTOUKH FOTOMOPDHOCTH ABASIOTCA
roJloMOpGHEIME pacimupennaMu obaacreit B cMmpicae 1. 20, TTostoMy
no reopeme 2 n. 20 moGaa dyukuus, romoMepduas B obaacta D,

npHHUMAaeT B 000Jiouke D 3Toil 00JaCTH JHINL Te 3HAUEHHsI, KOTO-
pble OHA MPHHHMAaeT B D. B uacrHocTH, 060J0uKa POJIOMOp(I)HOCTI/I
OTpaHHYEHHOH 0oO6JacTH BCerfa sBJsieTCs OrpaHHuYeHHOH oO0JacTbio
(3T0 yTBepKJeHHe MOJyuyaercs M3 MPEABIAYILEro, €CJH MPHMEHHTD
€ro K KoOpAMHATaM 2,, v=1, ..., n).

Hanee, ycnoBHe MaKCHMAaJbHOCTH 3) B ompeje/eHHH 000JOUKH
roOMOP(QHOCTH MOXHO  CYIIECTBEHHO YCHJIHTD. 310 yc/osue
ABJIAETCS YCJOBHEM JIOK aJIbHOH HEMPOAOIIKAEMOCTH HeKOTopou
dyaxkumn u3 H (D), HO MOXHO yTBepXKaaTh, uto B H (D) Cyme-
CTBYeT M rn06Ganpdo Helpojo/KkaeMas ¢yskuud. MunMu cio-
BaMH, HMeeT MECTO
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Teopema 1. Ecau oboaouxa eosomopiprocru D obaactu
D < C" odnoaucrHa, To oHa ssasercs 064aCT6I0 2040MOpPHOCTU.

< Ha ocHoBanunH pesy/nTaros n. 21 10CTaTOUHO 10Ka3ath, uTO D
ronomopdro Buimykaa. Ilyere K & D u p(K, 0D)=r; 1o teopeme
06 omHOBpeMeHHOM mpoxo/Kennn (1. 21) mo6as dyukuua f < H (D)
ronoMopdHO nponosxaercss B nonukpyr U (2, r) ¢ uenrpom B 060i
TOuKe 2 € Ky 5, U3z ycnosus 3) B onpegesieHHH OOOJMOUKH TroJIO-

MOppHOCTH  OTCIOAA CuAemyeT, uto p (2, 0D)>r w, sHauur,
o(Ky 5y OD)=r. Ho Tak Kak 3T0 pacCTOfiHHe He MOXKeT OblTb
6oJblile r, TO R _ _

p(KH(E)’ aD)=P(K, (?D),

H D rosoMopdHO BHIOyKJIA P
CaepctBue. Ecau obaacte D = C" umeer oduosuctywo

obonoury 2oaomophroctu D, TO nocredHAS A8A8ETCA HAUMEHbW el
obaacteio coromopdroctu, codepacawjeri D (r. e. nepecexeruen
scex obaacreil eoromopprocru, codepacaujux D).

< Ecin G —o6aacte rosoMopdHOCTH, comepxamas D, To

G o D (rak rak H(G)< H(D), To mobas f < H(G) ronomop dro
nporokaercs B D). Ho D mno teopeme | —o6.acts rosomMopd-

HOCTH, cJeloBaTeJsbHO, D — HauMeHbiuas 06j1acTh rojoMopdHOCTH,
comepxkamaa D »

BaMmeuaunue Ha nmepsuii Barasag MOXeT ITOKasaThCHd, 4TO HOJOGHO Teo-
peme 1 u3 JokanbHON HepacwHPseMOCTH 0G/aIacTH BHBOJHTCA ee riobajibHad
HepaclIHpsAeMoCTb, T. €. uMmmikamms (II) > (I) B Teopeme 4 upenwiayinero
nyukta. Ogpmaxo B yeaosuu (II) paccMartpuBaoTes (QYHKIMH, TOJOMOp(HHE
He BO BCeff 06JacCTH, 4 JUIIb B OKPECTHOCTH TIPaHHYHOH TOUKH, H NO3ITOMY
I0Ka3aTeJbCTRBO TeopeMH 1 31ecs He npoxoxutT. Kak Mel yxke TOBOPHJH, HMILJIH-
xauua (II) - (I) cocraBaser cogepxande BecbMa ToHkol TeopeMi Oxa, KOTOpas
Gyner nokazana B ra. IV

Jlisi mokasaTenbCTBA CJAeRYIOLIEH TeopPeMHl HAM HyXKHa

Jlemma. Ecau D —o06aacte eoaomopprocTy, TO 4t000A €643~
Has komnoHenta A ee r-cocarus D,={z < D: p(2, 0D)>r} rakace
a845eTCS 06AQCTHI0 2040MOPPHOCTU.

<« llyere KEA u p(K, 00)=p; npaa awobbx Touek 2= K
H {=dD ua otpeske [z, Z] nafimerca Touka 2’ & A Takas, uTo

p(z, 0)=p(2, ) +p(, ) =p+r

(puc. 109). ITostomy p(K, dD)>=p+r, a Tak kak D —obnacTb
rojomopdHocTH, TOo nOo TeopeMe 6 m 21 u

0 (Kp oy OD)=p+r. (1)
26*
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HaM HyXHO 10Ka3aTh, YTO p(]ﬁq @), 08)>=p, 1. e. uto p(2° 2" ) >=p
nas_ moGHX TOueK =Ky u Z=0A. Ho rak xak A<D,
TO KH @) <= KH (D), CHIeNOBATENbHO 20 & KH (o 1 cormacho (1) p+r <
<p(z° 0DY<p (2% 2)+p(2/,dD)=p (2%, 2")+r (y nac p (2, OD)=r,
noo 2’ (?A) Ortciona u caenyet, uto
p(2, 2) =0 »

Teopema 2. Ecau D= G u s7u
06/zaCTu umerT 00HOAUCTHbLE 0060-
/zo'ucu D u coorgercréenno G, 10

DcGu
0 (0D, 8G)=p(dD, 0G). (2

Pue. 109, < Tak «xak H(G) [ H(D), TO

aobasi  dynkuus fe H(G) rouno-

mMopQHO npojo/mkaercs B D, caemosaretsHo, D < G. Ilyers

p(dD, 3G)=r >0 (nas r =0 Teopema Tpusuanbua), Torga D = G, <

<(G),. Ouesngno, D npHHAAJEXKHT HEKOTOPOH CBS3HOH KOMIIO-

Hente MHoXecTBa (G),, KOTOpas HO MOKA3aHHOH JeMMe siBJsieTcs

obaacteio rosmomopduocTH. Ho rorma u D IpUHALJEKUT 3TOH

KOMIIOHEHTe, a 3HauHT, 1 MHOXKECTBY ((f),, HO3TOMY p(dﬁ 06) =r p»

Caepcrteue. Ecau D —ocpanuuetinas 00aacTs, umeronan
00HOAUCTHYIO 060.404KY D, TO nepecetteuue aDNaD Henycro.

<« [TpumenuM Kk obaactsiMm D u G =D Teopemy 2:

p (0D, dD)<<p (4D, D) =0

(MB!I BOCHOJIL30BAHCE TeM, UTO 000J0uKa 06J1aCTH roJ0MOpPHOCTH
copnagaer ¢ 3toil obaacrteio). Tak Kak 9D — kommakT (u6o D
orpasuuena), To u3 paseucrsa p(dD, dD)=0 caenyer, uTO MHO-
xectBa 0D u 0D mnepecekawoTcs b

[lepeiimem k onucauuio o0o0Jouek rojoMopdHocTH obJactel
npOCTeﬁmnx KJacCOB. :

. TpyGuarse oGaactu. Hamomuum, uro tpyOGuatoii
OﬁJIaCTbIO ¢ octiopanueM B — R" nasmBaercst o6racts 7= B X R" (),
T. e. T={z=x+iy=sC" x<=B)} (cM. n. 2).

Teopema 3. Oboaouxoil eoromopproctu Tpybuarol o06.aa-
cru T agaserca ee sbinykaas 0060a04Ka T.

<« Ouesumno, T = B X R*(y), rae B — Bunykaas 06010uKka 0CHO-
Banusi B B mpocrpanctee R” (x). ITokaxem, uro JnoGas GyHKUHA
f € H(T) romoMoppHO HpOZOJIKAETCS B T. O6anacts B npexcra-
BJasieT co60ii COBOKYHNHOCTh TOUEK oTpeskos [x!, x?], rue x!, x*< B.
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Ecan x' um x? MOXHO coequHuMTb B B JABY3BEHHOH JOMAaHOM
[x!, x°JU[x% x|, To mpomonkaeMocTb [ B OKDECTHOCTh MHOXKECTBA
[x}, 2] XR" () crepyer HenmocpencTBeHHO H3 JeMMEI 0 npuaMe (1. 23).
B ofmeM cayuae TOukH X', x> B MOXHO COEIUHHHTL B B
KOHeuHo3BeHHOH Jomanofi (puc. 110). IIpu moMouiH Toi Ke JeMMH
HHAYKNHEH OO YHCJIY 3BeHbeB MBI CHOBA JOKaxKeM, uTo [ roJo-
MODPQHO HPOROJIKAETCS B OKPeCTHOCTh MHOXKecTBa [x!, x?] X R" (y).
Ta xe JeMmMa IOKasbBaer, uTo GQYHKUUA [
IPH OMHCAHHOM IPOLOJIKEHHH OCTAeTCsl OJIHO~
aHauytoii. B camoMm jene, mycTh X — TOUKa ne-
peceuenusi apyx orpeskos [x!, x%} u [®, ¥?] -
¢ KOHLAMH B B M B OKPECTHOCTH TOYKH
2=X -+ iy MH TOJYYHIH [BA 3HaueHus [ u [.
PaccmorpuM  mpuaMy  [x!, x, ] XR"(y);
¢yukuun f u f mo uutuposBannoit smemme ro-
JoMOp(dHBE B HEH, a TaK KaK OHH COBNAJAIOT
B OKPECTHOCTH Touek x!+iy u X'+ iy, To o
TeOpeMe eIHHCTBEHHOCTH OHH COBHIAMAI0T BO
Bcell npH3Me.
Takum oGpasoM, JoGast pyHKUMS fe H(T) ronomopduo mpo-
nosxkaerca B T. Ho T —BmmOykaas 00/acTe U NMOITOMY sIBJSETCH

o6aacteio  rogomopduoctn (m. 20), CaenosatenbHo, T CAYKHT
o6osoukoit obaactu T b

2. O6macrtu Pefiuxapra. B n. 7 Mbl qoxasany, uro modas
dyukuus f, romomop¢uas B moaso# o6aacru Pesinxapra!) D ¢ nenr-
poM B TOuKe a, roJOMOPGHO HPOJOJNKAETCS B JOrapHpMuUUeCKH

BHINYKJAYI0 o0oJsouky D; stoit cOaactu. Takoe mpoposxkenud ocy-
IIeCTBJsIeTCA IIPH IOMOWIM pasaoxeHus f B psag Tefsopa

Puc. 110.

oo

2)= X ci(z—a), (3)
{R1=0

| =

o
o6/acTh CXOAMMOCTH S KOTOPOro BCerja ImpejacrasJseT co0oi
JorapudMHUIeCKH BHIOYKaylo obaacTh (TeopeMa 3 m. 7).
o

Hoxaxem, uto S sgsaserca 00/acTbio roJoMOpdHOCTH. ITO
BHITEKAET U3 cJepylontero 6ogaee obmero pesyasrara. Hasosem D
061acT610 CX00UMOCTY nOCAe008ATEALHOCTIL PYHKY L fMEH(D),
€CJIH 3Ta NOCJAEJOBATEJBHOCTh PABHOMEPHO CXOAUTCA BHYTpH D
(1. e. HAa KaXIOM KOMIAKTHOM HogMHOKecTBe D) M CyxeHus [,
Ha moaukpyr U(z, r) ¢ uesTpoM B NPOU3BOJBHOH TOUKEe 2 & D
H paguycom r=p(2, 0D) Heab3ss NPOLOJIKHTb A0 (yHKUH{ fu,

- 1) Onpepenenne noanoll obaacru Peftmxapra cM. B m. 2.
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roqoMophusix B moaumkpyre U(z, R), rme R>r, Tak, uTo6mb
mocJaef0BaTeabHOCTh ]’fu paBHOMepHO cXxoamJack BHyTpH U (2, R).
OGaactb D HasbIBaeTCa 064aCT610 CXOOUMOCTU, €CAH CYLECTBYeT
N0oCJIeJ0BATEILHOCTh TONIOMOPPHLIX B Hell yHKUHH, AJNT KOTOpOH
OHa sABJseTcs 00/aCThI0 CXOJLHWMOCTH.

Teopema 4. Obaacre D t02d0a u Tor6K0 TO20Q ABAAETCH
062aCTBI0 20A0MOPPHOCTU, KO20a OHQ A8AfeTcA 004ACT6I0 CXO-

dumocti.
<4« Heo6X0oaHMOCTDH YCJAOBHA TPHBHAMBHA: eCaH D — 0671acTh

TOJMOMODP(QHOCTH, TO OHA fABJAAETCH 00J1aCTBI0 CXOXMMOCTH IOCJe-
JoBareabHocTH [, =f, rae f— dynkuus, o6aacToio rosoMopdHOCTH
KoTopoil D sBasercs.

HJocratouHnocth. BosbMem K&D u o6osuauum p(K, dD)=r;
Bce OyJeT HOKa3aHO, €CJIH MBI MOKaXeM, YTo p(I?,, o) 9D)Y =1,
T. e, 4TO AJa JI000H TOUKH 2 € Ky (p)

o(z, 0D)>r. (4)

ITycts G — cBsiziag KoMIoHenTa nepeceyenus U (2, r) (1 D, conep-
Kamlasi 2; CyXeHHa [, |z no Teopeme 00 OZHOBPEMEHHOM INPOXO.J-
Kernn (M. 21) MOXKHO NPORO/IKHTE A0 QYHKUHA [, roIOMOPdHBIX
B noaukpyre U (2, r). [lokaxeM, uTo I1OC/I€10BATENBHOCTD [, PABHO-
MmepHo cxomurcsi BHYTpH U (2, r). Has storo BosbMeM J06Goe
yucao ry<r H 3aMeTHM, UTO 1O TeopeMe 5 m. 21 pas JoOnix
HATypaJbHBEX [ H v HMeeM

"fp.—f'vuu(z',') <1lfp,—fv”1((rl) .

Tak kak D sBasiercd 006/acThio CXOXHMOCTH M r-pasayTue K & D,
TO 1OCJIEe0BATebHOCTb [, CXOAMTCA paBHOMepHo Ha K. ITo kpu-
Tepuio KOIIH OTCIOAA MOXKHO 3aKJOUHTh, YTO OHA pPaBHOMEPHO
cxonurest 1 Ha U (2, ry), 1. e. BHyTpn Uz, r).

Ho no ompepenenuio o006JacTH CXOXMMOCTH H3 3TOr0 CJenyer,
yro U(z, r)= D, 1. e. uto p(z, dD)=r »

Temepn COBCEM NPOCTO BBICHHTb BONPoc 06 060J0uKax 06.aa-
crell Pefinxapra.

Teopema 5. 060404k0il 2040MOPPHOCTU NOAHOL 06AQCTU
Peiinxapra D seaserTcs ee aozapugmuuecku evinykian 060+

aouka Dy.
< Mul BHAEAH, 4TO Kaxjaas tbyﬂxulgﬂ f = H (D) roaomopduo

npopo/Kaercss B o6jacth cxoauMoctH S; cBoero psajaa Tefsiopa,

- KoTopasi mo Teopeme 4 aBaseTcst o6aacTbio rosoMopduoctu, Cae-
n0BaTeabHo, Bce GyHKUHH Kaacca H (D) npopo/kaoTcs B mepe-

Q
ceyenne Dy Bcex obaacreit Sy, f & H (D), apasiomeecs gorapupmu-
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YecKH BHINYKJ0H o00og0ukof objactH D m B TO Xe Bpems (mo
TeopeMe 1 m. 22)—o6aacTbio rosoMopduocTH. Takum o6Gpasowm,

D; asasiercs 06osoukofl ronomopduocTd obsactd D »

Caepmcreue, Jwbas aoczapupmusecky evinysias noaHaf
o6aacte Pelinxapra asasercs 064acrer0 CX00UMOCTU HeKOTOpo2zo
€Tenennoeo paoa.

< Takas o6aacte D mO TOJBKO UTO JNOKA3aHHOMY SIBJSIETCH
006J1aCTbI0 TOJIOMOPGHOCTH, H, CJELOBATENbHO, CYLIECTBYET GYHK-
uua fe H(D), He mpojgomxaemas 3a npegensl D. Telsoposckoe
pasnoxenue | uMeer D cpoeit 06aacThi0 CXOAUMOCTH Wb

3aMmeuaunune. Ecau Mul OyneM paccMaTpHBATh BMecTo TeHJo-
POBCKHX paaJ/joxkeHuil pasmoxenus JlopaHa, To noayyum Gouee
o6uuf peayabtat: 060.404K01 2040 MOPPHOCTU 210601 OTHOCUTE A6HO
noanoii obaacru Peiinxapra (cM. 1. 8) ssaserca ee srozapudmu-
Yecku esouinyxkaan 060404KA.

3. O6aactu Xaprorcal), Jasg npocToTsl HHCbMa OrpaHu-
YUMCsl 00J1aCTAMH ¢ IJIOCKOCTBIO CHMMETPHH @, =0 — 370 He yMeHb-
maet OBIIHOCTH.

Teopewma 6. Oboaoukoii zoaomopgpuocTu noanol obaactu
Xaproeca D={z={(2, 2,): '2&'D, |2,|<r(2)}, npoekyuei xoro-
poii D cayoeur 064acT6 2010MOPHHOCTU 8 NPOCTPAHCTBE cvt,
agasnerca obaacre Xaproeca

D={z=(z, 2, ‘ze'D, |z, 1< e’ (), (5)

2de V ('2) — Hauayuwas naropucynepapmMoHu4ecKkas ManopanTa
¢ynrkyuu Inr("z) 8 o6aacru ’D.

4 O6aacts Dy Buga (5), rge V cTporo mnaiopucyneprapMoHH-
yeckasds B ‘D ¢yHKuus, rosoMophHo He pacmHpsieMa B KaxXJOlf
cBOeH rpaHHuHOW Touke. B camom peqe, mycrs § € 0Dy, ‘L & 9'D
H f(’2) — ronoMopduas GyHKUHs, 1A KOTOPoH ‘D siBasiercst 06.1a-
¢ThI0 roJomopérocTd. ITa f, Kak ¢yHKUES B Dy, OUEBHIHO, He
npopoJikaercs ronoMopdHo B TOouky C. Eciu xke [&=0Dy u
‘t ¢ 0d’D, 10 B OKpecTHOCTH { o6aacTh Dy, samaeTcsi HepaBEHCTBOM
p()=]|z,Pe~?(d « 1, Tak KakK @ CTPOrO NIOPHCYOrapMOHHUHA
B TouKe [ (5TO mpoBepsieTcsi HENOCPEACTBEHHHIMH BHIKJIAAKaMHU),
TO0 10 reopeMme Jlesu — Kurockn (m. 24) oGaacrs Dy - ronoMopdHo
He pacurMpsieTcst B Touke {. OTcioga mno teopeme Oka (koTopas
Oymet nokasaua B ri. IV) Mbl sakamouaeM, uto Dy — 00sacTh ro-
JAOMOPDHOCTH.

Us TeopeMsl 06 anmpoOKCHMANUHMH IJIOpPHCYOTrapMOHHUECKHX

dynxkuui (1. 25) M noayuaeM, yTo 060/40UKa rosgoMmopdHocTH D

1) Onpeaenenne o6aactd Xaprorca cM. B m. 2.
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obsacte D comepskHTCS B NepeceyeHHMHM Bcex Dy, rae V — upous-
BOJ/IbHASL IJIOPHCYHEPrapMOHHUecKass MaxkopaHra GyHKuHu Inr(2)
B ‘D. C gmpyro#t croponst, B n. 8 OblMIO mOKasaHo, uro Jobasg
¢yskuusa f& H (D) npeacrasasierca B D csoum pagom Xap-
TOrca

f(z)= i f.(z)2h (6)
p=0

M, CJEZ0BATeNbHO, TrOJOMOPGHHO NpPOAo/KaeTcss B 06JACTh CXOMH-
mocti atoro paga Gr={("z, 2,): '2€'D, |2,|<R;("’2)}. ITo Teo-
peme 1 m. 26 ¢ymnkuua In R; naopucyneprapmoruysa B ‘D, T. e,
G; sBasiercst o6aacteio BHaa (5), rae V — Hekortopas mumopucymnep-
rapMOHHYecKas MaXKopaHTa QyHKIuH inr.

Tak kak 5—nepeceqeﬂug Bcex Gy, rne fe H(D), a sro nepe-

ceduenue comepxkut () Dy > D, To TeopeMa A0KasaHa b

3aMeuanune, Eciu paccMaTpuBaTh pas/ioxkeHHa Xaprorca—
Jlopana, TO MOXKHO HOAYuUUTh GOJee OOILUH Pea3yabTaT: 060.404K0L
eoromoprocru obracru D={{("z, z,): '2€’'D, r,(2) <] 2, |<ry(2)},
npoexyuetl xoropoil 'D caywcur obaacTe eoaomopdrocTU 8 NPO-
crparcree C*™', ssanerca o6aracte suda

D={(z, z,): z'D, e"(d<|z,|< eV}, @)

ede v — Hauayuuias naropucybeap MOHULECKAS MUNOPAHTA (DYHK-
yuu—Inr,, a Vy— Hauasywwas naopucynepeapmoriieckas mManco-
panta lnryl).

B teopeme 6 (u ec 06olIIennn) CyIIeCTBEHHO, YTO HpOeKius D
obsactu D sBasiercss 06JacThio roJgoMopdHOCTH, — HHaue O6JacTu
(5) u (7) 6ynyr He o0osoOuKaMmH, a JHIIb TOJOMOPGHBIMH PacuIiM-
peuusimn D. 3aMeTHM, 4TO M He Bcskasd o6jacte Xaprorca uMeeT
OZHOHCTHYIO 000s0uKy. YTo6bl B 3TOM yGemHThCH, JOCTAaTOUHO
B3dth B C® obaacts Xaprorca, npoexkuneit koropoit B C* sapasercs
o0nacth u3 npuMepa B I 20 ¢ HEOZHOJHCTHOH ©GOJIOUKOI.

28. O6nacTn HagoxeHus. Brimie He pas orMewasach He0GXO-
AHMOCTb DPAaCCMOTPEHHSI MHOTOJHCTHHIX oO6jacTefl, aHAaJOTHYHBIX
PHMaHOBEIM HOBEPXHOCTSIM HAJ KOMIJIEKCHOH IIJIOCKOCTbIO. 37ech
MBI H3JIOJKHM OCHOBHBIC ONpefeJeHHs H HEKOTOphie pe3yJbTaTH,
CBSI3AHHBIE C 3THM MOHSITHEM.

Kaxpoe KOMIJIEKCHOe MHOroo0pasHe pasMepHOCTH 7 TOCpeH-
CTBOM JIOKAJbHBIX KOOPIHMHAT JIOKaJbHO TroMeoMopdHO oTOGpa-
xkaercst B nmpocrparctso (", OpnHako JoKalbHBIE KOOPAHHATH He

Y Cm. B.C.Bnaaumupon, Meroas Teopun ¢yHKuUuE MHOFUX KOM-
IJeKcHBIX mepemeHHnX, «Hayka», M., 1964, ctp, 217,
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olnpeneneHn PjgoGaJabHO Ha MHOrooGpasum, T. €. He SIBJASIOTCS Ha
HeM (QYHKUMSMH B CMBICJe I. 9,

MB# BHIZEIMM CHEIHAJbHBIA KJaacc MHOroo6pasuit ycJaoBueM
CYLLLeCTBOBAHUsA TMIOGAJBHO ONpejeJeHHOTO HeNpepsBHOro orobpa-
xenns B C", Bciogy nokasapHO romeoMopduoro. Takue MHOroo6pa-
3MA BMeCTe C 3aJaHHEIMH Ha HuUX oToOpaxkeHusiMu B C" u 6yayr
IpeaMeTOM Hallero U3y4yeHHs B 3TOM HYHKTE.

Onpenenenue. Muozoobpasuem HaroMeHUs HAO NPOCTPAH-
creon C" (kopoue: muozoobpasuem nad C*) Msl OyleM HA3LIBATh
napy (M, n), rme M — mHoroo6pasue, a m: M—>C" — okaabHO
roMmeoMopdHOe 0TOGpaKeHHe, KOTOPOe Ha3blBACTCA nNpPoexTuposa-
nuem. Ecnn M cBsisno, 10 (M, m) HaswiBaercst 004acTsi0 Haaoxce-
nus nad C".

ITO0 OIpeflenieHHe pacHpoOCTPaHsIeT Ha HPOCTPAHCTBEHHBIH CJay-
yali ompesnenenue puMadosoii nosepxuoctu nag C (em. m. 32 u, I).
Kak ¥ B NJIOCKOM CJaydae, HPOCKTUPOBAHHME HO3BOJIAET HEPEHECTH
Ha MHOrooGpasnss mousTus, BBemeHusie B C". Tak, MH Ha3oBeM
noaukpyeom Ha (M, n) ¢ uenTpoM B TOuke Py M u pamuycoM r
muoxectso U (P,, r) Touek P & M, cogepxaiee P, KOTopoe &%
roMmeomopdHO npeobpasyer B Touku noaukpyra U (2% r), rme
20 =1 (Py) — NIpOCKIHsT TOUKH P

U(P01 r)=
={PeM: nP)sUR ), P U n n |y romeomopduol. (1)

O6bennHeHne BceX HOJHKPYroB Ha (M, m) ¢ HaHHHIM LEHTpoM P,
TAKXKEe SABJAETCH IOJHKPYroM, KOTODbLIH HA3hBAETCH MAKCUMAAb-
MblM;, PAmMyC 3TOr0 HMOAMKpyra (KoHeuH®ld HAH OeCKOHEUHBIH) Ha-
spiBaeTcsl paccroanuem Py do epanuyor M 1 o0osHauaeTcsi yepes
p(Py, dM). IMox paccrosiHueM IO rpaHHUB HEKOTOPOr0 MHOXKeECTBa
NcM nonuMaeTc;{Pinfvp(P, oM).

=

Ecou M—KOMIOJEeKCHO aHaJHTHUECKOe MHOroobpasue
(cM. m. 9), To Ha (M, n) MOXKHO BBECTH INOHATHE TOJOMOPHOK
dynkunu, Vivenno, dyuxuns f: M—>C naswBaercs 2oromopgproi
Ha (M, mn), ecan gas moGoro nmoaukpyra U=U (P, r) Ha~(M, ),
Gysknus fo(m |,7)'l ronomopdHa B noaukpyre U (2, r)=n(U). Oue-
BHJHO, UTO 3TO ONpejeseHHe roJoOMOPQHOCTH COBMAamaeT ¢ HPHHS-
THM B 1. 9, B uactHoctu, Ha (M, m) GyayT rosomopdHEIMH BCe
JIOKaJibHble KOOPAHHATH: 2,°n(P), KoTophe KOPOTKO 06o3Ha-
yaorca yepes m,(P) (v=1, ..., n).

Kosb1o BCex GyHKuuii, ronomopduux s obnacru (M, n) nag C",
Mp OyneM obosHauaTtbh ueped H (M).

Baskuull mpHMep KOMILJIEKCHO aHAJHTHYeCKOro MHorooGpa-~
sus Hagx C" mocTaB/sieT MNpPOIECC QHAAUTUHECKO20 nPOOOANEHUS
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roaoMopQHEIX QyHKIHA, B ciaydae HECKOMbKHX epeMeHHBIX OH Hpo-

BOJAHTCA B TOUHOCTH TaK e, KaK B IJIOCKOM cJaydae, H MH orpa-

HHYHMCS €r0 KPATKHM ONHCaHMEM, ByneM HCXOMHTbh H3 KAKOro-aubo

aaemenra (U, f), 1. e. coBokymHocTH moaukpyra U=U (2% r)cC"
. [+.¢]

¥ roJoMopdHOH B 3TOM NOJHKpyre QyHkLuH f(2) = D ocp(z— 29"
[£]=0

TouHO Tak, KaK B cJyyae OJHOFO IePEeMEHHOr0, ONDEeAeASeTCS He-
TMOCPEACTBEHHOE AaHAJIHTHUECKOe MPOTOJNKEHHE, aHaJUTHICCKOE
HNpOLO/IKEHHe H aHaAuTuueckoe npodoaxcenue 80046 nyTu
y: J—=>C" (3pecy J=[0, 1]=R!, oro6paxenue y sagaercs n ne-
NpepbIBHEIMH KOMIJIEKCHEIME QYHKIHAMH 2, =2,(f), { & J). Joka-
3LIBAETCSI, UTO AaHAJIUTHUECKOE HPOXOJIKEHHE BAOJb NYyTH (ecJau
OHO BO3MOMKHO) He 3aBHCHT OT BhHIGOpPA NPOMEXYTOUHHIX TOYEK,
a Tak)Ke He MeHsieTCsl IDH 3aMeHe NYTH y FOMOTONHBIM €My Imy-
TEM y; C TEMH Xe KOHI[AMH, eCJIil BAOJbL BcexX myted vy, 0<{v<1,
OCYIIECTBAAOLINX TOMOTONHIO !), NPOAO/IKEHHE HAUAJIBHOIG 3/Ie-
menTa (U, f) Boamoxuo. ITpuBenem Tenepb OCHOBHOE

Onpeneneunune. Anaasuruveckol Gyuxyueli n KOMIJIEKCHHIX
HepeMEeHHBIX Ha3hBaeTCsd COBOKYHNHOCTb 3JaeMeHTOB (U, fo), a e A
(A — HEKOTOpPOEe MHOXECTBO HHJEKCOB), KaxAblH M3 KOTOPHIX HOJY-
yaeTcd U3 Ji0GOro JAPYroro aHaJHTHYECKHM NPOJOJIKEHHEM BROJb
KaKoro-au6o HyTH.

ITocTpouM Temepb KOMIJIEKCHO aHaJHTHUECKOe MHOrooOpasue
nag C", cesizanHoe ¢ aHAAMTHUECKHMH OYHKUMAMH. PaccMoTpuM
MHOXKecTBO M, ToukaMu Koroporo cayxkar mapu A={a, f,}, rae
Touka a < C" u Pyukius

o0

fale)= 3 el (2~ a)f | (2)

rojoMopdHa B HeKOoTOpoM moJuxpyre U, ¢ 1eHTpoM B @, KOTO-
pHl IS ONpeaeseHHOCTH OyaeM CUHTaTh MOJUKPYTOM CXOMH-
mocTH psiza (2)2). Beexnem B R Tomosoruio caepyoiipM o6pasom:
nog oxpecrnocreto U (A) Toukn AR nouumaercd COBOKYIHOCTh
Touek B={b, f}=®R rakux, uro: 1) p(a, 8)<r u 2) snemenr
(U,, [,) sAiBJsieTcd HENOCPEeACTBEHHBIM AHAJAUTHUECKHM IPOLOJIKe-

) Ilra myTu y, 1 y1 B D = C” nasuBaoTea somoronssimi (Kak TyTH C Hemo-
JBUKHBIMH KOHIIAMM), €CJIH CYLIECTBYeT HempepHBHOe oTo6paxkeHnne y (f, T):
I X J->D raxoe, uto y{#, 0)=vo (¢}, v(t, D=y () n v(0, v) = v,(0),
v (1, T) =y, (1); uepea y¢ 0Gosnauaerca nyrsb y (¢, ¥): J > D, rae v &= J dukcu-
poBano (cp. m. 16 u. I). -

2) Bropo# xoMmnonenToRt Touku A = {a, f,} MOKHO cyNTaTh TAKKEe POCTOK
AHaMUTHYeCKOR (QYHKUIMHM B TOUKe 4 & C" T. e. kJaCC SKBHBAJEHTHOCTH I0JO-
MOPQHHX B TouKe g PyHkUMA HO OTHOWEHUW: [ ~ g, ecan f== g B HeKOTOpOH
OKPEeCTHOCTH a. :
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uvem aJsementa (U,, o). MH npepocraBasgeM UATATENIO A0KA3aTh,
YTO 3Ta TOMOJOrHs mpeBpauiaeT R B xaycpopdoBo mpocTpaHCTBO.
Onpenenum tenepsb npoexyuto R 8 C* orobpaxennem

p: {a, fa}—a. (8)

HerpynHo BHpmeth, uTO p— JoKaJbHbIH roMeoMopdHsM H uTO 3TO
otoOpaxenne omnpenesser Ha R CTPYKTYpy KOMIJIEKCHO aHAJIHTH-
YeCKOro MHOrooGpasusi KOMIIJIEKCHOH pasmepHocTH n {(cp. m. 32
4. I); Mu Oyrem HaswiBaTh R pumanoevim mnozooGpasuen.

Takum oGpasom, napa (R, p) siBasgeTCd KOMIJIEKCHO aHAJHTH-
ueckuM MHorooOpasuem Hag C" (okpecrHoctu U (A) okaswiBaioTCH
na HeM noJaukpyramu). IlpumepoM rosaomopduost wa (R, y) ysk-
HUH s1BJsieTCsl PYyHKUUSA

f: A=, (a), (4)

conocrasasowiass rouke A ={a, f,} csoGonublfl uiaen psaga (2).

PumanoBo Muoroo6pasue R, oueBumHo, HecBA3HO. OgHAaKO MOA-
MHoxecTBa R, ero Touek {a, f,} Takux, uro ajgeMeHTH (U,, fq)
NPHHAAJEXAT OXHON aHAJHTHUECKOH (YHK-
uun (7. e. ABJASAKTCA AHAJIUTHYECKUM MPO- A
JOJ/IKEeHHeM JAPYT APYra BHOJb KaKoro-auoo

" DYTH), CBA3HHEL. TaKHe MHOXKECTBA SIBJAIOTCH Ry
obsactaMH B R; Mbm OygeM HasnBaTh HX
pumanosaimu nogepxuocramu. Ouesnnno, Ka- I p?
xkpoit o6aactu R, =N coorsercTByer aHamH- i
THyeckas (QyHKUHA M, o0paTHO, KaxXjoil aHa- ___1____(1,‘"
JHTHUECKOH (YHKIIHH COOTBETCTBYeT 00JacTh 2
R, = R, p
ne. 111,

[Mycte R, = R — kakas-mu6o pumanosa
NOBEPXHOCTh; uepes p° M f, 0603HAUUM COOT-
BETCTBEHHO cyxeHHs Ha R, oroGpaxennit (3) n (4). Jlokanbuo ro-
MeomopdHOe oToOpaxenne p° He 0Gf3aHO OBITH B LEIOM TOMEO-
MOp(dH3MOM, NO3TOMY OHO MOXKET IMEPEBOAUTh B ONHY TOUKY
2=(C" neckomwko Touek A <R, (puc. 111). Dyukuma f,, omuo-
sunauynasg Ha (M, p°), Oymer Torma MHOrO3HAUHOH, €CJAH ee pac-
cMaTpUBaTh B 3aBHCHMOCTH OT 2. TakuMm o06pasoM, W B cayuae
MHOI'HX IIePEMEHHHX MBI MOXEM paccMaTpHBATh (MHOrosHauyHbIE)
anajHTHYecKue GYHKUMH Kak (0QHO3HauHble) ronoMopduee (yHK-
uuM, ecjn smecto obaacreit 8 C* mepefigem K obaactsam nag C",
T, e, PHMAHOBHIM IIOBEPXHOCTSIM.

Kpome o6aacreit (Ry, »°) paccMaTpuBalOTC M APYrHE MOJEJI
PHMaHOBEIX MOBEPXHOCTEH, 5KBMBAJICHTHHIE 3THM 06.aCTAM (HOHA-
THEe 35KBHBAJIEHTHOCTH MH ceffuac ompegeaum). Mu Oynem panee
3aHHUMAThCsl pacuinpeHMeM o6JacTefl HAJOXEHHS H, 4TOOBI MOXKHe
6LlI0 cpaBHMBATb MeXIY <¢0Gofi pa3aHuHbie MOMEJH, BBEAEM
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HOHSTHS BJOXEHHS1 MHOrooOpasuil ¥ cyxKeHus (yHKIHH, CBA3AB UX
¢ BO3MOMKHOCTbIO OTOOpakeHHs OXHOrO MHOrooGpasusl Ha ADYTOE.

Onpepgeanenune 1. Tlycte pmanw msa muorooGpasus (M, =n')
u (M,, n%) nag C"; ecau cyiecTByer Takoe HernpepbBHOE 0T06pa-
JKenne @: M;—> M,, utro HAa M,

ﬂl = ﬂ:Q °Q®, (5)

TO TOBOPAT, UTO HEPBOE Mnorooﬁpasue (caabo) @-8a0mcerno BO BrO-
poe, u numyt: (M, &) =(M,, n?). Ecam npum sTOM ¢ sBJsieTCs
®

B3aHMHO OJHOSHAYHHBM oToGpaxenneM M, B M, TO roso-
par, uro (M,, ') cuavro @-a0Keno B (MQ, n?). Ecuu eme
g—roMeomopbusM M; Ha My, 10 (M, a') u (M, =% nasm-
BAIOTCA 3KBUBAAEHTHbIMU.

dto onpelpenedne o06o61raetT oOBYHOE IIOHSITHE BKJIOUEHHS:
ecad M, = M, B 00BIYHOM CMBICAE, TO ! =mx? IM ABJAETCH CyXKe-

nuem Qynkuuu n? HA M|, H B KaueCcTBe @ MOXKHO INPHHITH eCTe-

CTBEeHHOe OTOOpaXKeHHe BJOXKEeHHA @: M, — M,, rae @ nepeBoaHT

Kaxayl Touky P & M, B Ty Xe TOuKy P, paccMaTpHBaeMyw Kak

touka M,!). OueBUIHO, YTO 3KBUBAJIEHTHHIE MHOroo6pasua (M;, n!)

u (M,, 7®) CHABHO BJIOKEHH! APYT B Apyra (0JHO — MOCPEACTBOM @,

apyroe —@™). B cayuae caabGoro Baoxkenus (M, m') = (M,, n?)
®

nepaoce MHOI‘OOGpaSIer MOXeT OKasaTbCs «0oJiee pas3sBETBJ/ICHHBIM»,

. 4
yeM BTOpoe. Tak, pUMaHOBa NOBEPXHOCTh GYHKUUH @ = V2 nax C!

0Ka3blBaeTcst ¢Ja60 BJOKEHHOH B PHMAHOBY MOBEPXHOCTh W = Vz
(B KauecTBe @ HalIO NPHUHATH OTOOPAaXKeHHe, CKJEHBAIOLIME MapHl
TOUEK NEepBOHl NOBEPXHOCTH, B KOTOPHX )/ 2z NMpHHHMAeT OXHHAKO-
Bbie 3HaueHust). Bcesakoe wmuoroo6pasue (M, m) mag C" sapaserca
n-BaoxenHsM B C".

O6006mmast moHsiTHe (QYHKIUMH, ToJaoMopdHOA HA MmHOro00pasuu,
BBEIEM MOHATHE TrOJOMOPGHOrO OTOGpaKeHHs Mﬁorooﬁpasnﬁ.
ITycTb maHbl JBA KOMIJIEKCHO aHAJHTHUECKUX MHOI‘OOﬁgaSI/Iﬂ (M, =)
u (M,, n?) coorBercTBenHo Haj mnpocrpanctsamu C* u C™; oro-
Gpaxenne ¢: M;—> M, Ha3BIBACTCS 2040MOP(PHbLM, €CJIH OHO He-
HpepLIBHO U BCe (PYHKIMHU

2, on2o @(P), v=1,..., m, (6)
rosomopbusl Ha (M, nt). Ecan eme ¢ —romeomopduam M; Ha M,

(torna HempemeHHo #1.=n) H o6patHOe oToOpaxeHHe @i My—> M,
TaKxke roJOMOPHHO, TO ¢ HA3BIBACTCH 20A0MOpHHOIM U3OMOP U3~

) Tak kak oro6pakenue BaoKeHus: @ (P) == P B3auMHO OJHO3HAUHO, TO
O0LIYHOE BKJIIOYEHNE  ABMACTCA CH/BHBIM Q-BJAOKEHHEM.
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mom (Kopoue, 2oaomopdusmon) uan Ouzosomoppuoim 0oTOGpaxe-
HHEM.

OTMETHM, YTO €CJH OJHO KOMILJIEKCHO aHaJHTHYECKOe MHOroos-
pasde @-BJOXKEHO B [PYroe Takoe e, TO 0TOOpaKeHHE BJOKEHHSA
¢: M,— M, HenpeMeHHO ABJASETCA roJoMopdHuIM. B caMoMm pede,
[0 onpefeseHHIo BJaoxenHust GyHrnuu (6)

2yonlo@(P)=2,on' (P),

a nocJaenHue rogomopdus, uéo (M,;, w') — KOMNIEKCHO aHAJIHUTH-

yecKkoe MHOroo0pasue. DKBHBAJEHTHOCTb MHOrooGpasuii B 3TOM

cJyyae CBOXMTCA K TOJOMOPGHOH 3KBHBAJEHTHOCTH.
Onpepeanenune 2. Iyers (M, 7)) = (M,, 7% u fy: My—>C—

@
¢GyHKuMa Ha BTOPOM MuorooGpasunm; ¢yuxuuo fi: M;—C Oynem
Ha3LBaTh Q-cymceruem GYHKUHH f, HAa HepBoe MmuorooGpasue (060-

snavenue: f,=f, lj':,,‘), ecqn Ha M,
fi=Foq; @

tdhyskuuio f, Torna 6yxeM HaswBaThb Q-pacuiupexuem fi.
Ecan M, <= M,, a ¢ —ecrecTBeHHOe oOToOpaxkeHHe BJIOXKEHHUSA,
TO Mbl HMeeM 00biuHOe CykeHHe fi=fyl, .

TlokaxeM, 4YTO moOCTpOEHHOe BLIle PHUMAHOBO MHorooGpasue
(R, p) ABAsercs «yHuBEpcaJbHON Moje/blo» MHOrooGpasuit Hax C”,
T. e, uTo MoGoe KOMIJACKCHO aHaJHTHUecKoe MHoroo6pasue nax C”
MOXHO @-BJIOXHTb B pPHMaHOBO MHorooOpasue. TouHee, uMeer
MECTO

Teopema 1. [Tycre D — c883H0€ KOMNALKCHO QHAAUTULECKOE
mrozoobpasue, (D, m) — obaacts nanomcenus nad C* u f: D—->C—
2oaomoppuan Ha (D, ®) GynKkyusa;, cyu,ecTsyoT C8A3HAA KOMNO-
nenra Ry, M u orobpamenue @: D— R, Takue, 4o

(D, W < O, ), F=To (8)

ede YO =pl, u fo=Fl, —cymenus na R, orobpasenuii (3) u (4).

< Inst moGofi Toukn P & D oGosHauum uepes ¢(P)=A coso-
KynHocTh ToukH a=n(P)=C" u ronomopbuolt dyukuuu f,(2)
(pasnoxenust B psix Tefinopa ¢ ueHtpoM B a bynkuuu fon(2)).
Iycrs @ (D) —o06pa3 obractu D npu MOCTPOEHHOM OTOODAKEHHMH;
TaK KaK @ HempepoiBHO, a D cBsigHo, To @ (D) < R,— cBsA3HOH
komnorente M. Ilo mocTpoennio w=plcq@ u f=[ o, Tak uto (8)
HMEET MeCTO b

Tenmeper MBI XOTHM BBECTH HOHATHE MHOTOJMCTHHIX obJjacreit
ronoMopdHocTH. Onpenenum ux Kak o6aactd Hax C", B KoTOpHIX
cyliecTByer roJgomopdnas ¢yHKuus, He pacumupsiemas Ha o6sacTH,
He3KBHBaJeHTHbIe NaHHOH. MHBIMH caoBaMmu, NpUMeEM TaKoe



414 AHAJMUTHYECKOE MPOIOJKEHHE fra. it

Onpepnenenune., OO6aacte HadoxeHHs (D, m) Ha3nBaercsa
obaacrsio eosomoprocTY, ecan cyuwecTtByeT ¢dyukuns fe H (D),
ofnajamouias CAeAYIOIIMM CBOHCTBOM: H3 TOro, YTO HEKOTOpas
obaacts (Dy, ')y (D, n) u dyukuus f, = H(D,) asaserca ¢-pac-

)

wupenneM ¢yukuuu f, caenyer, uro (D,, &') sksuBasnenTHa (D, )
(t. e. uro ¢ B3auMHO oAHO3HauHO oToOpaxkaer D ma D).

B 3TOM omnpepeseHuy, mo CyUIeCTBY, HCHOJb3YETCH, UTO 3KBH-
BAJIEHTHOCTL O0JacTed HAJMOXKeHHs CBOXMTCS K rosoMopdHoil sKBHU-
BAJIEHTHOCTH, M INIOCTYyJHpPyeTcs HHBAapHaHTHOCTL ob.Jaacreil roso-
MopbHOCTH npH GHroTOMODPGHBIX 0TOGP aKEeHHAX (IJIA OJHOMHCTHHIX
obiacrefl TOJOMOP(PHOCTH 3TO CBOHCTBO OLIJIO A0KasaHO B n. 22).

Baxknble npuMepsl MHOrOJHCTHHIX o6sacrtefl roJjoMmopdHocTH
NPeaCTaBJSAIOT MaKCHMAaJbHEIE CBsI3HBlE KOMIIOHEHTH pPHMAHOBA
mHorooGpasusa (R, p). Jdaa mokasaTeabcTBa HaM MOHagobuTCA

JNeMMa. Ecau orobpascenue garonenus ¢ obaacru (D, n) Had
C" 6 ceba umeer xors 6ot 00HYy HenodBUNCHYIO TO4KY, TO OHO
TONMOeCT 8EHHO.

4 MHOXeCTBO BCEX HENOABHIKHBLIX ToueK OTOOpaMKeHUs @ 3aMK-
HyT0 (60 @ — HempepHIBHOE oToOpaKeuue xayciopdosa npocrpan-
crBa B cebs) u mo ycaosuio Hemycro. IlokaxeM, 4TO OHO OTKPHITO.
Iycts Py —HenonsHxkHas Touka @ H U=U(P,, r)— moaugpyr
Ha (D, n). O6osnauuM V = U 1@~} (U); 3T0 — OTKPHITOE MHOMKECTBO
Ha D (B cu/y HenmpepHBHOCTH @), cojepikaliee Py, MPHYEM NPOeK-
uua n romeomopdua wa V. Tlo onpenmenenuio ¢-BaoXKeHus Ha D
umeeM n(P)=no@(P), a Tak Kak Ha V oToGpazkeHHE = romeo-
MOP(dHO, To OTCIORA caepyeT, uto @(P)=P npu PV, T. e. Bce
TOUKH H3 V HemopBuxHble. MTak, MHOXKECTBO HEMOABHKHHX TOUeK
oToOpaxeHuss @ HeNycTo H OJHOBPEMEHHO 3aMKHYTO H OTKPHITO;
Tak Kak D cBf3HO, TO 3TO MHOXeCTBO coBmajgaer ¢ D »

Teopema 2. Jwbas obracre (R, »°) pumanosa mrozoobpa-
aun (R, p), ede NRy— maxcumarvnas ceasnas Komnoweura N,
848TCA 004ACTHI0 20A0MOP YHOCTU.

< Oynxuus fo=fly, ronomopdua ua Ry, 1% u (R, »°) = (D, =),

®

npuueM ¢ynkuus f, ronomopdua wa (D, n) u f; I$D=f0; Hajmo Io-
Kasarb, YTO B 3TOf CHTyallH# @ SBJAETCH B3aHMHO OJHO3HAUHHLIM
vro6paxennem Ry wa D. Tak kak f, = H(D), 1o no teopeme 1
cyuiecTByer {-BaoxeHue (D, m) B mMuoroo6pasue (R, p), a1s xoro-
poro fl‘g =f,. ITo mocTpoenuio storo P-BloXeHHs miIa A& R,
aMeeM po @(A)=An @op[ep(A)]=¢ [P ¢(A)]=¢(A4), crenosaremsno,
oToOpaxkenne @op HMeeT B D HenojaBHMKHble ToukH. ITo JeMme
¢ oP(P) = P Bclogy B D, oTKyAa BHAHO, YTO ¢ B3AHMHO OJHO3HA UHO
orobpaxaer R, na D»
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Yro6u chopMyaHPOBaTh HEOOXOLHMbIE H HOCTATOUHLIE YCJAOBHS
nast ob6aacteit romomopduoctn Ham C°, ycroBuMes HaswBaTh 0G-
aactb (D, n) eoaomopduo ordesumoti, ecaum Hist JOGHX ABYX
pasauuHLIX TOueK P, P& D maiipercs pyukuus feH (D), paspens-
I0I1as 3TH TOYKH, T. €. Takas, 410 [(P))F=f(P,).

Jast ofHOMHCTHHX o6jacreil ycJOBHE ToJIOMOP(QHOA OTHe H-
MOCTH BBHINOJIHSIeTCS AaBTOMATHYeCKH, HOO B KauecTBe pasfens-
oled QYyHKUHHM BCerja MOXKHO B35iTb OJHY H3 KoopjauHar, Jlas
MHOTOJIMCTHHX O0JacTell 5TO HE TaK: BOT COOTBETCTBYIOLIMH HpH-
mep. IHyers I'={lz,|=1, |2,|=1}—10p
B C?u D,=C?\T; Bogbmem o6.1acts (D, )y }!Z!
nay C?, nuarpamma Pefiuxapra XKoropoit
nzofpaxena Ha puc. 112. dra guarpamma
npexcraBdgsier co0oi Jekallylo Hal mep-
BHIM KBAZPAHTOM IJIOCKOCTH § =] 2, |+ i|2,|
YacTh JBYJHUCTHOH PHMAHOBO! IOBEPXHOCTH

dyuxmun V¢ —(1+i) ¢ TOuKaMm BeTBJIe-
HHAS Hajg {=1-4+i u {=o00,

PaccMOTPHM IIPOH3BONBHYIO QYHKUHMIO f,

rosoMopduyo ua (D, n). Ee snauenus Ha Puyc. 112.
alo6oM H3 1IBYX «auctoB» (D, m) roso-
MopdHH BHE Imapa {|z|< V2, ubo wmmorooGpasue BerBaeHHS
(rop T) aexur na coepe {|z]=V12}, #-Bue mapa ofaacts ue
passetBsena. ITo teopeme Ocryma — Bpayna (n. 18) 5Tu snauenus
NPOAO/IKAIOTCA A0 UeJhX QYyHKUHMA, a TAaK KaK Ha I OHM JOJIKHBI
COBNAAATh, TO OHH COBHANAKT TOXKIeCTBeHHo (cM. sagauy 15k ri. I).
TakuM o6pasoM, 3HAueHHs [ B TOYKAX pAa3/JHYHHX JACTOB o6xa-
ctu (D, m), Jexkalux Hall ONHOH TOukO# (2, 2,), MOJKHBE COBIA-
nate: Toukd (D, m) ¢ ogMHAKOBON npoeKkuHeld He OTAEJHMH TO/IO-
MopdHO.

Teopema 3 (Kaprau—TyuaaneH). O6sacTe HaroueHus
(D, n) To2da u ToABKO T020Q SB6AAETCA 0OAACTHIO 20A0MOPPHHOCTU,
kKo2da ona eoromoppHo svinyxaa ') u zoromopdPro ordesruma.

Mur ve OygeM nOApPOGHO u3Jjarath JOKa3aTeJbCTBO, OMNHIIEM
JHIIb H3MEHEHHsl, KOTOPHe HYXKHO BHECTH B MHOTOJHCTHOM
cayuae.

4 Heob6xoxguMocTh. JloxasareabcTBO TeOpeMbl 06 OJHO-
BpeMeHHOM npoxo/iKenun (m. 21) Ges CymecTBEHHBIX H3MEHEHHI

/

124

1) Onpenenenne roxoMop$HOH BHINYKJIOCTH MEPEHOCHTCA Ha MHOTOJHCTHEHIE
ofnacTn Ge3 uaMmeHenuit. HampuMep, ero moxkHo cdopmyaupoBaTs B BHIE

yeaosns p (K, 6D)=p(7< , 6D), rae K —npousBoabHOe KOMNAKTHOE NOJMHO-

xecrso D, a K 4~ €ro 000J104Ka OTHOCHTEJBHO KJacca QyHKUMH, rOJTOMOPDHHX
Ba (D, ).
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HepeHoCHTES HAa MHOTOMEpHHIH cayuaiil), a U3 9TOl TeopeMbl BhiTe-
KaeT rosioMopdHas BHINYKJAOCTb O6sactu ronoMopdHoctu (D, =),

Jlaa HoKasarenbCTBA TOJIOMOP(HOH OTACJAMMOCTH BO3bMEM Ha
(D, m) ¢yHruu© f, ONHCAHHYIO B ONpejiefeHHH 00/1aCTH roJaoMopod-
HOCTH, U MO TeopeMe | MOCTPOHM COOTBETCTBYIOLLEe el @-BJoKe-
uue (D, n) B puMaxHoBo MHorooGpasue (R, p). M3 toro xe ompe-
JLeJeHust caepyeT, uTo oTOGpaKeHHe @ B3aHMHO OJHO3HAUHO, T. €.
uto @ (P)7#=@ (Py) st panqube Touek P, P,&D. Ilyers @ (P,) =
= A,(v=1, 2); m3 (8) u (7) nweem [(Py)=fooq(P)=fo(4),
a TaK Kak A, 7 A;T0 U3 onpeﬂ,eneﬂnﬂ GbyHKIME [, caemgyer, 4To
B Toukax P; u P, sHauenusi dyaxknuu f wiau xako#i-mubo ee mpo-
H3BOJHOI PA3/IHUHHE {5 NPSTHBHOM cuvuae A; = A,). D10 H o3Ha-
yaeT roJoMopdHyo ormeauMmocth (D, ).

Hocrarouynocts., Ilyere K,(v=1, 2,...)— KoMmakTHoe
ucyepneianue obsactu D (HanomuauM, uTo D sBJAsSeTCS MHOTO-
obpasuem, a O HalleMy onpegedeHuio B 1. 9 KaXJoe MHOTo-
o0pasHe CUETHO HCUEDILIBAEMO). Honbayﬂcra/ionomopq)aoﬁ BBINYK-

Joctelo D, Mbl MOXKeM cuHTaTh, uT0 K, = (K,)y(p). IIokpoeMm 0K,

KOHEUHHM YHCJOM IOJMKPYrOoB H B IEPECEYEHHH KaMXKJIOTO H3 HHUX
¢ D\ K, BosbMeM mo Touke P (i=1, ..., k,); uepes f,; o6osua-
yuM ¢ynkuuio w3 H (D) rakyio, 4TO ‘

Fi(Py)=v, lulk, <2 1 [u(Py) =0, j#i.
Dyukuus f=2.fw-EH(D), u
’ I (Pu)|=v—1. 9)

Tlosb3ysick TOMOMOpPGHOH OTHEAHMOCTbIO, MOMKHO HCHPaBHTh
¢yuknuio f tak, yro6bl OHa, OCTaBasich roJoMOPOHON B (D, n) u
YEOBJETBOPSA HepaBeHcTBY (9), uMena B MoOBX NBYX PasJHUHBIX
tToukax P, P’eD ¢ opuHakoBo#l npoekuued n(P’)=n(P) pasauny-
Hble 3JeMeHTH (0 TOM, Kak OCyLIeCTBHTb TaKoe HCIpaBJeHie,
cM. kuury B. A. ®ykca?), crp. 193).

TlokaxeM, uro (D, n) saBagerca o06JacTbi0 TOJOMOPGHHOCTH
(ucnpasaensolt) ¢dyuxuu# f. IlycTh MMeercs @-pacuIupenre (yHK-
wun [ B obaacty (D, m!); Tpebyercs moKasaTh, 4TO ¢ B3aAUMHO
onHo3HauHoe oToGpaxaer D ua D,. Ecmu ¢(P)=¢(P), 1m0 co-
raacuo (5) n(P’)=n(P), a coraacuo (7) f(P)=f(P). Orcrona mno
IOCTPOEHHIO [ BHTEKaeT, uTo P'= P, T. e. ¢ B3aUMHO OJHO3HAYHO,
Kpome toro, ¢ (D)= D, u60o B mporuHoM cJjyuae o6.iacte ¢ (D)

1) Ipoussojubie GpyHKuuy f B Touke P=(D, M) MOXKHO ONpPEJEJHTL IpH
noMolnH AUQpdepeHuPOBanuus CTeNeHHbX PAROB Atsa fon™! ().

2) B. A. ® ykc, Beenenue B Teopmo anaJUTHYECKHX (QYHKUHI MHOTHX
KOMIIJICKCHI:IX nepemeHunx, ®Pusmarrus, M., 1962.
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HMesa On B D; rpaHHuHyo TOUKy, & B »Tof Touke byHKIHUS
fi=f°q B cuay uepaBeHcTB (9) He MoxKeT OHTb TOJOMOP(QHOH M

3ameuanne., K. Oka pokasaa B 1953 r., yto BCAKas roJo-
Mophuo BHOyKJaas obsacts wax C" rosomopdpuo ormenmuma. Ilo-
3TOMY YCJOBHSL B TeopeMe 3 He SBJAIOTCH HE3ABHCHMBEIMH,

OGunactd nanaoxeuns (D, n) nan C", goropole aBasOTCA 06~
JacTAMHU rosioMopdHOCTH, Mbl OyneM HaswBaTh elle MHO2000pa-
susamu I[lteiina. 3aMeTHM, uTO OOGLIYHO 3TOT TEPMHH TpaKTyeTCs
mupe: MHorooGpasneMm lllrelina HaspiBaeTcst smoGoe KOMIVIEKCHO
aHaMHuTHUeCKOe MHoroo0pasne X KOMIJIEKCHOH pasMepHOCTH 1,
ofsajamoulee caenyOHIHMH Tpems cBodcreamu: 1) X rosomopdHo
BHIYKJO, 2) X ronoMopdHO oTmeuMo, 3) aias o060k Toukn PeX
cyulectsyer n dynknui f,, rosomopdHsx wa X, koropnie ob6pa-
3yIOT JIOKaJbHBIE KOODAHHATH B 3TOR TOuke.

29, MHoroJuctHble 060J04kH ronomMopdHocTH. B 3ak/ouenue
9TOH TJaBbl MBI XOTHM ONHCATh IPOIECC MOCTPOEHHsT 000J/0UeK ro-
JoMOpGhHOCTH /i IPOH3BOJBHEIX ofsacrefl Hasmoxenus (B uacr-
"wocty, o6aacreii D=C®). Takaa o6Gonouxka ssJasieTcss 00/4CTbIO
roomopduoctd Hax C*, B KoTOpylo TonOMOPOHO HpPOmOJKaeTCs
(B cMBICJIe, MIPHHATOM B NPEABIAVUIEM INyHKTe) JMoGas QyHKIH,
rosoMopguas B mauno#l obaactu. Ilpumep, xoropmit Owai npu-
BejeH B HayaJse IVIABH, IOKa3blBaeT, 4TO 347a4a NOCTPOEHHS
oBosoyek rosioMopHOCTH B KJjacce OXHOJHCTHHIX ofaacreit B 06-
IieM cJyvae HepaspemuMa. 31ech MBI IIOKa)KeM, YTO 3Ta 3ajaua
Bcernza paspemuMa B KJjacce ofaacTell HaJsOXKeHHS,

Tlosbaysack ceofonofi BeISOpa Mopeau B ompeseseHHH o61acTelt
HaJoXKeHnsd, Mbl 6yneM CTPOUTh OGOJIOUKH H3 HECKOJbKO HeOObU-
HOTO MaTepHaJ/ia — JHHEHHbIX MYJIbTHNJMKATHBHBIX (QYHKIIMOHAJOB
HaJ KOJBbIOM ToJIOMOP(HBIX (GYHKIUI.

IMycts gama o6uacth Hagoxenns (D, m) nag C® (B wactnocrtu,
onnosucrHas obaacts D=C?, eCJ/IH 7L — eCTeCTBEHHOe 0TOGparKeHue
BioxkeHusa). O0oznaunM uepes D COBOKYIHOCTh BCEX HE TOKIECT-
BEHHO paBHHX HY/MO OVHKnHoHamoB h:H(D)—>C, HenpepnBHBIX
B TOIOJIOTHH PABHOMEPHOH CXOAMMOCTH HAa KOMNOAKTHHIX INOAMHO-
xecTBax [, a TakkKe JHHeHHBIX H MYJbTHIJHKATHBHHIX, T. €.
TaKHx, 4To

h(f1+f2)=h(f1)+h(f2)’ h(f!'fQ)zh(fl)'h(fZ) (1)

nas Beex fp, f,=H (DY), MHoKecTBO D Hemycro: OHO CONEDPKHT
Bce pynkunonadas ip (f) = f(P), crassimine kaxkno#t dyuruunn fe H (D)
ee 3HauyeHHe B IPOM3BOJBHOH (HKCHPOBaHHOH Touke P&D.

1) ®yukuuonann A<D sABasmores romomopdusMamu xodasua H (D) B KoJbLO
KoMImJekcubix uncea C.

27 B. B, lila6ar
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/’ o~
Mbl xoTHM BBECTH Ha D CTPYKTypy MHOroo6pasds HajOXeHHs
pag C°. Jlas 3TOro mpexjie BCEro OIpPeNeJHM . IPOEKIHIO — OTO-

Gpaxenne D B C". OGoanauum uepes 7, (P) = 2, o 7t (P) KOO AHHATH
Ha (D, m); Tak Kak oHH upusazsexar H(D), 1o aaa moGoro
heD onpelenendbl 3HaueHHs iy, = A (m,). MB I0J0XKUM

f(h)y=(h(m), ..., hixn,)) @)

H TeM CaMBIM HOCTPOUM orobpaxenne fi: D —> "
HoxaxeMm, uro fi JOKaJbHO B3